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Dynamic Simulation of the Multicomponent

Distillation Colums Using CHEMCAD

Suleyman Karacan

Ankara University, Faculty of Engineering

E-mail:karacan@eng.ankara.edu.tr

Abstract

The aim of this study is to compare the dynamic behaviour of a plate
with packed distillation column. Stagewise and Plug-Flow mathemati-
cal models have been developed for the system. Aromatic compounds
are yielded from naphtha reforming in a petrochemical plant, and the
products are separated to distill Benzene, Toluene and p-Xylene (BTX)
mixture. Finally, the dynamic simulation result of the two types of col-
umn are compared. Numerical simulations have been done by CHEMCAD
software. A comparison of different models is presented.

Keywords: Multicomponent distillation column, Mathematical model,
BTX

1 Introduction

The multicomponent distillation operation is multivariable and highly non-linear
process, that presents a very complex dynamics. It constitutes therefore a very
serious control problem, been at the same time very widely used in process plant
[1]. Distillation is energy-intensive separation process in which a liquid or vapor
mixture of two or more substances is separated into its component fractions of
desired purity by the application and removal of heat. It can be classified into
two ways namely binary distillation for separation of mixture of two substances
and multi-component distillation for separation of mixture of more than two
substances [2].

Both plate and packed columns are widely used in chemical industries. There
are many texts and papers which compare the steady state advantages and dis-
advantages of these two types of columns. But there are few papers which
compare the dynamic behaviour of plate and packed columns [3-5]. However,
if for any reason one type of column should be replaced by another type, in-
formation on dynamic behaviour of both columns is necessary because in the
new case all of the regulating elements and set points should be recognized and
readjusted.

1
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Computer-aided design and simulation of multicomponent multiphase pro-
cesses is conventionally performed by equilibrium stage models. This approach
is not completely justified because actual equipment rarely, if ever, operates
at equilibrium. Moreover, in the enthalpy and K-values calculations, the use of
tray efficiency leads to inconsistencies that cause most of computational difficul-
ties [6-8]. Transfer-based models allow to overcome these and other drawbacks.
Furthermore they are very powerful in correctly solving design and scale-up
problems; in fact, their behavior depends on structural equipment parameters
and then equipment configuration has an exact correspondence within the model
[9-11].

In this study, I try to show the most important differences between the
dynamic simulation of the continuous BTX(Benzene, Toluene,p-Xylenes) mix-
ture fraction system by using a plate and then a packed distillation column.
The column models may consist of the different configurations of mass and en-
ergy, thermodynamics and hydraulic equations. To find the comparable models
for plate and packed columns, I review again the principal differences between
plate and packed columns. The structural design procedure is applied to find
optimum operating parameters of fractionation process in a naphtha reforming
plant. For equilibrium computation and the design of operational variables,
the commercial software CHEMCAD [12] is implemented. The performance of
models is compared with each other to examine energy saving of the column.

2 Mathematical Models

2.1 Stagewise Model

The dynamic mathematical model of the column was written for n equilibrium
stages in Figure 1 and used throughout the column for numerical solution. The
mass balance equations of traditional multicomponent stagewise model [4] are
written separately for each phase. To determine the liquid compositions for
stages, unsteady state mass balance is as follow:

(dMx)n/dt = (V y)n−1 + (Lx)n+1 − (V y)n − (Lx)n (1)

Where M is the amount of liquid accumulated in the nth plate. Total mate-
rial balance around the same stage is:

d(Mn)/dt = Vn−1 + Ln+1 − Vn − Ln (2)

The liquid flow rate is function of liquid accumulation in the stage:

d(Ln/dt) = (1/τh)(dMn/dt) (3)

Component molar accumulation is written as:

Mn,i = xn,iMn (4)

In the nth stage, energy balance is:

2
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d(MhL)n/dt = (LhL)n+1 + (V HV )n−1 − (LhL)n − (V HV )n (5)

The thermodynamic equilibrium at the vapor-liquid interface is usually de-
scribed as follows:

yn,i = Knx∗

n,i (6)

Where vapor-liquid equilibrium constants Kn are determined from the se-
lected thermodynamic models, such as UNIQUAC or NRTL, and the extended
Antonie equation for the vapor pressure [13]

2.2 Plug-Flow Model

This model involves the two-film theory of mass transfer using the average vapor
phase mass fluxes of each component. In the two-film model, it is assumed that
all of the resistance to mass transfer is concentrated in thin films adjacent to the
interface and that transfer occurs within these films by unsteady state molecular
diffusion alone. Multicomponent balance equation as follows:

In the liquid phase:

ϕL

∂(LxB
i )

∂t
=

∂(LxB
i )

∂l
+ (NB

L,ia
IAc); i = 1, 2, ..., nc (7)

In the vapor phase:

ϕV

∂(V yB
i )

∂t
=

∂(V yB
i )

∂l
− (NB

L,ia
IAc); i = 1, 2, ..., nc (8)

The interfacial mass transfer rates are calculated based on the Maxwell-
Stefan equations to account for diffusional interactions and thermodynamic non-
idealities.

To relate the multicomponent mass transfer rates to binary mass transfer
coefficients, the method of Krishna and Standart [14] is used. The diffusional
fluxes can be calculated from The volumetric liquid hold-up depends on the
vapor and liquid flows and is empirical correlations.

The energy balances written for continuous systems are as follows: In the
liquid phase:

ϕ
∂(hB

L )

∂t
= −

∂(LhB
L )

∂l
+ (QB

LaIAc) (9)

In the vapor phase:

ϕ
∂(HB

V )

∂t
=

∂(V HB
V )

∂l
− (QB

V aIAc) (10)
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3 Case Study

The BTX mixture separation system (Figure 1) is considered as a case study.
The column contains 30 theoretical stages (total condenser+reboiler). The feed
stage number is the 12-th for the stage and packed column.

Figure 1: The flow diagram of BTX separation which is applied in the case
study

3.1 Numerical Simulation Approach

Steady-state and dynamic simulation of these models was done by CHEMCAD
[12]. Todays chemical processing industry (CPI) faces numerous challenges: ris-
ing fuel and feedstock costs, reduced engineering staff, shorter product life cy-
cles, increased global competition, and increased regulation. These challenges
require that CPI companies seek out and use the best tools to increase produc-
tivity and improve engineering decisions. CHEMCAD is a powerful and flexible
chemical process simulation environment.

At zero time, the distillation column is empty and dry. So the mass and
energy balance equations become trivial. To solve this problem and initialize
the dynamic simulation, a steady state simulation is provided. After the steady-
state simulation the column is moderately irrigated and the dynamic simulation
can be initialized.

4 Results and Discussions

4.1 Steady-State Results

In this part, steady-state solution of two different models is shown and compared
with each other. Operating conditions of the distillation column are obtained.
Reboiler heat duty and reflux ratio are main control variables of the distillation
unit. In the usual operation the reboiler heat duty is determined by the prior

4
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plant, so the reflux ratio is the key control variable. The product purity should
be maintained within constraint which can be accomplished by proper reflux
ratio. The normal operating range of reflux ratio of the distillation column to
product high purity benzene is around 5. The top product purity of benzene
should be at least 99.9 percentage , but the top product purity of toluene and
p-xylene is not important because the product is mainly composed of three
components.

Figures 2 and 3 show the relation between mole fraction of the top product
and changes of reflux ratio and rebolier heat duty in each column.

Figure 2: Comparison of steady-state mole fraction for different reflux ratio

Figure 3: Comparison of steady-state mole fraction for different reboiler heat
duty

I have found that at least over 5, a high purity of benzene (mole fraction
of 0.99) is produced. Packed column performance is better than stage column.
Top product mole fraction of the benzene of packed column is higher than that
of stage column at different reboiler duty.

Figure 4 shows liquid mole fraction of the components in each stage. As
mole fraction of benzene at top stage (stage number 1) is about 0.99, those of
the toluene and p-xylene is about zero.

Figure 5 shows temperature profile in each stage for different columns. The
temperatures of the stage column are bigger than those of the packed column,

5
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Figure 4: Liquid mole fraction vs. stage

because liquid mole fractions of the packed column are higher than those of the
stage column.

Figure 5: Temperature profile of the column

4.2 Dynamic Results

Dynamic simulation carried out under unsteady-state conditions are reported
for stage and packed distillation column. Figures 6 and 7 show top product
mole fraction of benzene for stage and packed column, respectively. A negative
load disturbance of the feed mole fraction of the benzene from 0.32 to 0.20 is
introduced. As shown in the Figures packed column simulation are faster than

6
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Figure 6: Dynamic response of top product mole fraction of components to step
change feed mole fraction for stage column

Figure 7: Dynamic response of top product mole fraction of components to step
change feed mole fraction for packed column

stage column and reach to steady-state more quickly.

Nomenclature

A: column cross section area,
a: specific packing surface,
H: vapor enthalpy,
h: liquid enthalpy,
kG: gas phase mass transfer coefficient,
i: component index
L: liquid flow rate,

7
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l: column height,
m: holdup in column,
NL: interfacial molar flux,
x: liquid phase mole fraction
V : vapor flow rate,
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Abstract

The slope stability can be affected by earthquakes with different modes;
from exceeded displacement, lose of strength to soil liquefaction. This pa-
per resumes the behavior of slope soil during seismic shaking. The analysis
methods for seismic slope stability are grouped into: inertia analysis for
those materials that retain their shear strength during the earthquake, and
weakening analysis for those materials that will experience a significant
reduction in shear strength during the earthquake

Keywords: Slope stability, earthquakes, ground displacement, lique-
faction

1 Introduction

Failures occur in both natural and manmade slopes. In our natural environ-
ment landslides occur frequently and they are part of the ongoing evolution of
landscape. More rarely failures occur in manmade earth slopes which are de-
signed specifically to resist the forces of nature. Landslides have caused great
amounts of damage and loss of life throughout history. Examples of catas-
trophic landslides in the 20th century include the earthquake induced landslides
in the Ningxia province of China in 1920 (> 100000 deaths), the earthquake
induced landslides in Alaska in 1964 (tremendous damage) and the reservoir
induced landslide at Vaiont dam, Italy in 1963 (2300 deaths). Earthquake in-
duced ground shaking is one of the most frequent causes of landslides. This is
happening in marginally or moderately stable slopes where earthquake inertial
forces may be sufficient to trigger a failure. In the case of weak foundations or
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embankment fill materials, repeated ground shaking may cause loss of strength
of the soil materials (e.g. liquefaction) and subsequent slope failure. The pos-
sibility of the occurrence of a landslide where a slope is subject to earthquake
loading, depends on numerous factors which include the geometry, the geology
of the slope, the soil engineering properties, the ground water regime, the pres-
ence of preexisting shear zones, the weather etc. It is not uncommon for a slope
to survive stronger earthquake shaking and fail under lower earthquake shak-
ing because some of the above factors were more favorable for the second case.
Landslides induced by earthquakes may be classified into three broad categories
(Varnes, 1978).

1. Disrupted slides and falls;

2. Coherent slides;

3. Lateral spreads and flows.

In the case of disrupted slides and falls, the soil or rock material in the slide
is sheared and distorted in a nearly random manner. The slopes involved are
usually steep and failures take place very suddenly. The damages and loss of life
from such slides in developed areas may be devastating. Disrupted slides and
falls include disrupted soil/rock slides, soil/rock falls and soil/rock avalanches.
Coherent slides generally occur at deeper failure surfaces in moderate to steeply
sloping ground and they involve rotational and translational failures of coherent
soil and/or rock blocks. These failures include rock/soil slumps, rock/soil block
slides and slow earth flows. They develop at slow to rapid velocities. Keefer
(1984) studied the effect of earthquake Magnitude and epicentral distance on the
occurrence of earthquake induced landslides. The study was based on 300 U.S.
earthquakes and it showed that for local magnitudes less than 4.0, landslides
rarely occur.

2 Seismic slope stability

The slope stability can be affected by earthquakes with different modes, from
exceeded displacement, lose of strength to soil liquefaction. Depending on the
behavior of the soil during seismic shaking, seismic instabilities may be grouped
into two categories:

1. Inertial instabilities;

2. Weakening instabilities.

3 The inertia slope stability analysis

The inertia slope stability analysis is preferred for those materials that retain
their shear strength during the earthquake. Examples of these types of soil and
rock are as follows:

2
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• Massive crystalline bedrock and sedimentary rock that remains intact dur-
ing the earthquake, such as earthquake-induced rock block slide;

• Soils that tend to dilate during the seismic shaking, or, for example, dense
to very dense granular soil and heavily overconsolidated cohesive soil such
as very stiff to hard clays;

• Soils that have a stress-strain curve that does not exhibit a significant
reduction in shear strength with strain. Earthquake-induced slope move-
ment in these soils often takes the form of soil slumps or soil block slides;

• Clay that has a low sensitivity;

• Soils located above the groundwater table. These soils often have negative
pore water pressure due to capillary action;

• Landslides that have a distinct rupture surface and the shear strength
along the rupture surface is equal to the drained residual shear strength
φ

′

r.

Seismic Coeff Remarks

0.10 Major earthquake,FS ≻ 1.0, Corps of Eng. Manual (1982)
0.15 Great earthquake, FS ≻ 1.0, Corps of Eng. Manual (1982)
0.15-0.25 Japan, FS ≻ 1.0
0.05-0.15 State of California, FS ≻ 1.0
0.15 Seed (1979), with FS ≻ 1.15 and a 20% strength reduction
0.33-0.50 Marcuson and Franklin (1983), FS ≻ 1.0
0.50 Hynes and all(1984), FS ≻ 1.10 and a 20% strength reduction
0.10 Terzaghi (1950), sever earthquake
0.20 Terzaghi (1950), violent and destructive earthquake
0.50 Terzaghi (1950), catastrophic earthquake

Table 1: Typical seismic coefficients (kh) and factor of safety (FS) used in
practice

3.1 Pseudostatic method

When the dynamic normal and shear stresses on a potential failure surface
are superimposed upon the corresponding static stresses, these may produce
inertial instability of the slope if the shear stresses exceed the shear strength of
the soil. The original application of the pseudostatic method has been credited
to Terzaghi (1950).This method ignores the cyclic nature of the earthquake and
treats it as if it applied an additional static force upon the slope. In particular,
the pseudostatic approach is to apply a lateral force acting through the centroid
of the sliding mass, acting in an out-of-slope direction. The pseudostatic lateral
force Fhis calculated by using equation 1.

3
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Fh = ma =
Wa

g
=

Wamax

g
= khW, (1)

where m: total mass of slide material, which is equal to W/g;
W : total weight of slide material;
a: acceleration, which in this case is the maximum horizontal acceleration at
ground surface caused by earthquake (a = amax);
a = amax: the peak ground acceleration;
a = amax/g = kh : seismic coefficient, also known as pseudostatic coefficient.

The only unknowns in the pseudostatic method are the weight of the sliding
mass W and the seismic coefficient kh. Based on the results of subsurface
exploration and laboratory testing, the unit weight of the soil or rock can be
determined. The other unknown is the seismic coefficient kh, which is much
more difficult to determine. Typical seismic coefficients and factors of safety
used in practice today are given in table I.

3.1.1 Wedge method

The simplest type of slope stability analysis is the wedge method. Figure 1
illustrates the free-body diagram for the wedge method. The failure wedge has
a planar slip surface inclined at an angle a to the horizontal. Although the
failure wedge passes through the toe of the slope, the analysis could also be
performed for the case of the planar slip surface intersecting the face of the
slope.

Figure 1: Wedge method, with the forces acting on the wedge

T = cL + N tanφ (2)

or
T = suL,

where
N : normal force acting on the slip surface;

T : shear force acting along the slip surface.

4
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The shear force is also known as the resisting force because it resists failure
of the wedge. Based on the Mohr-Coulomb failure law, the shear force is equal
to the following:
For a total stress analysis:

For an effective stress analysis:

T = c
′

L + N
′

tanφ
′

, (3)

where:
L: length of the planar slip surface;

c,φ : shear strength parameters in terms of a total stress analysis,
su: undrained shear strength of the soil (total stress analysis);
c
′

,φ
′

: shear strength parameters in terms of an effective stress analysis;
N

′

: effective normal force acting on the slip surface.

The assumption in this slope stability analysis is that there will be movement
of the wedge in a direction that is parallel to the planar slip surface. Thus the
factor of safety of the slope can be derived by summing forces parallel to the
slip surface, and it is as follows.

Total stress pseudostatic analysis:

FS =
resistingforce

drivingforces
=

cL + N tan φ

W sinα + Fh cos α
=

cL + (W cos α − Fh sin α) tan φ

W sinα + Fh cos α
(4)

Effective stress pseudostatic analysis:

FS =
c
′

L + N
′

tan φ
′

W sinα + Fh cos α
=

c
′

L + (W cos α − Fh sin α − uL) tan φ
′

W sinα + Fh cos α
, (5)

where:
u: average pore water pressure along the slip surface.

The total stress pseudostatic analysis is performed in those cases where the
total stress parameters of the soil are known. A total stress pseudostatic analysis
is often performed for cohesive soil, such as silts and clays.

The effective stress pseudostatic analysis is performed in those cases where
the effective stress parameters of the soil are known. Note that in order to use
an effective stress analysis equation 5, the pore water pressure u along the slip
surface must also be known. The effective stress analysis is often performed for
cohesionless soil, such as sands and gravels.

3.1.2 Method of slices

In the method of slices, the failure mass is subdivided into vertical slices and the
factor of safety is calculated based on force equilibrium equations. A circular arc
slip surface and rotational type of failure mode are often used for the method
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of slices, and for homogeneous soil, a circular arc slip surface provides a lower
factor of safety than assuming a planar slip surface.

The calculations for the method of slices are similar to those for the wedge-
type analysis, except that the resisting and driving forces are calculated for each
slice and then summed in order to obtain the factor of safety of the slope. For
the ordinary method of slices, the equations used to calculate the factor of safety
is identical to equations 4 and 5, with the resisting and driving forces calculated
for each slice and then summed to obtain the factor of safety.

The method of slices is not an exact method because there are more un-
knowns than equilibrium equations. This requires that an assumption be made
concerning the interslice forces. Table 2 presents a summary of the assumptions
for the various methods.

Type of method of slices Assumption concerning in-

terslice forces

Reference

Ordinary method of slices Resultant of interslice forces is
parallel to average inclination
of slice

Fellenius
(1936)

Bishop simplified method Resultant of interslice forces is
horizontal (no interslice shear
forces)

Bishop
(1955)

Janbu simplified method Resultant of interslice forces is
horizontal (a correction factor
is used to account for interslice
shear forces)

Janbu
(1968)

Janbu generalized method Location of interslice normal
force is defined by an assumed
line of thrust

Janbu
(1957)

Spencer method Resultant of interslice forces is
of constant slope throughout
the sliding mass

Spencer
(1967,
1968)

Morgenstern-Price method Direction of resultant interslice
forces is determined by using a
selected function

Morgenstern
and Price
(1965)

Table 2: Assumptions conserning interslice forces for different method of slices

4 Newmark method

The purpose of the Newmark (1965) method is to estimate the slope deformation
for those cases where the pseudostatic factor of safety is less than 1.0 (i.e.,
the failure condition). The Newmark (1965) method assumes that the slope
will deform only during those portions of the earthquake when the out-of-slope
earthquake forces cause the pseudostatic factor of safety to drop below 1.0.
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When this occurs, the slope will no longer be stable, and it will be accelerated
downslope. The longer that the slope is subjected to a pseudostatic factor of
safety below 1.0, the greater the slope deformation. On the other hand, if the
pseudostatic factor of safety drops below 1.0 for a mere fraction of a second,
then the slope deformation will be limited.

Figure 2 can be used to illustrate the basic premise of the Newmark (1965)
method. Figure 2a shows the horizontal acceleration of the slope during an
earthquake. Those accelerations that plot above the zero line are considered to
be out-of-slope accelerations, while those accelerations that plot below the zero
line are considered to be into-the-slope accelerations. It is only the out-of-slope
accelerations that cause downslope movement, and thus only the acceleration
that plots above the zero line is considered in the analysis. In Figure 2, a dashed
line has been drawn that corresponds to the horizontal yield acceleration, which
is designated ay. This horizontal yield acceleration ay is considered to be the
horizontal earthquake acceleration that results in a pseudostatic factor of safety
that is exactly equal to 1.0. The portions of the two acceleration pulses that
plot above ay have been darkened. According to the Newmark (1965) method,
it is these darkened portions of the acceleration pulses that will cause lateral
movement of the slope.

Figure 2: Diagram illustrating the Newmark method. (a) Acceleration versus
time; (b) velocity versus time for the darkened portions of the acceleration
pulses; (c) the corresponding downslope displacement versus time in response
to the velocity pulses. (After Wilson and Keefer 1985).

Newmark (1965) developed an upper bound estimate for earthquake-induced
slope displacements using an empirical curve that bounded the results from his
analyses of four earthquake time histories. The proposed upper-bound curve is
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given by the equation 6.

dmax =
V 2

2gay

(

1 −

ay

amax

)

amax

ay

(6)

dmax: maximum displacement;
V : peak velocity;
ay: yield acceleration that produces a factor of safety equal to 1.0;
amax: pick ground acceleration.

Many different equations have been developed utilizing the basic Newmark
(1965) method as outlined above. One simple equation is given by equation
7([1]).

log d = 0.90 + log

[

(

1 −

ay

amax

)2.53 (

amax

ay

)

−1.09
]

, (7)

where d : estimate downslope movement caused by earthquake.

5 The weakening slope stability analysis

The weakening slope stability analysis is preferred for those materials that will
experience a significant reduction in shear strength during the earthquake. Ex-
amples of these types of soil and rock are as follows:

• Foliated or friable rock that fractures apart during the earthquake, result-
ing in rockfalls, rock slides, and rock slumps;

• Sensitive clays that lose shear strength during the earthquake.

• Soft clays and organic soils that are overloaded and subjected to plastic
flow during the earthquake. The type of slope movement involving these
soils, is often termed slow earth flows.

• Loose soils located below the groundwater table and subjected to lique-
faction or a substantial increase in excess pore water pressure. There are
two cases of weakening slope stability analyses involving the liquefaction
of soil:

– Flow slid

– Lateral spreading

5.1 Flow slides

Flow slides develop when the static driving forces exceed the shear strength of
the soil along the slip surface, and thus the factor of safety is less than 1.0.
There are three general types of flow slides:
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• Mass liquefaction: This type of flow slide occurs when nearly the entire
sloping mass is susceptible to liquefaction. These types of failures of-
ten occur to partially or completely submerged slopes, such as shoreline
embankments. For design conditions, the first step in the analysis is to
determine the factor of safety against liquefaction. If it is determined that
the entire sloping mass, or a significant portion of the sloping mass, will
be subjected to liquefaction during the design earthquake, then the slope
will be susceptible to a flow slide.

• Zonal liquefaction: This second type of flow slide develops because there
is a specific zone of liquefaction within the slope. For design conditions,
the first step is to determine the location of the zone of soil expected to
liquefy during the design earthquake. Then a slope stability analysis is
performed by using various circular arc slip surfaces that pass through the
zone of expected liquefaction. If the factor of safety of the slope is less
than 1.0, then a flow slide is likely to occur during the earthquake.

• Landslide movement caused by liquefaction of soil layers or seams: The
third type of slope failure develops because of liquefaction of horizontal
soil layers or seams of soil.

For design conditions, it can be difficult to evaluate the possibility of land-
slide movement due to liquefaction of soil layers or seams. This is because the
potentially liquefiable soil layers or seams can be rather thin and may be hard to
discover during the subsurface exploration. In addition, when the slope stability
analysis is carried out, the slip surface must pass through these horizontal lay-
ers or seams of liquefied soil. Thus a slope stability analysis is often performed
using a block-type failure mode (rather than using circular arc slip surfaces).

5.1.1 Factor of safety against liquefaction

The factor of safety against liquefaction for slopes is calculated by making an
adjustment of that calculated for level-ground sites.

5.1.2 Factor of safety against liquefaction for level-ground sites

The most common type of analysis to determine the liquefaction potential is
to use the standard penetration test (SPT) (Seed et al. 1985, Stark and Olson
1995). The analysis is based on the simplified method proposed by Seed and
Idriss (1971). The factor of safety against liquefaction (FSL) for level-ground
sites is given by the ratio of the cyclic resistance ratio from the SPT, (CRR),
by the cyclic resistance stress induced by earthquake, (CSR), as it is given in
equation 8.

FSL =
CRR

CSR
(8)

The first step in the simplified procedure is to calculate the cyclic stress
ratio, also commonly referred to as the seismic stress ratio (SSR) that is caused
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by the earthquake. To develop the CSR earthquake equation, it is assumed
that there is a level ground surface and a soil column of unit width and length,
and that the soil column will move horizontally as a rigid body in response to
the maximum horizontal acceleration amax exerted by the earthquake at ground
surface. Figure 3 shows a diagram of these assumed conditions.

Figure 3: Conditions assumed for the derivation of the CSR earthquake equa-
tion

Given these assumptions, the weight W of the soil column is equal to γtz,
where γt: total unit weight of the soil and z: depth below ground surface. The
horizontal earthquake force F acting on the soil column (which has a unit width
and length) is given by equation 9.

F = ma =
W

g
a ==

γtz

g
amax = σv0

amax

g
(9)

σv0 : total vertical stress at bottom of soil column.
By summing forces in the horizontal direction, the force F acting on the rigid soil
element is equal to the maximum shear force at the base on the soil element.
Since the soil element is assumed to have a unit base width and length, the
maximum shear force F is equal to the maximum shear stress τmax.

τmax = σv0

amax

g
(10)

Dividing both sides of the equation by the vertical effective stress σ
′

v0 gives:

τmax

σ
′

v0

=
σv0

σ
′

v0

amax

g
(11)

Since the soil column does not act as a rigid body during the earthquake,
but rather the soil is deformable, Seed and Idriss (1971) incorporated a depth
reduction factor rd into the right side of equation 12, or:

τmax

σ
′

v0

= rd

σv0

σ
′

v0

amax

g
(12)

The rd values are usually obtained from the curve labeled Average values
by Seed and Idriss (1971) in figure 4. Another option is to assume a linear
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relationship of rd versus depth and use the following equation (Kayen et al.
1992):

rd = 1 − 0.012z (13)

Figure 4: Reduction factor rd versus depth below level or gently sloping ground
surface

For the simplified method, Seed et al. (1975) converted the typical irregular
earthquake record to an equivalent series of uniform stress cycles by assuming
that the uniform cyclic shear stress amplitude of the earthquake τcyc is given
by equation 14.

τcyc = 0.63τmax (14)

In the end, the cyclic resistance stress induced by earthquake (CSR), can be
calculated using equation 15.

CSR =
τcyc

σ
′

v0

= 0.63
τmax

σ
′

v0

= 0.63rd

σv0

σ
′

v0

amax

g
(15)

5.1.3 Factor of safety against liquefaction for slopes

For sloping ground sites, the factor of safety against liquefaction calculated from
equation 4 may need to be adjusted. Figure 5 presents a chart that can be used
to adjust the factor of safety for sloping ground conditions, (original from Seed
and Harder 1990, reproduced from Kramer 1996).

In the horizontal axis is designated α, given by the ratio of the static shear
acting on a horizontal plane τh.static by the vertical effective stress σ

′

v0.

α =
τh.static

sigma
′

v0

(16)
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Figure 5: Chart that can be used to adjust the factor of safety against liquefac-
tion for sloping ground, (after Seed and Harder, 1990. Bolton Seed memorial
Symposium Proceeding, Vol. 2)

5.1.4 Stability analysis for liquefied soils

The first step in a flow analysis is to determine the factor of safety against liq-
uefaction for the various soil layers that comprise the slope. The factor of safety
against liquefaction is based on level-ground assumptions. Then the factor of
safety against liquefaction is adjusted for the sloping ground conditions, by us-
ing figure 5. If it is determined that the entire sloping mass, or a significant
portion of the sloping mass, will be subjected to liquefaction during the design
earthquake, then the slope will be susceptible to a flow slide. No further analy-
ses will be required for the ”mass liquefaction” case.

For the cases of zonal liquefaction or liquefaction of soil layers or seams, a
slope stability analysis is required. To perform a slope stability analysis for
soil that is anticipated to liquefy during the earthquake, there are two different
approaches: (1) using a pore water pressure ratio equal to 1.0 or (2) using zero
shear strength for the liquefiable soil.

5.1.5 Pore water pressure ratio (ru=1.0)

The first approach is to assume that the pore water pressure ratio of the lique-
fied soil is equal to 1.0. As previously mentioned, the pore water pressure ratio
ru is defined as ru = u

γth
, where u: pore water pressure, γt : total unit weight

of the soil, and h: depth below the ground surface.

At a factor of safety against liquefaction FSL equal to 1.0 (i.e., liquefied
soil), ru = 1.0. Using a value of ru = 1.0, then ru = 1.0 = u

γth
. This means that

the pore water pressure u must be equal to the total stress σ = γth and hence
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the effective stress σ
′

is equal to zero.

5.1.6 Shear strength equal zero for liquefied soils

The second approach is to assume that the liquefied soil has zero shear strength.
If a total stress analysis is used, then the liquefied soil layers are assumed to
have an undrained shear strength equal to zero (su = 0). If an effective stress
analysis is used, then the effective shear strength parameters are assumed to be
equal to zero.

5.1.7 Liquefaction induced lateral spreading

The concept of cyclic mobility is used to describe large-scale lateral spreading
of slopes. In this case, the static driving forces do not exceed the shear strength
of the soil along the slip surface, and thus the ground is not subjected to a flow
slide. Instead, the driving forces only exceed the resisting forces during those
portions of the earthquake that impart net inertial forces in the downslope
direction. Each cycle of net inertial forces in the downslope direction causes the
driving forces to exceed the resisting forces along the slip surface, resulting in
progressive and incremental lateral movement. Often the lateral movement and
ground surface cracks first develop at the unconfined toe, and then the slope
movement and ground cracks progressively move upslope.

5.1.8 Empirical method

A commonly used approach for predicting the amount of horizontal ground
displacement resulting from liquefaction-induced lateral spreading is to use the
empirical method developed by Bartlett and Youd (1995). As stated in their
paper, both U.S. and Japanese case histories of lateral spreading of liquefied
sand were used to develop the displacement equations. Based on the regression
analysis, two different equations were developed: (1) for lateral spreading toward
a free face, such as a riverbank, and (2) for lateral spreading of gently sloping
ground where a free face is absent. The equations are as follows:

Lateral spreading toward a free face:

log DH = −16.366+1.178M −0.927 log R−0.013R+0.657 log W +0.348 log T+
(17)

+4.527 log (100 − F ) − 0.922D50

Lateral spreading of gently sloping ground:

log DH = −15.787+1.178M − 0.927 log R− 0.013R +0.439 log S +0.348 log T+
(18)

+4.527 log (100 − F ) − 0.922D50

DH : horizontal ground displacement due to lateral spreading, m;
M : earthquake magnitude of the design earthquake;
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R: distance to the expected epicenter or nearest fault rupture of the design
earthquake, km;
W : free face ratio, expressed as a percentage. The free face ratio is defined as
100H

L
, where H: height of the free face and L: horizontal distance from base of

free face to location of the site;
T : cumulative thickness (meters) of the submerged sand layers having (N1)60 <
15;
F : fines content of soil comprising layer T , expressed as percentage. The fines
content is defined as the percent of soil particles, based on dry weight, that pass
the No. 200 sieve;
D50: grain size corresponding to 50 percent fines of soil comprising layer T , mm;
S: slope gradient, expressed as percentage. For example, a 20:1 (horizon-
tal:vertical) slope has an angle of inclination of 2.9 and a slope gradient of
5 percent.

6 Conclusion

The slope stability can be affected by earthquakes by different forms; exceeded
displacement, shear strength decreasing. The slope stability analysis for earth-
quake is done using one of two global types of comportment of the soil under the
dynamic action of the earthquake. For the soils presenting a total or a partial
liquefaction of the soil, the weakness slope stability is used, and for those soils
where the liquefaction is not suspected, the inertial slope stability is used.
Considering the dynamic form of earthquakes, the reduction of shear strength
is a natural consequence of the cyclic deformation applied.
The slope stability analysis is a complex problem approached by mathematical
and/or experimental methods. The analysis by finite element method is also
used, but the most usually methods are those described in this paper.
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Abstract

At present, erosion problems exist on important parts of the Romanian
coast, to different intensities depending on the zone, but being especially
important on some reaches of the south coast, where erosion rates of the
order of 8 m/year are locally registered. The beaches of the Northern coast
of Mamaia have been in a permanent erosion process that has dramatically
increased in the past 10 years. Changes in the littoral dynamics, mainly
due to human action, have generated a coastline regression rate, estimated
at 1m per year and more. Studies of coastal morphodynamics are becom-
ing increasingly more focused on quantification of relationships between
processes, form and function of dynamic landform systems because wave
climates (e.g., wave height, wave period, seasonality, cyclical patterns) and
sediments (i.e., composition, size, and shape) interact in various ways to
collectively produce distinctive types of beaches. In the paper, the Roma-
nian shoreline evolution is analysed. The reasons of seashore degradation
and the means for stopping these phenomena and for beach rehabilitation
are described. After the failure of many ”hard” measures for protecting
sandy beaches (like groins, breakwaters or sea-walls) become evident from
both the technical and economic point of view, the interest of using ”soft”
remedial measures like beach nourishment has largely increased.

Keywords: Mamaia beach, Romanian coast, Coastal regression
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1 Introduction

Studies of coastal morphodynamics are becoming increasingly more focused on
quantification of relationships between processes, form and function of dynamic
landform systems because wave climates (e.g., wave height, wave period, sea-
sonality, cyclical patterns) and sediments (i.e., composition, size, and shape)
interact in various ways to collectively produce distinctive types of beaches.
The components of any coastal system will tend towards a dynamic equilib-
rium state, within which the energy inputs can be dissipated and a balanced
state between activity, three-dimensional geometry and sediment transport is
maintained with no net outputs to the system (Bruun, P., 1962 and Pethick,
J., 1984) However, subsequent changes to this dynamic equilibrium can occur
when further change in energy input (e.g. storm activity, sea-level rise), or hu-
man interference with either the sediment budget (e.g. coastal defence works) or
coastal morphology (e.g. dredging, land claim, re-alignment of coastal defences)
occurs. Human attempts at coastal defence, for example, can have serious im-
pacts (both intentional and unintentional) on the input, transport and output of
littoral sediments within coherent geomorphological coastal units (known as sed-
iment cells and sub-cells) (Nicholas J. et al.2001). The fundamental implication
associated with natural or artificial changes to any coastal system is that the
previously existing dynamic equilibrium within the sediment cell will be altered.
In many such cases, the energy inputs can no longer be dissipated without net
output from the system, thus resulting in changes in the morphology and/or sed-
iment characteristics and/or sediment transport processes elsewhere within the
cell. It is, therefore, vitally important that any efforts at shoreline management
should be based on a thorough understanding of the coastal geomorphology
(e.g. form, function and processes) within relevant sediment cells in order to
minimise disruption to the natural coastal system. Furthermore, consideration
should also be given to the effect of shoreline management activities, over a
range of timescales, on adjacent coastal frontages within the wider-scale geo-
morphological setting within which they are set (Nicholas J. et al.2001). In the
Romanian littoral (Black sea) region of Mamaia , the migration problem from
rural to urban areas since 1970s has caused several environmental and coastal
problems. Unlawful and unconscious urbanization is one of the most important
ones. As the urban population goes up, the need for various coastal structures
and recreation areas also increases. These structures have broken the coastal
balance and caused generally erosion and sometimes local siltation problems.
In a study made for solving this problem, shore-parallel revetments (breakwa-
ter) were proposed in the southern region of Mamaia, and it was observed that
these structures have diminished the damage to the highway. Especially in re-
cent years, groins and offshore breakwaters have been successfully employed
in coastal protection schemes. Especially groins are supposed to be useful in
the studied region. The interest of using ”soft” remedial measures like beach
nourishment has largely increased. Once the beach erosion phenomenon has
been defined, by identifying the causes (through a study on morphological pro-
cesses) and the local interests (evaluating the different aspects related to safety,
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recreation, environment and economy), the careful selection of the protective
measures to be adopted is of primary interest. Nowadays beach nourishment,
eventually integrated with some ”supporting structures”, is an increasingly im-
portant option.

2 The studied region

2.1 Location

The studied area (Mamaia North- Navodari) beach is situated in the south
eastern extremity of Romania, near Constanta city, on a narrow sand bar, 250
- 350 m wide, between the Black Sea and Siutghiol. Mamaia is the largest
touristic seaside resort of Romania, stretching 8 Km from north to south. It
is formed by sandy material that originates from the Danube. Mamaia beach
is facing east and is a natural low sandy beach characterised by gentle sloping
underwater profile down to - 6 m. The beach consists of alluvial sediments
(brought into the Black Sea by the Danube and transported to the beaches
by combined wave action and the north to south flowing current along the
Romanian coast) and biogenic shells sediments. The sand is fine and has a grey
light colour. The site under study is located on the Northern of Mamia beach to
Media harbour between the geographical coordinates 4420’N - 2838’15”E and
4415’N - 2837’30”E. Shoreline length of the region is nearly 03 km. General
alignment of the shoreline is north to south.(see figure 1)

2.2 Dynamic characteristics

The coastal zone of Mamaia is under seasonal wind regime. The hind cast
wind data by the European center for medium weather forecasting (ECMWF)
has been analyzed for direction wise frequency distribution of wind speeds (see
figure 2). Northerly winds form NNW to NE are predominant in the constanta
area, occupying 37 percent of the total occurrences. Strong winds exceeding 10
m/sec appear frequently in the northerly direction.(see figure 3)

The most frequent waves landing on the Mamaia coast come from the north
east sector with dominating winds as well as from the north sector.

Maximum wind speed is about 40 m/s. Maximum wave height during these
storms is about 9.5 m and about 8 m near the shore. The North-South orienta-
tion of the Romanian shore the bathymetric contours determine the asymmetry
of wave propagation. Winds from West have a confined fetch and wave crests
run parallel to the shoreline because a refraction in the shallow water near the
shore. The highest values of the average wave parameters are recorded for waves
from the East direction perpendicular to the shore: length (Lm) is about 34 m,
height (Hm) about 1.2 m and the period (Tm) about 5 sec (see fig.5)

The predominant wave direction is from NNE to E. which occupy 50 % of
the whole waves. Waves from S and SSW are also present with the rate of 15 %
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Figure 1: Studied area (Mamaia North- Navodari), Romania.

because the offshore hind cast location is open to the southwest with a certain
fetch, but they are small in height and short in period.(see figure 4).

3 Erosion and shoreline evolution

Shore and shoreline evolution both due to natural and human-induced causes
or factors can be variable over a wide range of different temporal and/or spa-
tial scales. Our capability to understand and especially predict this variability
is still limited. This can lead to misinterpretation of coastal change informa-
tion, which hampers informed decision making and the subsequent design and
implementation of (soft) engineering interventions. Collecting and describing
example observations of shore and shoreline variability is one way to support
and improve such human intervention. Efforts have been undertaken in the lit-
erature to quantify shoreline variability. A particular form of this variability is
’beach mobility’, which was defined by (Dolan et al.1978) as the standard devi-
ation of the shoreline relative to its linear trend. It has been suggested that this
is a function of the morphodynamic state of the beach (Short and Hesp, 1982):
dissipative, intermediate, and reflective beaches correspond to low-moderate,
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Figure 2: Wind hindcast by the European Centre for Medium-range Weather
Forecast (ECMWF) 1991-2000.

moderate-high, and low beach mobility, respectively.
The figures 6 and 7 indicate that the variability of shorelines displays itself

differently in space and in time and differently at the low water (LW), high
water (HW), and dune foot position. By looking more closely at the causes and
effects illustrated by case examples in the following discussion, we may try to
understand and thereby quantify the shoreline variability more precisely. As an
introduction, Table I and Table II list, respectively, natural and human causes
and factors and the resulting typical coastal evolution trends by scale.

While, in principle, all, or almost all, typical evolutions may be associated
with the causes and factors behind shore evolution, we have ordered the causes
and the evolutions approximately by importance, following (Stive et al.1990).
Note that for the evolutions associated with natural causes and factors, the
typical evolutions are trends for the larger-scale and for the smaller-scale fluctu-
ations. For the evolutions associated with human causes, these are trends and
trend changes, respectively.

However, we would wish to state that generally speaking, the notion of
relative importance might be difficult to justify. Dominance will vary from
coastal section to coastal section. For instance, in Mamaia, a major long-term
interference is sediment starvation due to: the Midia harbour extension dikes
(5 Km long) . The dike deflects the longshore sediment drift offshore, to the
south-east, bypassing Mamaia beach. The coastal cell of Mamaia beach was
transformed in a bay, which almost totally lacks a natural sediment supply.
The general decreasing of the sediment supply into the Black Sea as a result
of Danube River damming adds to the problem. The development of hydraulic
structures on the Danube and its affluents (dams, locks, bottom sills, etc.),
and of the works against soil erosion, the alluvial flow at the river mouth was
substantially reduced. The jetties for navigation maintenance at Sulina mouth of
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Figure 3: Non-exceedance curves of wind speed at Constanta

the Danube River advanced more than 8 km, determining a constant migration
of sediment discharging point to areas of larger depths (under -15 m). At such
depths, orbital wave motions are less effective in transporting the sediments to
the shore; therefore, the alluviums are transported in open sea. However, this
sediment load has an important role in replenishing the coastal sandbars, located
southward of Sf. Gheorghe mouth of the Danube River. Transverse coastal
structures, like the harbour breakwaters, have a negative effect as concerns the
continuity of the littoral transport of sand, in the same way as groins cause
upstream accumulation and downstream erosion. Another source of sand for
seashore is an organic source, resulted from some species of shells. The water
pollution may reduce the number of shells and, as a consequence, the sand
supply of the beaches. The unbalance was created by some factors natural and
some human activities, and particularly by:

• Global sea-level rise is projected to accelerate two to four fold during the
next century, increasing storm surge and shoreline retreat along low-lying,
unconsolidated coastal margins. The shoreline is particularly vulnerable to
erosion and inundation due to the rapid deterioration of coastal barriers
combined with relatively high rates of land subsidence. The local part
introduces variations in relative sea-level rise along the Western Black Sea
between 2 - 4 mm/yr. Relative sea-level rise is larger in the Constanta
(3.3mm/year)than along the remainder of the shores.

• Cases of dune degradation in Romania have been analysed. The main
causes for dune degradation in Romania consist of the following: Massive
tourist development ;road and boulevard constructions ;dune mining; lit-
toral drift interruption; dune recreational pressure; inadequate waterfront
constructions; human trampling; off-road vehicles and parking lots; agri-
cultural practices and afforestation; garbage dumping; water extraction;
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Figure 4: Waves parameters distribution depending on waves direction

civil engineering works.

• Waves are generated by offshore and near-shore winds, which blow over the
sea surface and transfer their energy to the water surface. As they move
towards the shore, waves break and the turbulent energy released stirs up
and moves the sediments deposited on the seabed. The wave energy is a
function of the wave heights and the wave periods. As such the breaking
wave is the mechanical cause of coastal erosion in most of cases reviewed
and in particular on open straight coasts. There is a 50% probability that
over one year to have waves higher than 0.2m. The direction in which
the waves move is NE-SE. Very close to the shore, the wave’s regime is
controlled by the beach inclination.

• Winds acts not just as a generator of waves but also as a factor of the
landwards move of dunes (Aeolian erosion). This is particularly visible
along some sandy coasts. The average wind speed in the NV region is
between 6.5 and 5m/s. The main directions of the wind are N, V and S a
greater weight having the N-V direction. During the summer months the
predominant direction is SSE. The storms have a predominant N direction,
with an average wind speed of 9.8m/s, during a period of time of 8 to 22
hours.

• Dams prevent natural sedimentation processes by restraining the flow of
riverine fresh water, so reduce sand supply to the coastline and deltas.
After the construction of the Portile de Fier I Dam in 1970, the total sed-
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Figure 5: Propagation diagram of NE waves showing the good agreement of the
wave rays direction after refraction.

iment discharge has diminished by approximately 30-40% .The sediment
retention in the dam lakes is even higher, but the Danube partially com-
pensates for the sedimentary deficit by eroding the riverbed (Panin 1996).
the sediment load brought by the Danube into the Black Sea littoral zone
has been drastically reduced from approximately 65 x 106 t in 1858 to 38
x106 t in 1988 (Panin 1996; Giosan et al. 1997).

• Harbour and other coastal engineering works: The changes occurred dur-
ing the last century in the Danube Delta, which have altered the condi-
tions of river drift towards the sea, and particularly regulation of the sulina
channel. In relation to this objective, two breakwaters were executed in
order to protect the fairway at the outlet into the sea, which gradually
acquired a length of 7.5 km, thus relocating offward the drift unloading
point, so that the not all the alluviums return to the alongshore drift cir-
cuit; these breakwaters and the bar that is formed constitute an obstacle
for the northerly drift, particularly that of the Chilia Channel. The sedi-
mentary deficit is even more intense because of the dredging of the Sulina
bar and the dumping of this material approximately 4 km south-east of
the end of the jetties. Maximum shore retreating distance was 145m in the
case of Sulina-Sf. Gheorghe sector and maximum accretion was of 101m
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Table 1: Natural causes and factors and associated evolutions for shore and
shoreline variability; see text for further explanation (based upon and adapted
from (Stolk, 1989 and Stive et al., 1990)

distance near Sulina branch outlet.

The permanent extension of commercial activities led to the necessity of
building enlargements to three harbours on the Romanian seashore. The pro-
tective sea walls of Midia harbour act against the natural development of the
beaches situated to the South of them. The most important is the Midia Har-
bour jetty, which interrupts the southward transport of the Danubian sediment
by the longshore current. Thus, these sediments are either deposited north of
the harbour, or redirected offshore. Because of this, the entire southern sec-
tor of the Romanian littoral zone is almost completely deprived of Danubian
sediments.

The shoreline distance shows a clear trend of linear retreat or advance over
years, though seasonal variations appear on the linear trend. The rate of shore-
line retreat or advance is defined from the gradient of the straight line of linear
trend. Figure 6 shows the result of the shoreline change rate for the stud-
ied area. The beach of Mamaia south is experiencing a rapid shoreline re-
treat of - 2m/year, but the other zone (Mamaia north to Navodari) does not
exhibit significant shoreline changes, it remains as stable with some low ac-
cretion a proximity of jetty of media harbour with (+1.79m/year) and about
(+0.53m/year) at Navodari, and some low retreat at Mamaia north with (a
maximum -0.42m/year).The retreat of the shoreline at these zones is probably
caused by decrease of the wave dissipation function of the jetty.
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Table 2: Some typical human-induced causes and factors and associated evolu-
tions for shore and shoreline variability; see text for further explanation (based
upon and adapted from (Stolk, 1989 and Stive et al., 1990)

4 Future evaluation of the Mamaia shore

We present in this work, the evolution of the shoreline of Mamaia north to
Navodari using a mathematical model. It is based on the discretization by finite
elements of the equations controlling the propagation of the swell, the littoral
current, transport transversely and the line of coast. This model is applicable
under the following conditions:

• Morphological assumptions: the littoral must be uniform, i.e. that the
bathymetric lines are almost parallel and that the relative transverse pro-
file is in balance.

• Sedimentological assumptions: granulometry must be uniform and of the
same dimension

• Hydrodynamic assumptions: the hydrodynamic factors such as the swell
characterized by its period T, its significant height Hs and its direction
of propagation compared to the transverse profile of the coast, must be
constant.
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Figure 6: Shoreline variation

5 Intervention requirements

Coastal protection and flood defence techniques can be described in relation to
the development of what are termed ”hard and soft” engineering techniques.
The hard engineering techniques involve the construction of solid structures
designed to fix the position of the coastline, while soft techniques focus on the
dynamic nature of the coastline and seek to work with the natural processes,
accepting that its position will change over time.(see figure 8)

Starting from the 1980s, after the failure of many ”hard” measures for pro-
tecting sandy beaches (like groins, breakwaters, jetties or sea-walls) became
evident from both the technical and economic point of view, the interest of us-
ing ”soft” remedial measures like beach nourishment has significantly increased.
Once the beach erosion phenomenon has been defined, by identifying the causes
(through a study on morphological processes) and the local interests (evaluating
the different aspects related to safety, recreation, environment, and economy),
the careful selection of the protective measures to be adopted is of primary
interest. Nowadays beach nourishment, if necessary integrated with some ”sup-
porting structures”, is an increasingly important option.

During a beach nourishment project, large volumes of beach-quality sand,
called beach fill, are added from outside sources to restore an eroding beach.
Or, a beach is constructed where only a small beach, or no beach, existed. Ulti-
mately, beach nourishment widens a beach and advances the shoreline seaward.

11

M. Khoudir et al. / Ovidius University Annals Series: Civil Engineering 11, 2009                          53 
 _________________________________________________________________________________



Figure 7: Expected evolution of the shoreline for 2010

From a morphological point of view there is not much preference where the
sand is placed in the beach profile (provided it is between the breakerline and
dune-foot or swash-line). The consequences of this sand placing:

• The gradual slope of the nourished beach causes waves to break in shallow
water as they begin to feel bottom.

• As water rushes up the beach, wave energy dissipates.

• Water running back down the beach redistributes sediment, which is de-
posited in deeper water or moved along the shore.

• These sediments often create an offshore bar that causes waves to break
farther offshore, again dissipating wave energy, and thus protecting people
and property behind the beach.

To ensure that a nourished beach continues to provide protection and mit-
igate the effects of hurricanes and coastal storms, the project must be supple-
mented with additional quantities of sand, called periodic renourishment, as
needed.

From the geometrical point of view, it can be shown that three types of
nourished profiles are possible (Figure 9), depending on the volumes added and
on whether the nourishment sand is coarser or finer than that originally present
on the beach. These profiles are termed ”intersecting,” ”nonintersecting,” and
”submerged,” respectively (Dean, 1998). It can be shown that an intersecting
profile requires the added sand to be coarser than the native sand, although this
condition does not guarantee intersecting profiles, since the intersection may be
at a depth in excess of the depth of closure. Nonintersecting or submerged
profiles always occur if the sediment is of the same diameter or finer than the
native sand.

12

54                         Coastal Dynamics.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



Figure 8: Schematic presentation of various shore protection measures (Krystian
et al 2003)

During construction of a beach nourishment project, sand is placed so that
natural coastal processes can reshape the nourished beach into the desired con-
figuration as intended by coastal engineers The dry beach may seem overbuilt
during construction, since sand is often placed on the shore at fairly steep slopes.
After construction, it is normal for the newly nourished beach to readjust and
change substantially within the first few months. Engineers expect modest
waves to move and spread the sediment so that the nourished beach can begin
assuming a more natural form. This sediment will continue to move offshore, so
that larger waves are prevented from reaching the shore, and along the shore.
This movement of sediment, while decreasing the width of the nourished beach
somewhat, is not erosion; rather, it indicates that the project is performing as
designed. Beach nourishment is a favoured means of beach protection for resort
and high amenity beaches because it promotes amenity and natural character
in the form of a wide sandy beach and, unlike some other structural measures,
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generally it does not have adverse effects on adjacent areas of the coastline

Figure 9: Intersecting, non-intersecting, and submerged profiles (Dean, 1998).

The rehabilitation of beaches by the artificial nourishment of sand is accom-
panied, on occasion, by auxiliary works, such as groins, detached breakwaters
which are emergent or submerged. The aim of these works is to provide the
new beach with a greater degree of frontal or lateral equilibrium. The new di-
mensions of the layout and the profile of the fill sometimes exceed the limits of
the natural borders which provided stability to the original beach. To avoid the
rapid deterioration of the newly nourished beach, certain works need to be con-
structed to give a complementary support to the sand, whether it be laterally,
to avoid erosion caused by longshore current or frontally, to reduce the loss of
sediment which causes the deformation of the profile. Groins are the structures
used most frequently to provide lateral support for the beach fill. Breakwaters
and Submerged Geotextile tubes placed parallel to the shoreline are the ones
most used to contain the toe of the profile of a nourished beach. If the crest of
the structures is close to the surface of the water or emerges, it can cooperate
in the control of the energy of the waves which arrive at the beach and, thus,
affect the sedimentary dynamics

In such realistic global situations, it may be more cost-effective to partly
protect and/or to confine the artificial beaches with fixed structures which re-
quire less frequent nourishment. Partly-confined and/or sheltered beach types
exist in the natural environment. These beach types can be emulated by man,
namely:

• Reef beaches, sheltered by fixed or sacrificial offshore reefs which absorb
some energy from the shorewards propagating waves, or

• Perched beaches, cross-shore confined by a low-crested or submerged ar-
tificial berm in the nearshore zone, or
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Figure 10: Shoreline protection with sand bags (variant 1)

• Pocket and tombolo beaches, of which the plan-form is governed by de-
tached and/or shore-connected fixed breakwater structures, or

• The use of large sand-filled bags. Bags with a volume of m3 and 1 m3
and manufactured from a variety of textiles will be used. The bags will be
placed in 2 different configurations (figure 10) against the sand wall, or

• The use of large sand-filled bags and sheets of textile to form an artificial
sand bar. Low sand dune/bar will be constructed parallel to and in front
of main sand wall. This sand bar will be covered with a textile sheet, the
edges of which were pinned down with sand bags (figure11), or

• Geotextile T-groins will be constructed from sand bags (figure12). The
central row of bags in the head of the T will be partially wrapped in a
sheet of textile. Construction will be carried out in the surf zone in depth
of about 1m.

• Geotextile bags, ’sausages’ or tubes filled with sand are now gaining wide
acceptance in coastal protection. They have been used as nearshore break-
waters (placed parallel to shore). Nearshore, low geotextile breakwaters
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Figure 11: Shoreline protection with sand bags (variant 2)

are designed to a height sufficient enough to eliminate storm waves from
reaching the shoreline but allow smaller waves to penetrate (figure13).

The design and placement of the geotextile breakwaters takes into account the
height of the incident waves, depth, tidal range and site conditions.

Once the littoral process was evaluated, a tube cross section was designed
and geosynthetic materials were defined in terms of their mechanical properties.
The following considerations were mandatory:

1. Stresses on geosynthetics are very sensitive to the slurry pumping pressure
when the tubes are filled. This pressure governs the criteria design for
defining the estimated force of the required geosynthetics, working under
load conditions.

2. Slurry pumping pressure does not have a significant influence on the final
sectional area of the tube.

3. The apparent opening size of the geotextile is conditioned by sediment
diameter D50.

4. Inlets separations are defined in terms also of D50. The larger the sediment
diameter D50, the closer the inlets are.

5. The ultimate strength of required geosynthetics must consider, reduc-
tion factors for installation damage, chemical and biological degradation,
treachery creep, and seam strength.
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Figure 12: Shoreline protection with sand bag groin (variant 3)

Tult = Twork(RFidRFdRFcRFss) (1)

Where Tult is the ultimate strength of the required geosynthetic, Twork is
the calculated tensile force under load conditions, and RFid, RFd, RFc and
RFss are the reduction factors for installation damage, chemical and biological
degradation, creep, and seam strength, respectively.

6 Conclusion

The Romanian coast has experienced significant erosion and shoreline recession
in historical times, but there is no evidence that rates of coastal recession and/or
frequency of flooding have accelerated in recent decades as a result of sea level
rise, increased storminess, or any other factor. The beaches of the Northern
coast of Mamaia have been in a permanent erosion process that has dramatically
increased in the past 10 years. Changes in the littoral dynamics, mainly due to
human action, have generated a coastline regression rate, estimated at 1m per
year and more. Tp cope ith these problems, protection works of the breakwater
type have mainly used in the southern of Mamaia coast. The constructions of
hard coastal defences (groins, detached breakwaters, sea-walls) are not always
the optimal solution for the prevention from the beach erosion. They may even
displace the coastal erosion problem from one area to another. A soft solution, of
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Figure 13: Schematic section of wave energy reduction, geotube (variant 4)

the beach nourishment type is recommended if and when economically feasible;
otherwise the retreat or the abandonment of the coast is considered acceptable
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Abstract

It was modelled a hydraulic - system, regarding the dissipation of
some discontinuous oscillations for obtaining the asymptotic stability. The
amortization system was make by using the sensors with blocks of calcu-
lus and electronic control for the mathematical system at the input and
output.

In the first part of this paper it’s made the study regarding the dis-
sipation of some discontinuous oscillations for obtaining the asymptotic
stability. It is modeled a hydraulic - pneumatic system for the oscillations
of rolling (level) absorption, like a response for the fluid and dry amorti-
zation.
The amortization system is a pumping servo-mechanism of the alternative
fluid in two tanks: using the sensors with blocks of calculus and electronic
control for the mathematical system at the input and output.
In the second part of this paper is presented a multi-model automatic
regulation structure. This model is more advantageous compared to the
classically. It is presenting the theoretical method close-loop, identifica-
tion, R-S-T control algorithm and the adaptive control for a nonlinear
dynamical system in the case of the level control for the fluid sloop for a
tank to the other.

Keywords: R-S-T algorithm, closed-loop identification, adaptive con-
trol.

1 The Tantal’s basin

We’ll start to present the utility of the hydraulic automatic regulation with a
first legendary example: ”The Tantal’s basin” from the Antique Greece. This

1
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was the first hydraulic system for the automatic regulation of the flow process
based on auto-oscillations. The filling and discharge of the basin has a practi-
cal importance by these periodical effects. The legend: The monk Tantal has
violated the rules and he was punished, tied by his legs near the basin, so the
maximum level overtakes under his chin. In the maximum momentum, when he
wants drink some water, the basin starts to discharge; so he make many bows.

Figure 1: The Tantal’s basin

The entire process has two phases:
1. In the basin the flow rate q is constant
2. When the fluid reaches the level H, in the basin it starts the discharge
through the second pipe with the flow rate Q > q. When it reaches the level h
both phases are repeating.

2 The amortization of the ships

It is known that in their movement, the maritime or aviation ships and the
dynamical systems from mechanics are perturbed (by the waves, wind or me-
chanical parameters). In this way are forced to make the rolling oscillations
represented by the angle of rotation θ(t) side by a fixed mark. The attenuation

Figure 2: The auto-oscillations graphic of the fluid level in the Tantal’s basin

2
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Figure 3: a)A pump connected to two tanks; b) The scheme of the hydraulic
regulator

(the dissipation) of these oscillations to obtain again the stabile regime of move-
ment it is made by using some pumps leaded servo-mechanics and electronic - to
transfer the fluid by contra balance in two tanks mounted symmetrically of the
longitudinal and vertical axis. In this mode of discharge and filling of the tanks
in contra balance with the amplitude it is obtain a spell effect by the friction and
the variation of the fluid mass (left - right), involving the asymptotic stability
with intermittences. In the phase plane the spiral trajectories are wavy with
the change of the movement sense tend to the stable asymptotic focus [1].

It is thought that R is the hydraulic regulator (fig. 1b)) is the schematic
figure and in the figure (fig. 1a) R is lied by the two tanks T1, T2 connected by
the pipes acting by the pumps P .
Simplifying the model, the equation of the system with the free degree θ(t) will
be:

Jθ̈ = −Mθ̇ − Kr (1)

Where J is the inertia momentum of the ship, relating the vertical axis which
goes through the load centre, θ(t) is the rolling angle side by the θ = 0; Mθ̇ is the
linear momentum of the amortization by the friction of the viscous fluid; r is the
displacement of the mechanism arm owing to the rolling. This is proportional of
the θ angle, so that Kr = Nθ. This is considering to be the reaction momentum
necessary that the ship come back to the normal course. The rolling is signalized
by the θ angle in the gyroscopically quadrant mounted on the ship. So, through
the variation of this angle θ, the server (1) is involved by the pump (ex: to the
right) and is opening the input of the fluid in the half right of the servo-motors
(2). This produce the movement r of the bar (3) proportional with the angle θ,
which will be signalize by the rolling indicator (4), [2].
Because of the momentum obtained Nθ like a response, the ship comes back
to the normal course, making an amortized oscillation. For accelerating this
amortization the hydraulic absorber must delimitate the rolling angle θ(t). In

3
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Figure 4: The trajectory in the phases plane: a) the homogeneous case; b) the
non-homogeneous case

this way, this system is adding up an ”inverse link” (5). The cylinder of the
server acquires beside the rolling rotation to the right a double pressure. The
server’s valves are closing and the acting of the server is stopped. The reasoning
is repeat acting to the left with the discharge of the right tank and the filling
of the left one. So, we’ll have a bigger amortization because of the momentum
Nθ and after a finite number of oscillations witch are amortizing by decreasing
the amplitude, the ship is stabilized to the null solution [3].
The link is with ”free bearing clearance” and for coulisse (6) an the 2B distance
and the body’ s server oscillating on the space ±B, this mean r ± B ≈ θ or
r = θ ± B with the + sign for θ̇ > 0 and − for θ̇ < 0.

θ̈ + 2rθ̇ + k2θ = ±k2B (2)

In the phases plane the study of the movement is make thus: we are considering
the movement from the right to the left with θ ∈ (−B,B). Noting θ = x1 + B:

ẍ1 + 2rẋ1 + k2x1 = 0 (3)

For n2 < k2 we have a low resistance and the solution is amortized linearly
side by x ≡ 0 Having a displacing to the right face to the origin with B. The
decrement of the oscillation is δ = e−nπ/k1 , k1 =

√

k2
− n2. If the displacement

is from the left to the right θ = x2 − B, we obtain for x2:

ẍ2 + 2nẋ2 + k2x2 = 0 (4)

The amortization law is the same like (3), but the oscillation will be displaced
to the left with B.
So, the trajectory in the phases space will be obtain traced at the first time the
logarithmic spiral in the (x, y) plane, ẋ = y with the solution for the case (fig.
2a)

x = e−nt (C1 cos k1t + C2 sin k2t) (5)

And then, θ = x±B (fig. 2b) for the non-homogeneous equation (2); graphically
it was made a cut on the x′Ox axis and we are displacing the upper figure to
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the right with B and the figure from the under half plane to the left with B.
the spirals are merged by continuity and will be undulate to the origin thus:
considering the initial position at t = 0, ẋi

0 > 0 then with recurrence to the left:

xi+1

0 = (xi
0 − B)δ − B = xi

0δ − B(1 + δ) (6)

And the point will go to the left side of the origin if:

xi
0δ − B(1 + δ) > 0 or xi

0 > B
(

1 + 1

j

)

> 2B.

The (6) formulae is conditioned by 0 < xi
0 ≤ B. If B < xi

0 ≤ B
(

1 + 1

j

)

the trajectory falls to the origin through the inferior side without cross in the
interval (−B,B), see (fig. 2b).

The presented previous solution has need of the exact knowledge of the
process parameters (the tanks, pumps, pipes, etc.) a difficult fact of realize.
The practical control of the level in the ballast tanks, can have as solution
an adaptive multi-model system [5]. The functionality of such system implies
solving the next problems: the choice of the better model, the identification
in the close loop of the adaptive model, the recalculation of the regulation
algorithm. This article details some of the essential aspects of these problems.

3 Choice of the model

The model-error at the k instant is defined as the difference between the output
yi of the model Mi and the output y of the plant [4], [5], [6]:

εi (k) = y (k) − yi (k) (7)

The performance criterion which is used as the selection rule is defined below:

Ji (k) = αε2
i (k) + β

k
∑

j=1

e−λ(k−j)e2
i (j) (8)

where α > 0 and β > 0 are the weighting factors on the instantaneous
measures and the long term accuracy; λ > 0 is the forgetting factor.

The choosing of the α, βand λ parameters depends of the plant:

• α = 1 and β = 0 → for the fast systems (good performances with respect
to parameters changes, sensitive to disturbance);

• alpha = 0 and λ = 0 → or the slow systems (bad performances with
respect to parameters changes, good performances with respect to distur-
bance).

4 Closed-loop recursive identification

A closed-loop adaptive method (filtered closed loop error- FCLOE identifica-
tion) for the adjustable predictor is considered. This method computes the

5
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Figure 5: Close loop identification technique

parameters of the model in order to minimize the closed loop output prediction
error εCL using the filtered data u and y. A FCLOE identification scheme is
presented in Fig. 3:

The basic idea is to substitute (by filtering of u and y) the prediction error
εLS with closed-loop output error εCL. The filter depends of the control algo-
rithm. The FCLOE - algorithm in least squares recursive form is the following:

θ(k + 1) = θ(k) + F (k)φf (k)εLS(k + 1) (9)

F (k + 1) = F (k) −
F (k)φf (k)φf (k)T F (k)

1 + φf (k)T F (k)φf (k)
, F (0) = αI, α > 0 (10)

εCL(k + 1) =
y(k + 1) − θT (k)φf (k)

1 + φf (k)T F (k)φf (k)
(11)

where, θ(k) is the parameter vector; φf (k) is the filtered observation vector;
F (k) is the gain adaptation matrix; εCL is the closed-loop prediction error.

5 Model based control (re)design

For the Mi model we design a controller Ci that satisfies the desired nominal
performances. The RST polynomial algorithm with two degrees of liberty, for
Ci controller is proposed (see Fig. 4):

In this case the input u(k) is:

u(k) =
T (q−1)

S(q−1)
r(k) −

R(q−1)

S(q−1)
y(k) (12)

6
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Figure 6: RST control algorithm

The disturbance rejection is ensured by the R(q−1), S(q−1) polynomials,
obtained solving the equation:

PC(q−1) = A(q−1)S(q−1) + B(q−1)R(q−1) (13)

where,

• pair (A(q−1), B(q−1)) represents the plant model;

• PC(q−1) is the closed-loop characteristic polynomial.

The reference tracking performance is ensured by the choice of the T (q−1)
polynomial. For each model ((Ai, Bi) a Ci control algorithm (Ri, Si, Ti polyno-
mials) will be computed respectively.

The adaptive pole placement method is used for achieved performances in
closed-loop.

There are two possibilities for the adaptive design approach:

5.1 Disturbance rejection adaptive algorithm:

1. Re-identification of the model Mk+1 using the relation (9), where the
filtered data is Φf (k) = S

PC

Φ(k) .

Mk+1 =
Bk+1(q

−1)

Ak+1(q−1)
(14)

2. Evaluation of the pair Rk+1(q
−1), Sk+1(q

−1)from equation:

PC(q−1) = Ak+1(q
−1)S(q−1) + Bk+1(q

−1)R(q−1) (15)

3. Computation of the input u(k + 1):

Mk+1 =
Bk+1

(

q−1
)

Ak+1 (q−1)
(16)
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5.2 Reference tracking adaptive algorithm:

1. Identification of the modelMk+1:

Mk+1 =
Bk+1(q

−1)

Ak+1(q−1)
(17)

2. Computation of PCk+1(q
−1) using the equation:

PCk+1(q
−1) = Ak+1(q

−1)S(q−1) + Bk+1(q
−1)R(q−1) (18)

3. Computation Tk+1(q
−1) with relation:

Tk+1(q
−1) =

Pk+1(1)

Bk+1(1)
PC k+1(q

−1) (19)

4. Computation of the input u(k + 1)

u(k + 1) =
Tk+1(q

−1)

S(q−1)
r(k) −

R(q−1)

S(q−1)
y(k) (20)

The main experimental results from real time multi-models adaptive control
system will be presented below.

6 Experimental results

We have evaluated the achieved performances of the adaptive multi-model con-
trol using an experimental installation as in Fig. 5. The main goal is to control
in closed loop the level in Tank 1. There is a nonlinear relation between the
level L and the flow F .

F = a
√

2gL (21)

We consider three plant operating points P1, P2, P3 on the nonlinear diagram
F = f(L) as in Fig. 6. The level values L1, L2, L3 can be considered the set -
points of the nominal level control system.

7 Conclusions

In this paper it was modeled a hydraulic - system, regarding the dissipation
of some discontinuous oscillations for obtaining the asymptotic stability. The
amortization system was make by using the sensors with blocks of calculus and
electronic control for the mathematical system at the input and output.

An application of the multiple models adaptive control to a nonlinear model
plant has been presented. A mechanism based on the performance model-error
criterion for the choice of the best model in switching phase is considered. The
multiple model adaptive control procedure proposed has the following advan-
tages: a more precise model is chosen for the closed loop operating system,
the R-S-T adaptive control ensures very good real time results for closed loop
nonlinear system.

8
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Figure 7: Experimental installation

Figure 8: Plant operating points
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Abstract

The purpose of this article is to model the precipitation for a small
Romanian watershed and to determine the IDF – curves.

Keywords: IDF - curves, Gumbel model

1 Introduction

Dimensioning the projects concerning hydraulic structures or water work projects
implies to know the flood hydrograph associated with a return period (fre-
quency). Since practically it is not economic to dimension the hydraulic works
for the most intense precipitations, it is necessary to determine the optimum
flow putting in balance the cost of an over sizing hydraulic work and the damage
produced by a weak hydraulic structure. To solve this problem it is necessary
to determine the maximum intensities of a rain having a frequency of a given
event.

For small basins, the most used method to estimate the maximum annual
discharge starting from the rainfall intensity is the ”Rational Method”. Ac-
cording to it the rainfall intensity (I) is considered for a duration that is at
least equal to the time of concentration (Tc) of the basin. This means that for
punctual rainstorms, a relationship between the intensity - duration - frequency
(IDF curves) has to be established.

For a given return period (non-exceedable probability), a set of IDF curves
represents the variation of the maximum annual rainfall intensity with the time
interval length.

The purpose of this study is mainly to produce IDF - curves for Voinesti
catchment, which is a part of the catchment Dambovitza (tributary of first
order of Danube) in the Western of Sub Carpathians of Curvature.

The rainfall intensity data are deduced from the rainfall pluviograme origi-
nating from siphoning type recording rainfall gauges with the rim of the receiver
at a level of 1.50 m above the ground, with an opening of 2.5 dm2 and siphoning
at an amount of 10 mm.
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Figure 1: The schema of estimating the maximum annual discharge

The number of rainfall events recorded on Voinesti catchment was 132. The
measument period was April - October. The maximum rainfall depths were
searched for the durations of 5, 10, 15, 20 min.

2 Method

We propose to use the ”frequency analysis” concept applied to the IDF prob-
lems.

The frequency analysis is a statistical method of prediction consisting in the
study of the characteristics of a given process, in order to define the probabilities
of their future appearance. The frequency analysis calls upon various statistical
techniques and consists of a complex mechanism which is advisable to treat with
much harshness.

The stages of a frequential analysis can be schematized in:

• Building the data series;

• The data series control;

• The choice of a frequential model;

• The adjustment control.

To understand the processes that intervene in the water cycle and to study
their spatial and temporal variations, a database is essential. Building a database
series is a process during which many errors could be made. On a first inspec-
tion, some of these may be identified and corrected at once, some are noted and
marked, and others may remain undetected.

According to the errors’ nature, various techniques and methods can be used.
They are: ”In situ”, statistical investigations based on specific hypotheses and
statistical test.

In our study, the control of the data series was made by statistical tests.

2
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Gumbel’s distribution is a special case of the Generalized Extreme value
(GEV) distribution. It used in industrial applications and environmental sci-
ences to model extreme values associated with flooding and rainfall. Gumbel’s
distribution has the form:

F (x) = exp

(

− exp

(

−

x − a

b

))

, (1)

where a and b are the model parameters.
Defining the reduced variable u = x−a

b
, the relation (1) can be written:

F (x) = exp(− exp(−u) (2)

and
u = − ln(− ln F (x)). (3)

The advantage of reduced variable is that the quantile expression is linear.
In the case of an adjustment according to Gumbel’s law, the quantile expres-

sion corresponds as graphical representation to a straight line. Consequently,
the data points of the series that must be adjusted can be represented in a
system of axes x − u; then it is possible to plot the straight line which fits the
data and to deduce from it the parameters a and b which characterize the law.

So, the essential idea is to estimate the probability of un-surpassing F (xi)
ascribable to every value xi.

There are many formula to estimate the repartition function F̂ (x) using the
empirical distribution. They are based on the increasing ordering of the data
series and the association of a rank r the each value.

The simulations made proved that for Gumbel’s low the best results are
given using the empirical frequency of Hazen:

f =
r − 0.5

n
, (4)

where r is the rank and n is the sample volume.
In despite of the fact that it is an approximating method, the graphical

adjustment has the big advantage to give a visual representation of the data
and adjustment. It constitutes an essential aspect of the judgement on the
adequation between the chosen law and the data, for any adjustment method
used.

3 Results

3.1 The control of the series values

The data series are formed by the values of maximum intensity, at an interval
equal to 5, 10, 15 and 20 min.

It can be seen that the maximum intensity values are as smaller when the
intervals are longer.

3
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Figure 2: Example of a data series

Figure 3: The ACF for the series at 5 and 10 minutes

Before using the data sets, it is essential to study the series tendency and
the data correlation.

To test the data correlation, the autocorrelation function was used. The
result of autocorrelation test for the rainfalls is presented in Figures 3 and 4.
From the autocorrelation tests it results that the data are correlated. Indeed,
the probabilities to reject the autocorrelation hypothesis are small (0.009-0.5)
and there are few values of the autocorrelation function outside the confidence

4
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Figure 4: The ACF for the series at 15 and 20 minutes

intervals.
Spearman test was used for the tendency test of the series. The values

of Spearman coefficients for the rainfall series were respectively: 0.385, 0.375,
0.421, 0.456, proving that the series are neither increasing, nor decreasing.

3.2 The frequential model

To determine the IDF curves of precipitation the following steps were made:

• Data preparation by:

- Sorting the series values in the ascending order,

- Allotting a rank order to each value;

• Calculation of the empirical frequency for each value (equation (4));

• Calculation of Gumbel’s reduced variable u (equation (3));

• Plotting the couples (ui, xi) of the series to be fit;

• Fitting a linear relation of the type to the couples (ui, xi) and deducing
the parameters a, b;

• Using the statistical model to estimate maximum rainfall intensity for a
return period, T .

5
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Gumble’s diagram for the maximum rainfall intensities at 5, 10, 15, 20 minutes
are represented in Figure 5.

Figure 5: Gumbel’s diagrams at 5, 10, 15 and 20 minutes

Figure 6: The modelling results

The numerical results for the parameters of Gumbel’s distribution function
corresponding to the different durations at the hydrometric station of Voinesti
are presented in Figure 6, that contains:

• in the columns 2 and 3, the parameters a, b;

• in the column 4, the determination coefficient, which is big enough to say
that the parameters are significant;

• in the column 5, the correlation coefficient;

6
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• in the column 6, the standard deviation of the residuals resulted in the
modelling.

3.3 The validation of model

To validate the choice of the Gumbel’s distribution the residuals were tested.

• The results of normality tests - Jarques’ Bera test and χ2 - lead us to
accept the hypothesis that the residuals are normal distributed, with the
mean zero and the standard deviation around 0.385.

• Using the independence test (Durbin - Watson) and analysing the values of
the autocorrelation function, we accept the hypothesis that the residuals
are independent.

• The results of Bartlett test lead us to accept the hypothesis that the
residuals are homoscedastic.

The results of the previous tests prove that Gumbel’s model was well chosen.
Using the computed parameters, the IDF curves for different return periods

can be determined, as they can be seen in Figure 7.

Figure 7: The IDF curves

4 Conclusions

In this article Gumbel’ s frequential model on the maximum rainfall intensity
registered by the pluviograph of the hydrometrical station Voinesti was applied,
to obtain the IDF curves, for different calculus probabilities, necessary to di-
mension the hydrotechnic works.
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Before the model application, the data concerning the maximum rainfall
intensity calculated at 5, 10, 15 and 20 minutes were tested, in order to relieve
the errors. The results of the tests were satisfactory.

To adjust the data, graphical methods were used. It was seen that the values
of the maximum intensity can be fitted by straight lines, to which the determi-
nation coefficients were calculated. These being close to 1, the parameters of
the adjustment lines, a, b, were determined.

The adjustment control were made by Jarques Bera and χ2 tests. Since
the tests gave satisfactory results, we conclude that Gumbel distribution can
be successfully used in the estimation of the rainfall maximum intensity, with a
certain response time, in the studied case.

In a future paper we shall compare the results obtained with this model with
those obtained using other methods.
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Abstract

Major environmental problem worldwide, air pollution results also
from transport activities, aerial inclusive. Air pollution monitoring and
modeling seek to develop an accurate identification, measurement and
evaluation of atmospheric state in order to facilitate forecast and decrease.

Choosing 2008 independently registered data in the aria of M. Kogal-
niceanu Civil Airport, MATHCAD Multiple Linear Regression analysis,
MATLAB prediction and Air Quality Simulation Model based on diffu-
sion equation were performed in order to forecast pollutants’ evolution in
2009.

Keywords: air pollution; monitoring; modeling; air quality simulation
model; diffusion equation.

1 Introduction

Air pollution is a major environmental issue worldwide. It is generated by
important emission sources such as industrial plants, refineries, power plants,
domestic heating and, more important, all kinds of transport. Hence, airports,
such as M. Kogalniceanu Civil Airport, are considered to cause air pollution
and, thus, discomfort. Noxious emissions influence both air quality and cli-
mate change, fundamentally changing the chemical content of the atmosphere.
Nitrogen oxides (NOx), CO and volatile organic compounds (VOCs) lead to
photochemical smog and associated oxidants and facilitate the ozone produc-
tion in the free troposphere and climate warming. Also major greenhouse gases
(CO2, CH4, N2O, halogenous compounds) are produced. Nitrogen oxide and
sulfur oxide are also responsible for acid rain by atmospheric photochemical
reaction, deteriorating ecosystem. Both direct carbonaceous aerosols emission
and secondary aerosol precursors form simultaneously (NOx, VOCs, SO2, and
NH3), eventually affecting the climate.
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In the case of air pollutants (NOx, CO, SO2, and particulate matter), mag-
nitudes and tempo-spatial distributions remain inaccurate. Despite sustained ef-
forts for continuously monitoring, determined data barely presents patterns, be-
ing based on estimates and extrapolations. This occurs from two major causes:
difficulty to predict the impact of emissions and pollutant distributions on air
quality and thus, on human’s health and local ecosystem viability; obstruction
of accurate prediction for both tempo-spatial distributions and emission impact
on large scales due to nonlinear atmospheric chemical processes of pollutant
generation. Far from completion, the phenomenological description needs new
tools and techniques to simple and exact pollution quantification and forecast.

With respect to air monitoring and modeling, previous efforts [1]–[9] include
evaluation of several data acquisition systems and analysis instruments and
methods applied mostly in meteorological studies. Additionally, air quality
simulation models tend to reconsider time-dependent complex physical-chemical
phenomena. Their results showed good agreement between simulations and
experimental data.

This paperwork aims to develop an air pollution monitoring and modeling
system relying on accurate data from a passive-mobile sampler collect and anal-
ysis complex, in anticipating a huge amount of information regarding the nature,
sources, and distribution of pollutants. The resulting techniques and methods
are to be further developed and validated for other areas.

2 Methodology

2.1 Measurements

The monitoring activity in M. Kogalniceanu Civil Airport was conducted in
2008 and focused on several important pollutants: sediment powder (partic-
ulate matter which deposit freely in time), nitrogen oxides, carbon monoxide
and sulfur dioxide. Concentration levels were determined daily with both sta-
tionary and mobile stations, ranging from simpler approach (passive samplers)
to more complex instrumental methods (air sampler, HPGC). Mobile pollution
data measurement identified the distribution of narrow emission sources and cor-
related transport and reaction phenomenon with emanations, while stationary
data collection simulated prompt response.

Sampling program was optimally designed for hazard prevention, assuming
that errors in the forecast pollution came exclusively from inaccurate concen-
tration record, since such uncertainties propagated in model, being induced
through computational, process modeling and human factors.

2.2 Data analysis

The registered data obtained in the year 2008 near M. Kogalniceanu Civil Air-
port by independent sampling can be summarized in Figures 1-3. Their his-
togram, represented using MATLAB, is shown in Fig. 4, from which the unusual
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distribution of determined pollutants can be noticed. Based on the collected
data and shown pattern evolution, prediction graphs for 2009 were plotted in
MATLAB.

Figure 1: Average sediment powder for 2008

MATHCAD Multiple Linear Regression analysis tested both data quality
evaluation and objective investigation data in airport complex terrain. It re-
vealed how reasonable pollutants determination was, showing that stationary
measured values were close to the dynamic ones. The resulting model helped
to predict new stationary data for the case in which experiments couldn’t be
carried on from risk occurrence, as R2 ∼= 1(see Table 1).

3 Model description and simulation

Air Quality Simulation Models (AQSMs) aim to establish causal relations among
emission levels and air quality, using numerical models which replicate transport
and chemical transformation of pollutants in the atmosphere, either with the
aid of prognostic modeling, based on the fundamental physiochemical principles
governing air pollution, or through diagnostic modeling, related on statistical

Figure 2: Average levels of NO2 and SO2 in 2008
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Figure 3: Monthly CO records for 2008

Figure 4: Histogram for chosen pollutants with gplot

description of observed data.
Air pollution involves three major phases: emission from different sources

(both anthropogenic and natural); transport, mainly by wind fronts (advection);
transformation: diffusion in the atmosphere, deposition to the surface (soil,
water and vegetation), either dry (continuous during transport) or wet (only
during rains), and chemical reactions in which secondary pollutants result. By
consequence, it can be mathematically described using Euler approach relating
the behavior of the species to a fixed coordinate system or Lagrange approach
relating the concentrations changes to moving air.

The model used for M.Kogalniceanu Civil Airport based on both funda-
mental atmospheric transport and chemistry occurring, given by the diffusion
equation applied to the atmospheric air:

∂ < ci >

∂t
+ ūi

∂ < ci >

∂xi

=
∂

∂xj

(Kjj

∂ < ci >

∂xj

) + Ri(
N

∑

i=1

< ci >) + Si(x, t) (1)
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Figure 5: 2009 predicted values of sediment powder

where: < ci > – average pollutant concentration, mg/m3;
ūj – mean wind speed, m2/s;
Ri – rate of formation of i pollutant species, mg/m3s;
Kjj – diffusion coefficient,m2/s; for gases K = 1

3
ν̄λ (λ – average free road), and

under normal conditions Kappa ≈ 10−5m/s2;
Si rate of emission of i pollutant species into the control volume, mg/m3.
resulted from several approximations and negligence (gradient driven fluxes ap-
proximation of turbulent fluxes, neglect of molecular diffusion: D<<K, con-
sidering atmosphere as incompressible: the mean wind ū and lateral average
diffusivity Kjj are independent of y, and reaction rates approximation of en-
semble average with ensemble averages):

DA

∂2 < cA >

∂x2
<<

∂ūicA

∂xi

= −

∂

∂xi

(KA

∂ < cA >

∂xj

) (2)

∂ū

∂x
=

∂v̄

∂y
=

∂w̄

∂z
(3)

∑N

i=1
ci

N
≈

∑

< ci > (4)

The 1-dimensional space diffusion model indicates that the rate of stud-
ied pollutant species change is proportional to the curvature of species density.
Assumptions regard simultaneous dispersion and reaction of all individual pol-
lutants and invariable dispersal abilities of individuals. The diffusion model
assumes that the mean wind direction is along the x-axis, so the resulting rect-
angular coordinates were rotated according to the wind direction for each anal-
ysis interval. The chemical processes play an important role, but introduce
nonlinearity in the model.
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Figure 6: Multiple Linear Regression Analysis between stationary and dynamic
data
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The chemical reactions have the following form:

aiAi
k
→ ajAj Rs(ci) = −

∑

aici +
∑

ajcij (5)

where ai, aj are the stoichiometric coefficients of the formation reaction of
pollutants, and k the kinetic constant. If the chemical reaction is of 1st order,
then reactive-diffusion is given by:

∂c

∂t
= D

∂2c

∂x2
± kc (6)

Initial and boundary conditions are added to the system of partial differential
equations (1): 0 ≤ x ≤ xfin, 0 ≤ t ≤ tfin.

Figure 7: Volume element considered for calculus

The rate of pollutant accumulation into air volume elements is given by the
following equation:

Jx − Jx+dx =
∂C̄

∂x
dt (7)

C̄ is the average pollutant concentration in the volume element and cdx is
the total amount of pollutant into the volume element.

In steady-state the solutions of the diffusion equation are linear when the
diffusion coefficient is constant (mass flux J does not depend on time). Kij

varies with temperature and ionic strength, so differences in slope occur during
heat flow. Also horizontal homogeneity was presumed.

For further simplification, advection equation term could be removed by
assuming that the low of mass conservation is satisfied in the lower atmosphere
level:

∂CA

∂t
= −∇NA + RV,A + SV,A (8)

where A - concentration of species A, ∇ - gradient operator, NA - total
molar flux of A relative to fixed coordinates, given by the sum of a convective
and diffusive transport:
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NA = uCA + JA (9)

where u is the wind vector (u, v, w) and JA is the molar diffusive flux of
species A. For a diluted gas in the atmosphere, the diffusive flux is approximated
by Fick’s law:

JA = −DA∇CA (10)

where DA is the molecular diffusivity of the dilute species A in the air. In
steady state:

∇uCA = DA∇
2CA + SV,A (11)

For sediment powder, mathematical formulation considered the case of sus-
pended particles moving with speed v in gravitational field, and condition for
impermeable volume frontier:

∂u

∂t
= D

∂2u

∂z2
− v

∂u

∂z
(12)

with impermeability condition in plane z = z0:

D
∂u

∂z
− vu = 0 (13)

Computational method in MATLAB with adapted advection-diffusion code,
pdepe function and Fourier analysis revealed both spatial and temporal accuracy
of the model, as shown for CO in Figures 11-14. Simulation corresponds to
both stationary collected data and phenomenological explanation of pollutant
decrease in time for the case of discontinuous emission sources.

Figure 8: Advection-diffusion graph
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Figure 9: Time distribution with pdepe function

Factors of uncertainty in the computations are: the definition of the source
of emissions (discontinuous and superposition of an infinite number of punctual
sources), neglect of effects of temperature and pressure on diffusion, constant
approximations for chemical rate and constants, diffusion coefficient, air prop-
erties, temperature, wind speed and direction.

4 Conclusion

Complex and advanced air pollution models are needed due to the nonlinear
evolution of most pollutants and their reactions, as the configuration of the
monitored area creates a departure from the Gaussian distribution.

Convection and diffusion are the two mechanisms by which pollutants moves
through the open air, therefore pollution-dispersion modeling, despite the in-
volved emissions uncertainty, is sufficient even for low-resolution two- and three-
dimensional form, for studying pollutants’ concentrations, giving good predic-
tions.

The new mixed algorithm for pollution modeling is feasible to perform cal-
culations for realistic computational domains and areas, providing high spatial,
temporal and chemical resolution and the promise of pollution inventory.
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Figure 10: Numerical solution with pdepe function

Figure 11: Transient diffusion with Fourier analysis
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Abstract

Modified 1,5-dimensional model of convective cloud with parameter-
ized microphysics for liquid and solid phases is presented. A region of
convective flow in the model is represented by two concentric cylinders.
The inner cylinder corresponds to updraft flow region and the outer cylin-
der to surrounding downdraft flow region. The model shows more realistic
state for the life cycle of the cloud (than original model with one cylinder)
and reproduces all of the typical stages of its development (including the
dissipation stage). Considerable effect of ratio of outer cylinder radius to
inner cylinder radius on cloud parameters is shown.

Keywords: One-and-a-half-dimensional model; Convective cloud; Com-
pensating descending flow.

1 Introduction

A mechanism of heat transfer and precipitation forming in convective clouds
is interesting and important problem, because such dangerous phenomena as
thunderstorm, hail, squall and tornado are connected with developing convective
clouds. Numerical modelling is one of the most effective instruments of cloud
investigation.

For scientific research oriented on detailed study of dynamical and micro-
physical processes in cloud it is necessary to use the models that fully reproduce
natural processes (i.e. 2- or 3-dimensional models with detailed description of
microphysical processes) [3, 5, 8]. However, for the purpose of efficiency of
forecast (for example: in meteorological centers in airports) models with few
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computer resources are required. These models have to reproduce such parame-
ters of the cloud (altitude of upper and lower boundaries of the cloud, maximum
value of the water content, excess temperature, velocity of ascending flow, etc.)
which may become an indication for the methods of forecast of dangerous con-
vective effects. From this point of view time-dependent 1,5-dimensional models
are the best [1, 2, 4, 6, 7, 8]. In this kind of models the cloud is generated in a
cylindrical region. All of the parameters are averaged over cross section of the
cylinder. The cylinder is surrounded by still atmosphere with constant param-
eters. However, this models can not adequately reproduce all of the life stages
of the cloud (especially the dissipation stage) under some initial atmospheric
conditions. In this case the cloud is actually stabilized after developing stage
(both dynamical and microphysical parameters of the cloud are not changed).
We believe that the reason of this effect is lack of compensating descending flow
which suppresses the development of ascending flow.

Mechanism of compensating of ascending flow, however, is included in first
1,5-dimensional model of Asai and Kasahara [1] by means of additional outer
cylinder. The inner cylinder corresponds to the ascending flow area (the cloud
develops in this cylinder), the outer cylinder to the descending flow area. But
this model includes very simple microphysics (without precipitation formation
and solid phase).

We have developed a model of convective cloud that combines advantage
of Asai and Kasahara model (i.e. takes into account compensating descending
flow) and contains microphysics with precipitation formation and solid phase.
Using this model we try to analyze the effect of compensating descending flow
on convective cloud. Sufficiently interesting results are obtained.

2 Model description

The model represents 1,5-dimensional model of convective cloud with parametriza-
tion of microphysical processes for both liquid and solid phases.

In the model the region of convective flow is represented by two concentric
cylinders (as in Asai and Kasahara model [1]). The inner cylinder (with constant
radius a) corresponds to the updraft flow region (cloudy region) and the outer
cylinder (with constant radius b) to the surrounding downdraft flow region
(cloudless). The ratio of the area of cross section of inner cylinder to the area
of cross section of outer ring-shaped cylinder is equal to

Kab = a2/(b2
− a2). (1)

All of the equations are written in cylindrical coordinates. Parameters of
cloud are represented as averaged over cross section of cylinder. Equations from
[6] for the parameters have been modified because of effect of ascending flow.
Moreover, pair equations for the parameters in outer cylinder have been added.
Modifications in equations are marked with bold font. Differences between
equations for parameters in outer cylinder and in inner cylinder are also marked.
Interaction of compensating descending flow in outer cylinder with surrounding
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Figure 1: The schemes of (A) flow; (B) microphysical processes.

atmosphere are not considered because it is much less than interaction with
ascending flow in inner cylinder.

The equations for the vertical velocity w are written as

∂win

∂t
= −win

∂win

∂z
−

2α2

a
|win − wout|(win − wout) +

2

a
ua(win − wa)

+
1

ρa0

∂

∂z
(Kv

∂win

∂z
) + g

Tv in − Tvmean

Tvmean

− g(Qc in + Qr in + Qi in),
(2)

wout = −Kabwin, (3)

where u is radial velocity, α2 the coefficient for lateral eddy mixing, g the ac-
celeration of gravity, ρa the air density, Tv the virtual temperature, Tv mean =
(a2Tv in + (b2a2)Tv out)/b2 the virtual temperature averaged over cross section
of both cylinders, Kv the vertical eddy diffusion coefficient, Qc, Qr and Qi

are contents (mixing ratios) of cloud droplets, raindrops and hailstones (frozen
droplets). Values at the lateral surface of the inner cylinder are denoted by sub-
script “a” (except ρa), values in the environment are marked by subscript “0”,
values in the inner cylinder (in the cloud) and in the outer cylinder are indicated
by subscripts “in” and “out” respectively. ua is determined by the equation of
mass continuity under assumption of incompressibility which is given as

2

a
ua +

1

ρa0

∂(ρa0win)

∂z
= 0. (4)

It is reasonable to assume that

Aa =

{

Aout, if ua < 0,

Ain, if ua ≥ 0,
(5)

where instead of A can be placed any variable.
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The equations for the temperature are written as

∂Tin

∂t
= −win(

∂Tin

∂z
+ Γd) −

2α2

a
|win − wout|(Tin − Tout)

+
2

a
ua(Tin − Ta) +

1

ρa0

∂

∂z
(Kv

∂Tin

∂z
) + FT in,

(6)

where Γd is the dry adiabatic lapse rate, FT is the quantity concerned with
microphysics.

The equations for the contents of vapor, cloud droplets, raindrops and hail-
stones are given as

∂Tout

∂t
= −wout(

∂Tout

∂z
+ Γd) −

2α2

a
Kab|win − wout|(Tout − Tin)

−

2

a
uaKab(Tout − Ta) +

1

ρa0

∂

∂z
(Kv

∂Tout

∂z
) + FT out,

(7)

∂Qv in

∂t
= −win

∂Qv in

∂z
−

2α2

a
|win − wout|(Qv in − Qv out)

+
2

a
ua(Qv in − Qva) +

1

ρa0

∂

∂z
(Kv

∂Qv in

∂z
) + Fv in,

(8)

∂Qc in

∂t
= −win

∂Qc in

∂z
−

2α2

a
|win − wout|(Qc in − Qc out)

+
2

a
ua(Qc in − Qca) +

1

ρa0

∂

∂z
(Kv

∂Qc in

∂z
) + Fc in,

(9)

∂Qr in

∂t
= −(win − Vr in)

∂Qr in

∂z
−

2α2

a
|win − wout|(Qr in − Qr out)

+
2

a
ua(Qr in − Qra) +

Qr in

ρa0

∂(ρa0Vr in)

∂z
+ Fr in,

(10)

∂Qi in

∂t
= −(win − Vi in)

∂Qi in

∂z
−

2α2

a
|win − wout|(Qi in − Qi out)

+
2

a
ua(Qi in − Qia) +

Qi in

ρa0

∂(ρa0Vi in)

∂z
+ Fi in,

(11)

∂Qv out

∂t
= −wout

∂Qv out

∂z
−

2α2

a
|win − wout|Kab(Qv out − Qv in)

−

2

a
uaKab(Qv out − Qva) +

1

ρa0

∂

∂z
(Kv

∂Qv out

∂z
) + Fv out,

(12)

∂Qc out

∂t
= −wout

∂Qc out

∂z
−

2α2

a
|win − wout|Kab(Qc out − Qc in)

−

2

a
uaKab(Qc out − Qca) +

1

ρa0

∂

∂z
(Kv

∂Qc out

∂z
) + Fc out,

(13)
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∂Qr out

∂t
= −(wout − Vr out)

∂Qr out

∂z
−

2α2

a
|win − wout|Kab(Qr out − Qr in)

−

2

a
uaKab(Qr out − Qra) +

Qr out

ρa0

∂(ρa0Vr out)

∂z
+ Fr out,

(14)

∂Qi out

∂t
= −(wout − Vi out)

∂Qi out

∂z
−

2α2

a
|win − wout|Kab(Qi out − Qi in)

−

2

a
uaKab(Qi out − Qia) +

Qi out

ρa0

∂(ρa0Vi out)

∂z
+ Fi out,

(15)

where Fv, Fc, Fr, Fi are the microphysical processes. Vr and Vi are the mean
terminal falling velocities of raindrops and hailstones respectively (the equations
for this velocities are given in [6]).

Microphysics in our model corresponds to the microphysics in [6]. Follow-
ing processes are taken into consideration: condensation (P1), autoconversion
(P2auto) and collection (P2coll), heterogeneous freezing of raindrops (P3), sub-
limation (P4), melting (P5), evaporation of cloud droplets (P6), evaporation
of raindrops (P7), evaporation of hailstones (P8), evaporation of melting hail-
stones (P9), riming (P10). P1, . . . , P10 are the rates of corresponding processes
(P2 = P2auto + P2coll). Therefore the equations for FT , Fv, Fc, Fr, Fi may be
written as

FT =
Lv

cp

(P1 − P6 − P7 − P9) +
Ls

cp

(P4 − P8) +
Lf

cp

(P3 + P10 − P5), (16)

Fv = −P1 + P6 + P7 + P8 − P4 + P9, (17)

Fc = P1 − P2 − P6 − P10, (18)

Fr = P2P3 + P5P7, (19)

Fi = P3 + P4P5P8P9 + P10, (20)

where cp is the specific heat of air with constant pressure, Lv, Ls and Lf are
the latent heats of evaporation, sublimation and fusion respectively.

3 Environmental, initial and boundary condi-

tions

The height of the cylinder is 15 km. The temperature at the ground surface is
298K. The temperature laps rate is 9,8 K/km up to 2 km and is 6,3 K/km from 2
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km to 10 km. The temperature is constant above 10 km. The relative humidity
is 100% at the ground and decreases with lapse rate of 5%/km up to the top of
cylinder. Initial contents of cloud droplets (Qc), raindrops (Qr), hailstones (Qi)
are equal to zero at all levels. Vertical (w) and radial (ua) velocities and Qc are
assumed to be 0 at the top and at the bottom boundaries of the cylinder. Qr

and Qi are 0 at top boundary. The initial disturbance of vertical velocity in the
inner cylinder below 2 km is given as

win = ∆w z (2 − z), (21)

where ∆w is taken as 1 m/sec. The coefficient for lateral eddy mixing is 0,1.
The vertical eddy diffusion coefficient equals to 100 m2/sec. The autoconversion
threshold is 5 · 10−4 kg/m3. The autoconversion coefficient is 0,01 sec−1.

4 Numerical procedures

The method of decomposition on physical processes is used for solving given
system of equations. Only dynamical processes are taken into account at the
first stage. Equations are numerical integrated using a finite difference method.
Forward-upstream scheme is used. Vertical velocity is averaged over two grid
points (in addition point below is taken if w ≥ 0 or point above if w < 0).
The final values with accounting microphysical processes are calculated on the
second stage. A time step ∆t of 1 sec and a height interval ∆z of 200 m are
used.

5 Results

A special framework is developed. It allows us to visualize the results of single
experiment and series of experiments for pictorial showing the influence of some
parameters to others. Following parameters are selected to study: the lifetime
of the cloud, height of upper boundary of the cloud, maximum velocity of the
ascending flow, maximum contents of cloud droplets, raindrops and hailstones.
A research of dependences of selected parameters and development of cloud
from radius of inner cylinder (a) and ratio of radius of outer cylinder to radius
of inner cylinder (b/a) is implemented. Comparison with one cylinder model
is made. The range of changes of a is from 0,6 km to 10 km, range of ratio
b/a is 2–10 (i.e. range of Kab is 1/3–1/399). Let us denote the model with one
cylinder as M1C and our model with two cylinders as M2C. The same initial
and boundaries conditions are used in both M1C and M2C.

In the experiment in M1C the cloud is stabilized (i.e. dissipation is not
occurred, and form of the cloud is not changed in time) at about 30 minute with
any radius. In M2C the cloud is dissipated. The greater ratio b/a, the later
dissipation occurs (fig. 2f), the higher upper boundary of the cloud (fig. 2c),
the lager maximum vertical velocity in the cloud (fig. 2b), the greater content
of cloud droplets (fig. 2a). It is because with greater radius of outer cylinder
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the compensating descending flow has the lower velocity and less prevents to
development of the cloud. At the maximal values of ratio b/a (i.e. radius b of
outer cylinder can be actually considered as infinity) these parameters in M2C
tend to the corresponding parameters in M1C.

Figure 2: Dependences of a) maximum content of cloud droplets; b) maxi-
mum velocity of the ascending flow; c) height of upper boundary of the cloud;
d) maximum content of raindrops; e) maximum content of hailstones; f) lifetime
(dissipation time) of the cloud from radius a and ratio b/a. Note. The brighter
point denotes the greater value of parameter. The scales with indication of
range are placed under corresponding charts.

The above mentioned parameters increase with increasing of ratio b/a, but
the contents of raindrops and hailstones reach their maximum in certain values
of this ratio (from 7 to 10 depending on radius a) and exceed respective contents
in M1C (fig. 2d and 2e).

All of the parameters (except lifetime of the cloud) increase with increasing
radius a in both M1C and M2C. The stabilization of the cloud in M1C occurs
a little earlier, and the lifetime of the cloud decreases with increasing radius a.

The presence of the outer cylinder essentially effects on the dynamics of
development of the cloud. The time-height distribution of the content of cloud
droplets is represented on fig. 3. One can see that M2C shows more realistic
state for the life cycle of the cloud and reproduces all of the typical stages of its
development, whereas the cloud in M1C stabilizes (i.e. M1C does not reproduce
the dissipation stage).

We are going to implement the numerical experiments with real initial data
and compare the results of modelling with the practical ones. This will allow
us to adjust the model not only by ordinarily used parameters (the radius of
cylinder, autoconversion threshold, coefficient of turbulence etc.) but also by
tuning the ratio of outer cylinder radius to inner cylinder radius.
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Figure 3: Content of cloud droplets. a) M1C with cylinder radius of 2 km; b)
M2C, a = 2 km, b = 10 km (Kab = 1/24); c) M2C, a = 2 km, b = 14 km
(Kab = 1/49); d) M2C, a = 2 km, b = 20 km (Kab = 1/99). Note. On charts
a), c) and d) the time scale is decreased after 1 hour point in order to show
wider time interval.

6 Conclusions

1,5-dimensional time-dependent model of convective cloud with parameterized
microphysics for liquid and solid phases is developed. The feature of the model
is representation of convective clouds and its nearest surroundings as two con-
centric cylinders. The inner cylinder corresponds to updraft flow region (the
cloud develops in this region) and the outer ring-shaped cylinder to surround-
ing downdraft flow region.

As results of numerical experiments have shown, the model with two cylin-
ders reveals more realistic state for the life cycle of the cloud and reproduces
all of the typical stages of its development (including the dissipation stage).
Note that the behavior of the model when radius of the outer cylinder tends to
infinity converges to that of the model with one cylinder.

The ratio of outer cylinder radius to inner cylinder radius can be used as a
tuning parameter for adjustment of the model (for equalization of computation
results to the results of natural experiment).

It is assumed to improve the microphysical part of the model by including size
distribution of drops and crystals. It is also supposed to modify the dynamical
part for taking into consideration the interaction of compensating descending
flow in outer cylinder with surrounding atmosphere.
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Abstract

The present paper is a short synthesis of data results which are ob-
tained through processing and interpretation of different parameters with
direct monitoring methods on the lakes in the Romanian Black Sea Lit-
toral from Dobroudja hydrographical space. Thus, the correlation between
the results which are obtained from observations and measurements at the
hydrometrical and meteorological stations with others data from litera-
ture papers don’t lead us to very optimistical conclusions. The interde-
pendence between physical factors and monitoring parameters such as:
water level, water and air temperature, the potential evapo-perspiration
process is influenced by the human factors which have a trend difficult to
be predicted and a very fast evolution; the same influences modifying very
much some biological and chemical characteristics of water of these lakes.
Some considerations about climatic particularities which have an influence
on the potential evapo-perspiration from continental hydrographical area
in Dobruja. Case study: corelation between directly measurement out-
comes which are obtained from different data evaporation stations with
the calculated values from meteorological stations. For this type of analy-
sis, it is propose to adapt and use the mathematical model from Cranfield
Univesity. The model use measurement outcomes such as: maximum and
minimum monthly many years values of air, relative humidity in percent-
ages, shine times of the sun in hours and the wind speed at 2 meters high
level in km/day. Through the simultaneously correlation of outcomes
which are obtain in four different methods such as: Penman-Monteith,
FAO, modified from Penman, Penman and Penman at surface open wa-
ter. Le Turc method was used additional for comparison (even it is not so
exactly). In different graphics are presented through comparison between
the rainfalls quantity and outcomes obtain with Penman method at sur-
face open water. Also it was makes correlation graphics between water
and air temperature from hydrometrical and meteorological stations.
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At the beginning the principal factors which participate to create bed foun-
dation lake and water from it, was morphological and geological the first and
climatic factors was the second.

The quantities of rainfalls which are registered on the Dobroudja area are
very small.

Typical for the Dobroudja rainfalls is torrential regime, which are made that
the extreme phenomenons to have major at last about variation regime of lakes
especially which have therapeutical quality, about the erosion process and bed
foundation mobility. It is also known that these big quantities of water roll big
quantities of alluvial suspensions which are produced by specifically torrential
rains with local character.

The levels regim are characterized by the minimum values which are regis-
tered in October, maximum values are registered in March-April period. Near
we present the most important hydrometrical stations on the hydrographical
network of Romanian Water Authority from Dobroudja-Black Sea Littoral area
(Fig. 1).

About the multi - annual levels variation, we can notice that, all the Lakes
in the Romanian Black Sea Littoral area have increase level trend in period
which are present (except the Techirghiol Lake which have a decrease trend
after 2000 year (Fig.2). Since the levels regime of many lakes in the Romanian
Black Sea Littoral area are influenced by the human factors, it is very difficult to
make a correlation between the modification of drainage basin which are supply
water lakes and different level variations. In a year there are two stages of
monthly medium levels such as: the increase stage - which start in september-
octomber month and the decrease stage which start in april month. It is an
exception Tabacarie Lake, who have the regime strict attached to evacuations
from Siutghiol Lake and other against Black Sea which are control. It have two
increase stages (between september-january and april-june) and two interpose
decrease stages.

The absolutely gauge heigth and level amplitudes was produced in drainage
basin as a result of the high floods from torrential rains. Such as: the different
situations which are registred in September 1982, September 1999, February
2002, September 2004 and July 2005. These are proceed from very high water
volumes of high floods after the level is increase.

Although the genesis conditions are relative the same, the evolution of lakes
in the Romanian Black Sea Littoral area was different. The modiffications some
time was irreversibile, these are not a result only of natural factors (the water
rainfalls who have a very small quantity of salt substances have influence in dilu-
tion process, with a strongest effect at small surface lakes), in especially people
factors influence. We can notice infact that the North half of Dobrouja lakes
in the Romanian Black Sea Littoral area (until Midia Cape) are supply from
surface flow and the South half of Dobrouja lakes in the Romanian Black Sea
Littoral area are supply from subsurface sources. We can make a classifications
such as:
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Figure 1: The hydrometry lake stations from hydrographical network of Roma-
nian Water Authority from Dobrouda-Black Sea Littoral area
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Figure 2: The monthly and year of medium level variation graphics at some
lakes in the Romanian Black Sea Littoral area between 1967 - 2005

- Lakes without surface flow to the Black Sea (such as: Techirghiol Lake),
- Lakes which have a connection reversible with the Black Sea (such as: the

Razim -Sinoe lakes complex),
- Lakes with surface flow to the Black Sea (such as: Tasaul Lake, Gargalac

-Corbu Lake, Siutghiol Lake, Tabacarie Lake)
From the analysis of these data we can see that Le Turc method underesti-

mate all values, FAO method make a overestimate (about 20 mm for both of
them). For other methods the values which are getting through mathematical
model are very near the measurement values (about 10 mm), some errors could
be possible because all measurement intruments are very old (over 50 year of
useing), even people factors influence which are near the stations primeters, and
so on. Such as, Dobrouja climate specific feature have influenced the potential
evapo-perspiration process (Fig.3).

From saturation deficit graphics we can see that all hydrographical area have
a humidity deficit because evaporation value is increase and rainfall values are
decrease. The maximum values are registred in july month with saturation
deficit values about 110 mm through correlation between evaporation values
from Constantza methorologycal station with rainfalls values from Mamaia Vil-
lage and Techirghiol stations. We can notice that in all locations which are
analysis it is an humidity excess it given by the rainfall quantity such as: for Ma-
maia Village evaporation station the real value about 25 mm and for Techirghiol
evaporation station the real value about 20 mm (Fig.4). In time human fac-
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Figure 3: The monthly and many years of medium potential evapoperspiration
variation graphics from evaporation stations at drainage basins of Siutghiol and
Techirghiol Lakes between 1962-2005 period

tors influence gave dramatical modifications of water lakes chemical qualities
evolution. Also these variation are produced in time and space. From present
graphics we can see the quantity of salt is decrease through 700800 mg/dm3 in
Siutghiol Lake to zero in present. And also we can see the salt values was about
7500095000 mg/dm3 at Techirghiol Lake in 1906 - 1907 period. Now this values
is about 5600060000 mg/dm3 (Fig.5).

The groundwater which are subsurface flow in the South half of lakes in the
Romanian Black Sea Littoral area are fresh, drinking and bicarbonate class.

The mineralization increase up 500 mg/l, the fixed residue value is between
500700 mg/l at Cismea catchwork, between 475550 mg/l at Caragea Dermen
(drainage basin of Siutghiol Lake), between 600700 mg/l at Biruinta catchwork
(in 161/2006 Order the limit value is between 500750 mg/l for ecological state
and for good state to good. As we see the negative ions have the same equal
sulphates values with clorine values at Caragea-Dermen i Cismea catchworks.
In an other catchworks these values are increase even sulphates value is double
(Fig.6).

Between 22-23 September 2005 in drainage basin of Costinesti Lake it was
registered one flood with 162 cm maximum head and 200 m3/s return flow. At
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Figure 4: The monthly and multiannual medium saturation deficit variation
graphics from evaporatin stations at drainage basins of Siutghiol and Techirghiol
Lakes between 1962-2005

Figure 5: The water chemical parameters variation graphic of lakes in the Ro-
manian Black Sea Littoral area between 1906 -1907 period (after the analysis
certificate who was made by Romanian Geologycal Institute of Chemical Lab-
oratory in mention period
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Figure 6: The water chemical indicators variation graphics of lakes in the Ro-
manian Black Sea Littoral area between 1890 -2005

7

D. Teodorescu / Ovidius University Annals Series: Civil Engineering 11, 2009                          109 
 _________________________________________________________________________________



Figure 7: The monthly and many years medium levels variation graphic at
Techirghiol Lake between 1952-2005

the Biruinta hydrometrycal station very near the upper watershed of drainage
basin the rainfalls quatity was 222 mm/24 hours. This flow has a lot of damages
and life loss, the water volume was broken on the seacoast line, which has
separated lake on sea and it washing the sands over more hundreds meters
lenght. In present the lake became what was long time ago a marine laguna.

Such as an accelerated process on people factors influence is Techirghiol
Lake. Now these influences has an irreversible impact on water balance and to
decrease salt value of this lake.

Started with 1909 the level was growing up by rainfalls, gauge heigth was
about -150 cm, in 1952 gauge heigth was -115 cm. In 1954-1966 period years
the level was growing up wit 71 cm; between 1967-1970 the levels are relative
constant with a little decrease trend in 1968. After 1968 to 1984 it was an
increase gauge heigth 132 cm, with decrease trend in 1974 to gauge heigth 29
cm (Fig.7).

The thermic regime of water lakes variation in a year is in function by the
air temperature variation which is dependent, in fact we can see from the corre-
lation graphic between medium monthly values of water and air temperature to
Mamaia Bai hydrometrycal station on Siutghiol Lake and Techirghiol hydrome-
trycal station on Techirghiol Lake (Fig.8). The difference given by water rivers
which is thermically influenced by the climatic factors through the water flow,
the variation of water lakes is directly dependent by the air variation where the
lakes have the bed fundation. The water thermic regime was calculated only for
its surface, as it is well known that in fact the variation temperature is vertically.
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Figure 8: The correlation between water and air temperature at hydrometryal
stations function by metheorologycal stations from drainage basins af Siutghiol
and Techirghiol Lakes between 1989-2005

9

D. Teodorescu / Ovidius University Annals Series: Civil Engineering 11, 2009                          111 
 _________________________________________________________________________________



 



Delayed Coking Modeling, Scheduling and

Control

Dana-Cristina Toncu

Department of Aerospace Engineering,

Politehnica University of Bucharest

E-mail: cristinatoncu@canals.ro

Abstract

Modern Delayed Coking continues to have an important role in pro-
cessing hydrocarbon residues, remaining a basic refinery operation. There-
fore, modeling and scheduling this basic refinery operation has always been
a challenge facing its complexity. Aiming to develop and apply a simple,
flexible and accurate model for delayed coking process in order to im-
prove product quality and profit, this paper seeks for a practical solution
suitable for designing, planning, scheduling and, why not, optimization in
dynamic, continuous coking unit system.

Keywords: delayed coking; modeling; scheduling; control.

1 Introduction

The delayed coking plant is mostly used for the conversion of residue not suit-
able for catalytic processes (with lower API gravity and higher carbon residue
content) into distillates which may be further catalytically upgraded, with rel-
atively low costs. Common feedstock presents large concentration of resins,
asphaltenes, heteroatomic compounds (sulfur, nitrogen, oxygen, metals), which
are considered catalyst poison and generally end up in coke. Delayed coking
can process a wide variety of feedstocks, with considerable metals (especially
nickel and vanadium), sulfur, resins, asphaltenes, but the typical feed is vacuum
residue. Coking is a carbon rejection process in which hydrogen passes to the
lighter products and metals concentrate in solid product, through a cycle of
saturated and cyclo-paraffins and PNAs cracking and combining.

The overall reaction is favored by high temperatures and low pressures, low
recycle ratios, and decreased cycle time for coking. Products obtained are gases,
gasoline, gas oil and coke, which is the final product. Distillates feed the follow-
ing plants:

• gases - catalytic cracking or gas desulphurization and sulfur recovery;

• gasoline - hydrotreatment;
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• light gas oil - hydrotreatment;

• heavy gas oil - catalytic cracking.

The main equipment is made of: heater; coke drum vessels; fractionation
column; downstream vapor processing vessels.

The technological flow sheet consists of the following sections: feed and
reaction; fractionation; gas compression; fast blowdown; water recovery.

The overall process of a 1 170 000 t/year plant takes 33.5 hours:

• feeding coke - 16 h;

• steam strip - 1.5 h;

• water cooling - 5 ... 5.5 h;

• drainage - 2 h;

• hydraulic de-coking - 5 h;

• drum closure - 2 h;

• steam heating for pressure test - 1 h;

• pressure test - 0.5 h.

There is also a general concern regarding ecologization of the plant, enclosing
the blowdown system and treating the water from the hydraulic de-coking, which
is extremely toxic and requires special methods.

In the last years, literature [1]–[11] has done some pertinent observations:

• Coke appears to form through a intermediate mesophase.

• The blending feed entering the drum is an isotropic phase.

• During reaction, strongly aromatic compounds become insoluble in the
overall paraffinic phase, and so a second liquid phase.

• Under favorable conditions, spheres coalesce into larger regions before the
reactions that transform the mesophase into coke occur.

• Coke forming tendency of the residue is an important variable in deter-
mining the optimum operating conditions.

• Coke quality depends on mesophase coalescence.

• Average size and quality of coke depends on the mesophase.

• A highly reactive mesophase reacts quickly to form shot coke (hard, dense
material perturbing coking operations and reducing coke’s value);

• When mesophase coalescences, higher value needle coke forms.

The main aim of any industrial process is to reach profit maximization
through cost minimization and it can be achieved mainly with a proper model
for design, exploiting, planning, scheduling and optimization.
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2 Problem formulation

2.1 Formulation for Modeling

In the last years, there was a trend in developing [1]–[11] yield models and
methods to predict coke quality.

The algorithm sets the requirement function as follows:

min F ≤ p (1)

where: p is the required characteristic.
and fixes the parameters exhibitting bounded uncertainty:

a1,i ≤ ak,i ≤ an,i (2)

Additional constant increases model accuracy:

min F ≤ p ± c (3)

2.2 Formulation for Scheduling

Given:

• production and storage capacity;

• equipment and their characteristics;

• production, storage and selling policy;

• production requirements;

• time considered;

determine:

• optimal task sequence;

• processed material at eact time;

• each task processing time;

in order to optimize at least one performance criterion: maximization of
profit.

Qualitative transfer function between settled variables are then defined as
followes:

minOperatingCost = InputCost + ProductionCost (4)

where Input Cost = Feedstock Cost + Inventory (stock) Cost.
Material balance equation for the whole unit is compulsory for model accu-

racy:
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Minput = Moutput (5)

where M states for material (or mass).
Literature reported some surces of uncertainty [5]:

• task processing time;

• product demand;

• product and feed price.

2.3 Modeling Methods

There are several approaches regarding modeling delayed coking:

• kinetic model, based on the chemical reaction and laboratory experiments;

• stochastic model (Monte Carlo method), constructing intermediar pseu-
docomponents and relying on analytical chemistry, cumulative probability
density functions, phases equilibria and mass balance;

• empirical model, correlating coke yield with feed’s physico-chemical prop-
erties, operating conditions, studies on pilot plants and commercial units;

• quality model, relating size of mesophase and coke quality.

The following model assumptions were drafted:

• order-driven operation parameters;

• deterministic model parameters;

• continuous/discontinuous process;

• single or multi-batch (of integer number) process;

• resouces, equipment or products (quality and yield) constraints.

Mathematical model has the following limitation objectives:

• allocation constraints;

• timing constraints;

• sequencing constraints.

4

116          Delayed Coking.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



3 Suggested Solution

The best approach to modeling a delayed coking process is the empirical one,
based on actual operations.

A simple model was chosen, which included key parameters (physical and/or
actions) and production constraints (relations between key parameters and qual-
ity requirements). These are encoded in model as components.

Modeling followed several steps:

• establishing correlations: settling terms and variable equation;

• finding correction;

• adjustment;

• ploting results;

• determining products’ value (establishing and analysing products);

• expressing performance criterion: minimizing costs, maximizing profit
(substracting costs from product value);

• objective function verification.

Chosen model variables are:

• feed and its characteristics;

• operating conditions: temperature, pressure, heavy gas oil recycle;

The feed property p is expressed as a function of unit capacity and input
streams’ characteristics:

pF = f(QF ,
∑

pS,i) (6)

Each product capacity is given by a function of feed capacity and properties,
on one hand, and operating variables, on the other hand:

QS = f(QFi
, pFi

,
∑

Vn) (7)

where Vn are the operating variables.
Output stream characteristics (or product characteristics) are set as func-

tions of feed properties and operating variables:

pS,o = f(pF , Vn) (8)

The last two equations define the process model for delayed coking plant.
The system equation is completed with mass balance and energy balance

equations.
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The total mass balance may not be satisfied, due to material losses and
unmodeled streams on one hand, and to the static or dynamic approach, on the
other hand.

In the case of a dynamic system, a differential equation describes the process:

∂x

∂t
= tx,c (9)

with initial conditions x(0) and x0 , where c is the control function of control
parameters:

c = f(cp) (10)

It results that:

∂x

∂t
= f(x, g(cp, x)) (11)

All variables are considered to be measurable.
Plant performance is a function of state and control:

J =

tf
∫

0

f(x, c)dt (12)

Constaints are expressed as inequalities:

f(x) ≤ xset (13)

f(c) ≤ cset (14)

3.1 Experimental

Due to the crude oil’s price, feed was a blend containing different residua ob-
tained in the refinery, slops and slurry. Laboratory analysis for feed and products
was carried out.

3.2 Results and Discussions

The chosen unit to model is operated under conditions shown in Fig.1 in order
to produce coke having the characteristics given in Fig.2.

As known from literature, a simple correlation was found between coke yield
and Conradson Carbon residue of feedstock, revealed by Figs.4-5.

The overall mass balance for the plant is presented in Fig.3.

2-nd order polynomial regression coefficient obtained was 0.858, which is
closed to optimum value 1. It resulted a different equation from the one reported
in literature:

Coking the blend residue (A), the following products result: gases with 1-4
carbon atoms in molecule (C1−C4) (A1), gas oil with final boiling point around
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150-180 Celsius (A2), two sorts of gas oil, one with initial boiling point at 182
Celsius (A3), the other one at 222 Celsius (A4) and coke (A5), according to the
following scheme:

Y = −703.949 · CCR2 + 51.688 · CCR − 0.928 (15)

A → ν1,1A1 + ν1,2A2 + ν1,3A3 + ν1,4A4 + ν1,5A5 (16)

where νi,j are the product yields.
Considering that both sorts of gas oil suffer further thermal cracking into

gases (A1), gasoil (A2) and coke (A5) after a similar scheme:

A3 → ν2,1A1 + ν2,2A2 + ν2,5A5 (17)

A4 → ν3,1A1 + ν3,2A2 + ν3,5A5 (18)

and that νi,j are product yields of total conversion of feed, characteristic to
tha reaction (hence mass conversion coefficient):

ν1,1 + ν1,2 + ν1,3 + ν1,4 + ν1,5 = 1 (19)

ν2,1 + ν2,2 + ν2,5 = 1 (20)

7

D. Toncu / Ovidius University Annals Series: Civil Engineering 11, 2009                                 119 
 _________________________________________________________________________________



Figure 1: Unit mass balance

ν3,1 + ν3,2 + ν3,5 = 1 (21)

knowing gas oil yields, gas, gasoline and coke yields can be calculated with
the following serie of formulae:

gA1 = ν1,1 + ν1,3 · ν2,1 + ν1,4 · ν3,1 − ν2,1 · g · A3 − ν3,1 · g · A4 (22)

gA2 = ν1,2 + ν1,3 · ν2,2 + ν1,4 · ν3,2 − ν2,2 · g · A3 − ν3,2 · g · A4 (23)

gA5 = ν1,5 + α · ν1,3 · ν2,5 + β · ν1,4 · ν3,5 − ν2,5 · g · A3 − ν3,5 · g · A4 (24)

where gAi represents the products yield, in mass, relating to feedstock A,
and α, β are coefficients.

All coefficients are determined according to the particular feedstock pro-
cessed or to be processed. For example, for several Russian residua, in the case
of anly one gas oil sort obtained, ν1,1 = 0.07, ν1,2 = 0.07, ν1,3 = 0.8, ν1,4 = 0.05,
ν2,1 = 0.22, ν2,2 = 0.25, ν2,4 = 0.52, for A1 - gas, A2 - gasoline, A3 - gas oil,
A4 - coke. Experiments shown that coefficients remain constants to process
parameters. The hypothesis according to which they are not changed by the
feedstock’s nature [12] could not be validated as different blends were used,
therefore coefficients had different values.
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4 Conclusion

Experience proved that delayed coking can be modeled in a simple logic ap-
proach, with satisfactory accuracy for further control, schedule and optimiza-
tion. Far for being exhaustive, research can be further focused on finding a
flexible model for new processing challenge - residua.
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Abstract

The paper deals with the ”simplified semi-averaged” scheme for the
planar elliptic restricted three-body problem, which admits a prime inte-
gral analogous to the Jacobian integral from the corresponding circular
problem. The abscissa of the L1 collinear double point (between pri-
maries) was studied as function of the finite masses ratio m = m2/m1 for
m ∈ [0.1, 1.0] and for eccentricity e ∈ [0.0, 0.1]. The abscissa of L1 does
not essentially depend on the orbital eccentricity.

Keywords: three-body problem, mass, averaging method

As it is [7], the planar elliptic three-body problem consists of studying the
motion of a body P under the gravitational action of two bodies P1, P2, with
the following restrictions:

(i) the body P has infinitesimal mass; therefore it does not influence the mo-
tion of the bodies P1 and P2 which have finite masses m1 and m2, respectively;

(ii) the motions of P1 and P2 are given as solution of a two-body problem;
they describe elliptic orbits having a common focus in the common mass centre
O, the eccentricity e, the semimajor axes a1 and a2, and the mean motion n;

(iii) the motion of P takes place in the orbital plane of P1 and P2. In order
to study the motion of P , one chooses a uniformly rotating frame Oξη. This
frame rotates around O with the constant angular velocity n. The coordinates
of the bodies on this frame are P1(ξ1, η1), P2(ξ2, η2) and P (ξ, η).

In the rotating frame, the bodies P1 and P2 describe closed curves around
the ”mean” points P 1(−a1, 0) and P 2(a2, 0), respectively. The positions of Pi,
i = 1, 2, are given in this frame by:

ξi = (−1)iai(1 − e2)′cos(v − nt)/(1 + e cos v),
ηi = (−1)iai(1 − e2) sin(v − nt)/(1 + e cos v), i = 1, 2,

(1)
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where v stands for the true anomaly.
The planar motion of the infinitesimal mass with respect to the 0-frame is

described by the differential system:

ξ̈ − 2nη̇ = Uξ,

η̈ + 2nξ̇ = Uη,
(2)

where subscripts mark the corresponding partial derivatives, and:

U = (n2/2)(ξ2 + η2) + k2m1/r1 + k2m2/r2. (3)

In the above formulae, k is Gauss’ constant, while r1 and r2 are given by
the expressions:

r2
i = (ξ − ξi)

2 + (η − ηi)
2, i = 1, 2. (4)

Since the coordinates (ξi, ηi), i = 1, 2, are expressed by eqs. (1), the force
function of the problem becomes an explicit function of t, namely U = U(ξ, η; t).
For this reason, the differential system (1) does not admit a first integral anal-
ogous to Jacobi’s integral which appears in the case of the circular restricted
three-body problem.

Several authors have proposed simplified schemes for the elliptic restricted
three-body problem, by using the averaging method. In this paper we shall use
Rein’s ”semi-averaging” scheme [6], which is valid in the following hypotheses:

(i) As it is known, one can express the tim-dependence of the coordinates
(ξi, ηi), i = 1, 2, given by eqs. (1), by means of infinite power series of the
eccentricity:

ξi = (−1)iai(1 + e(−e/2) − (1 + 3e2/8) cos(nt)+
+(e/2) cos(2nt) + (3e2/8) cos(3nt) + . . . ) + . . . ),

ηi = (−1)iaie((2 − 3e2/8) sin(nt) + (e/4) sin(2nt)+
+(7e2/24) sin(3nt) + . . . ), i = 1, 2.

(5)

One can obtain finite expressions (depending on t) for the coordinates of
P1 and P2 in the case of e small enough to neglect ej , j ≥ 2; denoting these
coordinates by ξi, ηi, we have:

ξi = (−1)iai(1 − e cos(nt)), ηi = 2(−1)iaie sin(nt), i = 1, 2. (6)

These equations represent ellipses having the centres in the points P 1 and
P 2, respectively, and the major axes parallel to Oη-axis. The length of the
semiaxes Ai and Bi, i = 1, 2, of these ellipses can be determined by using the
formulae:

Ai = 2aie, Bi = aie, i = 1, 2. (7)

(ii) Instead of the force function U , one considers its time-averaged value U ,
given by:

U = (n2/2)(ξ
2

+ η2) + (1/T )

∫ t0+T

t0

(k2m1/r1 + k2m2/r2)dt, (8)

2
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with T = 2π/n, and r1, r2 given by (4) in which ξi, ηi were replaced by ξi, ηi.
In order to emphasize that the motion of P is governed by the force function
U , we denoted the frame Oξη by Oξη.

The averaged function U can also be written in the form (see [6]):

U = (n2/2)(ξ
2

+ ε2) + k2m1M1/ν1 + k2m2M2/ν2, (9)

where ν2
i = λ2

i −µ2
i (λi, µi = elliptic coordinates in the system of ellipses having

the same foci as the ellipses of P1 and P2, respectively), and:

Mi = (2/π)K(χi), i = 1, 2, (10)

while K(χi) represent the elliptic integrals of first kind:

K(χi) =

∫ π/2

0

(1 − χ2
i sin2 x)−1/2dx, i = 1, 2, (11)

the modules χi, i = 1, 2, being determined from:

χi = (4a2
i e

2
− µ2

i )/(λ2
i − µ2

i ), i = 1, 2. (12)

The coordinates (λi, µi), i = 1, 2, can be determined from the Cartesian
coordinates (ξ, η) by means of the following formulae [1,2,6]:

λ2
i = (fi + (f2

i − gi)
1/2)/2,

µ2
i = (fi − (f2

i − gi)
1/2/2, i = 1, 2,

(13)

where:

fi = (ξ − (−1)iai)
2 + 3a2

i e
2,

gi = 12a2
i e

2η2, i = 1, 2.
(14)

The differential equations of the relative motion of the body P in Rein’s
semi-averaged scheme have the form:

ξ̈ − 2nη̇ = U
ξ
,

η̈ + 2nξ̇ = Uη.
(15)

Eqs. (15) admit a prime integral analogous to the Jacobian integral from
the circular restricted three-body problem [1]:

ξ̇
2

+ η̇
2

= 2(U + h), (16)

h being the integration constant.
The zero relative velocity curves are given by the equation:

U(ξ, η) + h = 0. (17)

3
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It is easier to study these curves in the P 1xy-frame, which is obtained by
translating the Oξη-frame along the Oξ-axis, such that O coincides with P 1.
The relations between the old and the new coordinates will be:

x = ξ + a1, y = η, (18)

where:
a1 = am2/(m1 + m2), a2 = am1/(m1 + m2), (19)

with a = distance between P 1 and P 2.
Introducing the normalization with respect to a:

q = q/a, q ∈ {x, y, ri, λi, µi, νi}, i = 1, 2, (20)

the zero relative velocity curves will be given by [6]:

U(x, y) + h = (k2/a)((m1 + m2)r
2
1/2 − m2x + m2

2(2(m1 + m2))+

+m1M1/ν1 + m2M2/ν2) + h = 0, (21)

where:
r2
1 = x2 + y2, r2

2 = (x − 1)2 + y2. (22)

The double points of the zero relative velocity curves are given by the real roots
of the algebraic system Ux = 0, Uy = 0, that is:

(m1 + m2)x − m2 + m1(M1/ν1)x + m2(M2/ν2)x = 0,
(m1 + m2)y + m1(M1/ν1)y + m2(M2/ν2)y = 0.

(23)

As to the circular restricted three-body problem, the system (23) has five
roots represented by three collinear points Li(xi, 0), i = 1, 2, 3, and two quasi-
equilateral points Li(xi, yi), i = 4, 5.

One can find numerical algorithms to determine the coordinates of these
points in [3,4,5,6].

The slope in the collinear double point L1 (situated between P 1(0, 0) and
P 2(1, 0)) was determined from the expression [7]:

tan2 ϕL1
= −(Uxx/Uyy)x=x1,y=0, (24)

for different values of the eccentricity and of the mass ratio m = m2/m1 [4].
In this note we studied the variation of L1 collinear double point’s abscissa

as function of m and e, The results are given in Table 1.
Figure 1 plots xL1 versus m for two values of the eccentricity; e = 0 and

e = 0.1. Examining Table 1 and Figure 1, we can conclude that:
(i) the values for x1 do not depend sensibly on m; for small values of the

mass ratio m the differences are more important;
(ii) from Table 1 we can see that xL1

(m, e) → 0.5 as m → 1.

4
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Table 1: The values of xL1
vs. m and e

m e = 0.00 e = 0.02 e = 0.04 e = 0.06 e = 0.08 e = 1.00
0.10 0.717512 0.718013 0.719454 0.721662 0.724343 0.727096
0.20 0.658556 0.658885 0.659850 0.661384 0.663375 0.665667
0.30 0.620866 0.621105 0.621807 0.622940 0.624446 0.626243
0.40 0.592947 0.598125 0.593650 0.594502 0.595649 0.597043
0.50 0.570751 0.570884 0.571276 0.571916 0.572782 0.573845
0.60 0.552343 0.552439 0.552726 0.553194 0.553832 0.554618
0.70 0.536634 0.536701 0.536889 0.537226 0.537670 0.538221
0.80 0.522950 0.522992 0.523116 0.523320 0.523597 0.523942
0.90 0.510844 0.510863 0.510922 0.511018 0.511149 0.511312
1.00 0.5 0.5 0.5 0.5 0.5 0.5

Figure 1: Collinear libration point LL1

References
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Abstract

In this paper the authors approached few problems of application of the
d’Alembert’s principle. One problem is the position of central axis of the
d’Alembert’s fictitious forces system for a rigid body in rotation motion.
Other problem approached is the calculus of the centrifugal moments for
plane plates. A calculus formula based on the coordinates of centers of
mass is obtained. Also in this paper is studied the position of the support
of the resultant vector of d’Alembert’s fictitious forces system, for plane
bars and plates having uniform rotation motion.

Keywords: D’Alembert’s principles, rotation, d’Alembert’s fictitious
forces, central axis, centrifugal moments, plane plates, plane bars.

1 Introduction

In more problems, where appear bodies having rotation motion when we
apply the d’Alembert’s principle, it is good to know the position of the central
axis of the d’Alembert’s fictitious forces. The determination of the central axis
is some time difficult.

For bars and plates having uniform rotation motion, the solving of the prob-
lem of determination of the reactions is simple if we know the position of the
support of resultant vector of d’Alembert’s fictitious forces system.

Also, in problems where appear plates and bars having rotation motion,
when we apply the theorem of the angular momentum, we need the centrifugal
moments. The determination of the centrifugal moments can be some time
laborious. In literature, the values of the centrifugal moments are calculated by
integration.

1
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2 Central axis of the d’Alembert’s fictitious

forces system

Let us consider a rigid body having rotation motion (figure 1a). The axis
of rotation is defined by two distinct fixed point (smooth spherical joints)
A (0, 0, h1) and B (0, 0, h2). The body is acted by the given forces (including the

force of gravity) ~Fi (i = 1, ..., n). We consider a rigid Cartesian reference sys-
tem O1x1y1z1 so that O1z1 is rotation axis, and a movable Cartesian reference
system Oxyz so that Oz is the rotation axis, O ≡ O1 and the center of mass of
the rigid body is situated on the Ox axis, its coordinates being C (ξ, 0, 0). We

denote by Rx, Ry, Rz, Mx, My, Mz the projections of the resultant vector ~R

and respectively the resultant moment ~Mo of given forces ~Fi (with respect to
the point O) on the axes of movable reference system Oxyz. We replace also the

spherical joints from A and B by the reactions ~R′
(

R′

x, R′

y, R′

z

)

, respectively
~R′′

(

R′′

x, R′′

y , R′′

z

)

(figure 1b).

Figure 1: Central axis of the d’Alembert’s fictitious forces system.

The moments with respect to the point O of the reaction ~R′ and ~R′′ are

respectively ~Mo

(

~R′

)

= −h1R
′

y
~i + h1R

′

x
~j and ~Mo

(

~R′′

)

= −h2R
′′

y
~i + h2R

′′

x
~j.

The resultant vector and the resultant moment, with respect to the point
O, of the d’Alembert’s fictitious forces are [1]:

{

~F in = −m~ac

~M in
o = −

d ~Ko

dt

(1)

where:
m is the mass of body;

2
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~ac is the acceleration of the center of mass;
~Ko is the angular momentum.

Keeping account of the position vector of the center of mass, ~rc = ξ~i,
the angular velocity ~ω = ω~k, the angular acceleration ~ε = ε~k = ω̇~k and
the expression of the angular momentum with respect to the point O, ~Ko =
−Jxzω~i − Jyzω~j + Jzω~k, where Jxz, Jyz are the centrifugal moments and Jz

is the moment of inertia with respect to the rotation axis, the resultant vector
and the resultant moment of the d’Alembert’s fictitious forces become:

~F in = mξω2~i − mξε~j (2)

~M in
o =

(

Jxzε − Jyzω
2
)

~i +
(

Jyzε + Jxzω
2
)

~j − Jzε ~k. (3)

We apply the d’Alembert’s principle and we obtain the equations system:

0 = Rx + R′

x + R′′

x + mω2 ξ

0 = Ry + R′

y + R′′

y − mεξ

0 = Rz + R′

z + R′′

z

0 = Mx − h1R
′

y − h2R
′′

y + Jxzε − Jyzω
2

0 = My + h1R
′

x + h2R
′′

x + Jyzε + Jxzω
2

0 = Mz − Jzε

(4)

Because ~F in
·

~M in
o = −mJyzξ

(

ε2 + ω4
)

6= 0, the d’Alembert’s fictitious

forces system is equivalent with the resultant force ~F in acting along the central
axis of the system and a couple acting in a plane perpendicular to the central
axis, whose moment has the value

M in
min =

~F in
·

~M in
o

∣

∣

∣

~F in

∣

∣

∣

= −Jyz

√

ε2 + ω4 (5)

or

~M in
min =

~F in
·

~M in
o

∣

∣

∣

~F in

∣

∣

∣

·

~F in

∣

∣

∣

~F in

∣

∣

∣

= −Jyzω
2~i + Jyzε~j. (6)

The equations of the central axis of the d’Alembert’s fictitious forces

M in
Ox − yF in

z + zF in
y

F in
x

=
M in

Oy − zF in
x + xF in

z

F in
y

=
M in

Oz − xF in
y + yF in

x

F in
z

(7)

become

Jxzε − Jyzω
2
− zmξε

mξω2
=

Jyzε + Jxzω
2
− zmξω2

−mξε
=

−Jzε + xmξε + ymξω2

0
(8)

3
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It results for the central axis the equations:

{

εx + ω2y = Jzε
mξ

z =
Jyz

mξ

. (9)

It is easily to see that the central axis of the d’Alembert’s fictitious forces
system pricks the plane Oxz (defined by the center of gravity and the rotation
axis) in a point, denoted T , with the coordinates xT = Jz

mξ
, yT = 0, zT = Jxz

mξ
.

This point is known in Mechanics as center of percussions. The center of
percussions is a point, in the plane defined by the center of gravity and the
rotation axis, where if we apply a percussion, the percussions in joints are equal
with zero.

We can analogously defined the point T to be the point where if we apply
a force ~F = m~ac and a couple whose moment is ~MT = Jyzω

2~i − Jyzε~j, the
supplementary reactions in joints are equal with zero (the dynamic reactions
are equal with the static reactions).

The demonstration is simple. If we denote the position vector of the point
T ~rT = Jz

mξ
~i+ Jxz

mξ
~j, it follows for the moment of the force ~F with respect to the

point O: ~Mo

(

~F
)

= ~rT ×
~F = −Jxzε~i−Jxzω

2~j +Jzε~k. We replace ~F , ~Mo

(

~F
)

,

~MT in the equations system (4) and we obtain:

0 = Rx + R′

x + R′′

x

0 = Ry + R′

y + R′′

y

0 = Rz + R′

z + R′′

z

0 = Mx − h1R
′

y − h2R
′′

y

0 = My + h1R
′

x + h2R
′′

x

0 = Mz

(10)

Because the properties of the point T in the impulsive motions (collisions)
are similar to the properties in the dynamics of the rigid body, we suggest to
change the name of the point T from center of percussions in, for example,
neutral point.

3 Centrifugal moments for a plane plate having

rotation motion

Let us now to consider a homogeneous plane plate (figure 2a). This plate
rotates around of a vertical axis which is identical with a straight leg. The axis
is contained in the plane of the plate. We know also B (0, 0, h2) and A (0, 0, h1).

We report the plate to a Cartesian reference system (figure 2a) so that the
center of mass C to be situated on the Ox axis and the Oz axis to be rotation
axis.

4
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Let us apply now the d’Alembert’s principle. For a some point P , with mass
mP , the d’Alembert fictitious force is (figure 2b):

~FP = −mP~aP = mP ω2xP
~i − mP εxP

~j = F inν~i + F inτ~j. (11)

Figure 2: Plane plate having rotation motion.

The angle between the d’Alembert’s fictitious force and a line parallel to the
Ox axis is given by the relation:

tgϕ =

∣

∣

∣

~F inτ

∣

∣

∣

∣

∣

∣

~F inν

∣

∣

∣

=
ε

ω2
. (12)

This value not depends of the position of the point P . It follows that the
system of d’Alembert’s fictitious forces is a parallel forces system and can be
replaced by the resultant vector (figure 2c) applied in the point T (because only
this point of the plate is situated on the central axis). So, the point T will be
the center of parallel forces and its position can be calculated with the relations
[2]:

xT =

∫

(D)
xdF in

∫

(D)
dF in

; zT =

∫

(D)
zdF in

∫

(D)
dF in

. (13)

For determination of the coordinate zT we isolate an element of little infinite
area dA = dxdz (figure 2d). The elementary d’Alembert’s fictitious force d~F in

is written:

d~F in = −~adm = ω2xdm~i − εxdm~j = ω2xρdxdz~i − εxρdxdz~j (14)

where ρ represents the surface density.
The absolute value of the elementary d’Alembert’s fictitious force is:

∣

∣

∣
d~F in

∣

∣

∣
= ρ |x| dxdz

√

ε2 + ω4. (15)

5

M. Boiangiu et al. / Ovidius University Annals Series: Civil Engineering 11, 2009                          135 
 _________________________________________________________________________________



Because the plate is all situated on the same side of the rotation axis, all the
d’Alembert’s fictitious forces have the same sign. It follows for zT :

zT =

∫

(D)
zdF in

∫

(D)
dF in

=

∫∫

(D)
ρ
√

ε2 + ω4zxdxdz
∫∫

(D)
ρ
√

ε2 + ω4xdxdz
=

∫∫

(D)
zxdxdz

∫∫

(D)
xdxdz

=

=

∫∫

(D)
z2πxdxdz

∫∫

(D)
2πxdxdz

=

∫∫

(D)
z dV

∫∫

(D)
dV

= zrc (16)

where zrc is the center of mass of the rotation body generated by plate by
rotation around the Oz axis (figure 2d).

Comparing the relations obtained for zT (zT = Jxz

mξ
and zT = zrc) the

followed formula results for the centrifugal moment:

Jxz = mξzrc, (17)

or
Jxz = ρAξzrc, (18)

where A is the aria of the plate.
In conclusion, the centrifugal moment is equal with the product between

the mass of the plate, the coordinate of center of mass of the rotation body,
generated by plate, and the coordinate of center of mass of the plate on the axis
perpendicular on the rotation axis.

Keeping account of the second Guldin’s law, VOz = 2πξA (where VOz is
the volume of the rotation body generated by plate by rotation around the Oz
axis), the relation (18) becomes:

Jxz =
ρzrcVOz

2π
. (19)

The geometric centrifugal moment will be:

Ixz = Aξzrc, (20)

or

Ixz =
zrcVOz

2π
. (21)

Let us consider a plate as in figure 3a. With the axes as in figure, when we
rotate the plate about the Ozaxis we obtain Jxz = ρAξzrc and when we rotate
the plate about the Ox axis we obtain Jxz = ρAζ xrc. It follows:

ξ zrc = ζ xrc, (22)

or
ξ

ζ
=

xrc

zrc

. (23)

From the relation ξ

ζ
= xrc

zrc

and the figure 3a it results that the triangles
OAC and CrxOCrz are similar.

6
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Figure 3: Plane plate rotated around two orthogonal axes.

From the relation Jxz = mξzrc it results that, if zrc = 0, then Jxz = 0. It
follows that the axis Crzx1 which passes by the center of mass of the rotation
body, generated by plate, is a principal axis of inertia for plate (figure 3b). Also,
from the relation Jxz = ρAζ xrc it results that the axis Crxz1 is a principal axis
of inertia for plate.

In the situations ξ = 0 or ζ = 0, the formulas Jxz = mξzrc respectively
Jxz = mζ xrc don’t lead to Jxz = 0, because in these cases ~F in = 0 and the
central axis does not exist.

Figure 4: Plane plate cut by an rotation axis.

The relations (17), (18), (19), (20), (21) are available if the plate is situated
completely on the same part of the rotation axis. If the rotation axis cuts the
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plate, we split the plate in two parts with areas A1, A2 and coordinates of
centers of mass ξ1 , respectively ξ2 (figure 4). These two parts generate by
rotation two rotation bodies with the volumes V1Oz and respectively V2Oz. In
this case the centrifugal moment is:

Jxz = J1xz+J2xz = ρA1ξ1zrc1+ρA2ξ2zrc2 =
ρ (2πA1ξ1zrc1 + 2πA2ξ2zrc2)

2π
=

=
ρ

2π
[2πA1ξ1zrc1 − 2πA2 (−ξ2) zrc2] =

ρ (zrc1V1Oz − zrc2V2Oz)

2π
. (24)

The geometric centrifugal moment will be:

Ixz = A1ξ1zrc1 + A2ξ2zrc2 =
(zrc1V1Oz − zrc2V2Oz)

2π
. (25)

Figure 5: Plane bar having rotation motion.

For a plane bar, with mass m, having rotation motion around an axis from
its plane, we can write for the centrifugal moment a relation similar to the
relation written for plates (figure 5):

Jxz = mξzrc, (26)

or
Jxz = ρlξ zrc, (27)

where:
l is the length of the bar;
ρ is the linear density;
ξ is the coordinate of the center of mass of the bar on the

perpendicular axis on the rotation axis;
zrc is the coordinate of the center of mass of the rotation
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surface generated by bar by rotation.
Keeping account of the first Guldin’s law, AOz = 2πξ l (where AOzis the

area of the rotation surface generated by bar by rotation around the Oz axis),
the relation (27) becomes:

Jxz =
ρzrcAOz

2π
. (28)

4 Plane bars and plates having uniform rotation

motion

In case of plane bars and plates having uniform rotation motion (ε = 0) the
support of the resultant vector of d’Alembert’s fictitious forces system (central
axis) crosses the rotation axis. Therefore, when we apply the d’Alembert’s
principle, it is necessary to know only the coordinate zT .

Figure 6: Plane bar having uniform rotation motion.

Let us first time to consider a homogeneous plane curve bar, articulated at a
head A. This bar rotates with a constant angular velocity ω, around of a vertical
axis which passes through the head A and is contained in the plane of the curve
(figure 6).

The system of d’Alembert’s fictitious forces (parallel forces) reduces at a
resultant on the central axis. In accordance with the relation (16) the support
of the resultant vector crosses the rotation axis in the center of mass of the
rotation surface generated by bar by rotation.

We consider now a homogeneous plane plate (figure 7). This plate rotates
with a constant angular velocity ω, around of a vertical axis which is identical
with a straight leg. The axis is contained in the plane of the plate.

The system of d’Alembert’s fictitious forces (parallel forces) reduces at a
resultant on the central axis. In accordance with the relation (16) the support
of the resultant vector crosses the rotation axis in the center of mass of the
rotation body generated by plate by rotation.

9
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Figure 7: Plane plate having uniform rotation motion.

5 Conclusion

In this paper the authors proposed alternative methods for calculus of position
of the central axis and the centrifugal moments, based on the coordinates of
centers of mass. Keeping account that in literature is easily to find the positions
of the centre of mass for more bodies, the method proposed here is accessible
because it replaces the calculus with integrals which can be some time laborious.
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Abstract

The purpose of this study is the elaboration of a mathematical model
of human cortical bone which allows studying the mechanical behaviour
of this heterogeneous and complex structure knowing the properties of
its basics components (collagen, hydroxyapatite (Hap) and bony fluid)
and its architectural configuration. At long term it could be helpful to
understand the bone remodelling which obviously needs the knowledge of
the mechanical information transfer (what information receives a cortical
bony cell when the bone is solicited?). The model that we propose could
answer at some questions concerning the bony remodelling.

From a mathematically point of view, asymptotic homogenization method
[1] in a piezoelectric framework is used and the finite element method is
developed for solving the cells problems.

The developed computational methods have been packed into a soft-
ware (called SiNuPrOs) made in Matlab; it is in free access on the website
http://isifc.univ-fcomte.fr/SINUPROS/accueil.htm.

Keywords: human cortical bone, homogenization, piezoelectricity, multi-
scale method, multi-physic model

1 Introduction

We present here a mathematical model of the human cortical bone which allows
studying the mechanical behavior of this heterogeneous and complex structure
knowing the properties of its basics components (collagen, hydroxyapatite (Hap)
and bony fluid) and its architectural configuration. At long term it could be

1

             Proceedings of the 5th International Conference “Dynamical Systems and Applications” 
 Ovidius University Annals Series: Civil Engineering                Volume 1, Special Issue 11, June 2009 
 _________________________________________________________________________________

ISSN-1584-5990                                                                                   © 2000 Ovidius University Press



helpful to understand the bone remodeling which obviously needs the knowledge
of the mechanical information transfer.

Many models that have been developed for cortical bone oversimplify much
of the architectural and physical complexity. Our model proposes a more com-
plete approach: it is multi scale because it contains five structural levels and
multi physic because it takes into account simultaneously structure (with various
properties: elasticity, piezoelectricity, porous medium), fluid and mineralization
process modelization.

The main idea of the model consists in regarding the architecture of the cor-
tical bone as a multi levels structure. One uses the asymptotic homogenization
method (AHM) [1] in a piezoelectric framework (since collagen is piezoelectric)
and a finite element method is developed for solving the local problems obtained
by homogenization. This method of homogenization which one proposes for our
model is a method on five hierarchical levels, by using asymptotic developments.
This one was employed successfully for the study of several problems concerning
the multiple scales. The method of the asymptotic developments initially makes
it possible to compute the homogenized properties by knowing the properties of
the basic components of the composite material considered with its microscopic
geometry, and in the second time it gives access to local information, at the mi-
croscopic level. This second utility could be very important in the remodeling
process since it is already known that the bone remodeling is first started by
some cells (called osteocites) which ”respond” to different micro stresses existing
at inferior levels of the cortical architecture.

One solves the so-called local problems in the particular case of heteroge-
neous piezoelectric structure with monoclinic components, thus we will have
to solve local microscopic problems of elastic or piezoelectric type, function of
the elastic and piezoelectric tensor’s forms. Solving these microscopic boundary
value problems defined on the reference microscopic cell, one obtains the peri-
odic corrector basis functions which are involved in the formulae for the effective
tensors of elasticity, dielectricity and piezoelectricity coupling.

The above method is applied for each level of the cortical architecture in
order to obtain the physical properties at lamellar, osteonal and cortical level.

The modelization of collagen as a piezoelectric medium has needed the de-
velopment of a new behavior law allowing a better simulation of the effect of a
medium considered as evolving during the mineralization process

In a first step, one describes the architectural model which one uses, then
one develops the mathematical tools necessary to describe how this structure,
at a given level, will behave, provided that one knows the physical properties of
the basic components. Finally, some numerical simulations are presented.

The main interest of SiNuPrOs deals with the possibility to study, at each
level of the cortical architecture, either the elastic properties or the piezoelectric
effects or both of them.

The computational methods have been packed into software made on a Mat-
lab platform, allowing a large number of predictive simulations [3] corresponding
to various different configurations.

2
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2 SiNuPrOs: a model of cortical bone

We shall present the SiNuPrOs model from two points of view: firstly, one
presents the architecture of cortical bone that we considered in our modeliza-
tion, then, one presents the mathematical tools which are used to calculate
and simulate the mechanical properties respectively the mechanical behavior of
human cortical bone.Thus, the description of SiNuPrOs contents:

a) the definition of the five encased structural scales
b) the data, for each one of these scales, of what constitutes the structure,

the spaces occupied by the fluid and the behavior laws
c) the passage from a behavior law existing at a given scale to the behavior

law existing at the scale which is immediately above him
The mathematical formalism is based on the mathematical theory of

homogenization and the finite element method.

2.1 The bony architecture

Since many years cortical bone has been considered as a hierarchical structural
composite where several organizational levels can be identified. We present
here succinctly these embedded structures used in our model and the associated
parameters: the Haversian system, the osteon, the lamella, the collagen fiber
and the mineral structure.

The Haversian system is made of osteons and interstitial system (IS) which
is also made of old surmineralized osteons. The interface between the osteons
and the interstitial system is known as the cement line. The porous portion of
cortical bone is made of a system of channels: the Haversian channels which run
longitudinally through the center of the osteons and the Volkmann’s channels,
randomly orientated in a plane perpendicular to the long axis of the Haversian
channels. At this level of the architecture we considered the following param-
eters: the osteonal diameter, the distance between two osteons, the haversian
porosity, the Volkmann’s porosity, the distance between two Volkmann’s chan-
nels and the thickness of the cement line.

The osteon considered as a tube is not homogeneous: it is constituted by
concentric lamellae encased one in the others; the characteristics are the lamellar
thickness and the distance between two lamellae. These lamellae are crossed by
small channels (canaliculae) that leave from the Haversian channel; one takes
into account this volume of the canaliculae both in the current osteon and in
the interstitial system.

The lamella is not homogeneous and it has to be considered as a composite
material too. The fibers are made of collagen that one assimilates to cylinders.
In each lamella, they are parallel between them and they have a specific orien-
tation in respect with the longitudinal direction: this angle is one of the various
parameters of the model SiNuPrOs. The matrix is a relatively complex medium
formed of crystals and fluid being able to circulate between them, which allows
us to consider cortical bone as a multiscale porous medium. Thus the param-
eters that it is necessary to introduce at this level are the diameter of collagen
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fiber and the distance between two such fibers.
The collagen fiber is not a homogeneous medium and its architecture is also

complex. It is made of microfibrils and a mineralization process is possible at
the microfibrillar level.

Concerning the mineral structure, nowadays there is no modelization of the
Hap crystal elaboration because it is generated through a very complex process.
Since it is already known that the spatial disposition of Hap crystals isn’t regular
and that they are not geometrically isolated but rather joined one to another
and arranged by blocks, we have suggested in a first approach [2] the use of
an entity called EVMC (Elementary Volume of Mineral Content). Such an
EVMC is made of several Hap crystals and it contains only Hap crystals and
fluid. A Hap crystal is made of a solid part and of a “fluid” part called “linked
water” which can be rather considered as a gel. No fluid motion is possible in
this linked water. In [4] a model of these EVMC is developed with a regular
alternation and explicit relationships are obtained for the Young’s moduli in
the three directions. The four parameters associated to these EVMC are the
degrees of mineralization and the percentage of linked water, these parameters
being respectively defined for a current osteon and for the pieces of IS’s osteons
and the coefficient of nanoscopic anisotropy.

Figure 1: Cortical architecture

Following this architectural organization (Figure 1), the multi scale aspect
of the human cortical bone is modeled in our model by using 18 structural
parameters in a specific application of the mathematical theory of homogeniza-
tion and 10 other physical parameters are necessary for the multi physic aspect
(the Hap and collagen densities, the Young’s moduli of Hap and collagen, the
Poisson’s ratios of Hap and collagen, the piezoelectric and dielectric tensors of
collagen and the dielectric tensors for EVMC and fluid). Globally there are 28
parameters in the SiNuPrOs model, making it one of the most complex models
of cortical bone. Indeed, this model takes into account almost all the entities
occurring in the description of the architecture of human cortical bone.

2.2 Homogenization and mechanical behavior

The method which one proposes for our model is a method of homogenization
on five hierarchical levels, by using asymptotic developments. This one was
employed successfully for the study of several problems concerning the multiple
scales. The method of the asymptotic developments initially makes it possible

4

144          Homogenization of.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



to compute the homogenized properties knowing the properties of the basic
components of the composite material considered with its microscopic geometry,
and in the second time it gives access to local information, at the microscopic
level, which is very important when simulate the bony remodeling.

Two points need to be investigated. Firstly, collagen being a piezoelectric
medium, it is necessary to use homogenization method written in an adapted
framework. Secondly, it is necessary to introduce an evolving behavior law
to take into account the fact that the mineralization process changes locally
the physical properties. Since collagen is taken into consideration at a very fine
scale, it is natural to introduce its piezoelectric properties.So, let us consider the
general case of a composite periodic structure Ω where the two components have
piezoelectric and/or elastic properties; these two media verify simultaneously the
two following equations:















−

∂

∂xj

[Cε
ijkl ekl(u

ε) + µ · gε
kij

∂ϕε

∂xk

] = bi

∂

∂xj

[µ · gε
jkl ekl(u

ε) − µ · ǫε
jk

∂ϕε

∂xk

] = 0
, 1 ≤ i, j, k, l ≤ 3

with the Dirichlet conditions:

{

u
ε = 0 on ∂Ω

ϕε = 0 on ∂Ω

where:

• ε is the size of each microstructure (the scale parameter)

• ekh(uε) =
1

2
(
∂uε

k

∂xh

+
∂uε

h

∂xk

) is the strain tensor associated to the displace-

ment field uε

• b is the density of forces in Ω

• ϕε is the electrical potential

• Cijkl, gijk and ǫij are respectively the elastic, piezoelectric and dielectric
tensors

• µ =
(mdth−md)

+

mdth

where md is the mineralization degree and mdth is the

threshold value of the mineralization (which is the value of the mineral-
ization from which the piezoelectric effect vanishes)

Recalling the heterogeneous character of the material, all the material pa-
rameters as well as the mechanical and electric fields depend on the scale pa-
rameter ε. Above and throughout the paper we use the Einstein summation
convention.
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The above equations can be homogenized using the well-known approach
based on the asymptotic expansions [1]:

uε(x, y) = u0(x, y) + εu1(x, y) + ε2u2(x, y) + .....

ϕε(x, y) = ϕ0(x, y) + εϕ1(x, y) + ε2ϕ2(x, y) + ....

(where xand y are the “slow” and the “fast” variables, respectively; y = x
ε
)

and one obtains for the unit cells the following ”strong” problems:







−

∂
∂yj

[

Cε
ijkl ·

∂χmn

l

∂yk

+ µ · gε
kij ·

∂Ψ
mn

∂yk

]

= ∂
∂yj

Cε
ijmn

−

∂
∂yj

[

µ · gε
jkl ·

∂χmn

l

∂yk

− µ · ǫε
jk ·

∂Ψ
mn

∂yk

]

= ∂
∂yj

gε
jmn

(2.1)

and







−

∂
∂yj

[

µ · gε
kij ·

∂Rm

∂yk

+ Cε
ijkl ·

∂Φ
m

l

∂yk

]

= ∂
∂yj

gε
mij

−

∂
∂yj

[

µ · ǫε
jk ·

∂Rm

∂yk

− µ · gε
jkl ·

∂Φ
m

l

∂yk

]

= ∂
∂yj

ǫε
jm

(2.2)

for 1 ≤ j, k ≤ 2 and 1 ≤ m,n, l ≤ 3, which will be ”weakened” and
then solved by FEM method in order to compute the corrector basis functions
χmn

l ,Ψmn, Rm and Φm
l , for 1 ≤ m,n, l ≤ 3.The reader interested in details on

the formal approach of the asymptotic method is referred to [5].
Using these so-called local problems in the particular case of heterogeneous

piezoelectric structure with monoclinic components, we will have to solve local
microscopic problems of elastic or piezoelectric type, function of the elastic and
piezoelectric tensor’s forms. Thus, the next cases will appear:

• If (m,n) = (1, 1); (2, 2); (3, 3); (1, 2) the unit cell problems (2.1) becomes
elastical problems:







−

∂

∂yj

[Cε
ijkl

∂χmn
l

∂yk

] =
∂

∂yj

Cεε
ijmn

χmn
l is a U − periodic function

(2.3)

U being the unit cell used for the respective level.

• If (m,n) = (1, 3); (2, 3) one must solve the piezoelectric type unit cell
problems:























−

∂

∂yj

[Cε
3jk3

∂χm3
3

∂yk

+ gk3j

∂Ψm3

∂yk

] =
∂

∂yj

C3jm3

−

∂

∂yj

[gjk3

∂χm3
3

∂yk

− ǫjk

∂Ψm3

∂yk

] =
∂

∂yj

gjm3

χm3
3 and Ψm3 are U -periodic functions

(2.4)

For the unit cell problems (2.2) we distinguish two other cases:

6

146          Homogenization of.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



• For m = 1, 2 one has piezoelectric problems on the unit cell:



















−

∂

∂yj

[Cε
3jk3

∂Φm
3

∂yk

+ gε
k3j

∂Rm

∂yk

] =
∂

∂yj

gε
m3j

−

∂

∂yj

[−gε
jk3

∂Φm
3

∂yk

+ ǫε
kj

∂Rm

∂yk

] =
∂

∂yj

ǫε
jm

Rm and Φm
3 being U -periodic functions

(2.5)

• whereas for m = 3 we have elastical problems to solve:






−

∂

∂yj

(Cijkl

∂Φ3
l

∂yk

) =
∂

∂yj

g3ij

Φ3
l U − periodic (1 ≤ i, j, l, k,≤ 2)

(2.6)

Solving these microscopic boundary value problems defined on the reference
microscopic cell U, one obtains the U-periodic corrector basis functions which
are involved in the formulae for the effective tensors of elasticity, dielectricity
and piezoelectricity coupling. For reasons of tensor’s symmetry, we will have to
determine 18 corrector functions solving the problems (2.3)-(2.6) by Finite Ele-
ment Method using different periods (Figure 2) according to each architectural
level:

Figure 2: Various periods used

With the corrector basis functions thus obtained one can find the homoge-
nized tensors. Finally, the homogenized problem which results is:















Ch
ijkl

∂2uk

∂xjxl

+ gh
kij

∂2ϕ

∂xj∂xk

+ bi = 0

gh
jmn

∂2um

∂xjxn

− ǫh
jm

∂2ϕ

∂xjxm

= 0

and the homogenized elastic properties are calculated by the following rela-
tions:

Ch
ijkl = < Cijmn(y)emny(χkl(y)) + gmij(y)

∂Ψkl(y)

∂ym

+ Cijkl(y) >

gh
kij = < gkij(y) + gmij(y)

∂Rk(y)

∂ym

+ Cijmn(y)
∂Φk

m(y)

∂yn

>

where〈〉 represents the average on U of a function F which means: < F >=
1

|U |

∫

U
Fdy
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The homogenized dielectric coefficients are computed similarly. Their ex-
pressions are:

ǫh
jm = < ǫjm(y) + ǫjk(y)

∂Rm(y)

∂yk

− gjkl(y)ekly(Φm(y)) >

The above method is applied for each level of the cortical architecture in
order to obtain the physical properties at lamellar, osteonal and cortical level.
The phase of computation of homogenized coefficients is hierarchic and this
allows an ascendant determination of physical properties. The homogenization
of macroscopic level is made using a period containing four types of osteons,
interstitial system and fluid in haversian channels. These types are defined
from the investigations made by Ascenzi et al. [6] on orientations of collagen
fibers in consecutive lamellae.

2.3 Microscopic fields

Once the homogenization phase is finished, one can solve the problem at the
macroscopic level. Moreover, it is possible to obtain information at the micro-
scopic level and that it is what we will present in what follows.

We consider now that the composite structure is subjected to a given loading.
By the technique of homogenization, here before exposed, one can substitute an
equivalent homogeneous structure to it, and at a given loading one can associate,
in each point of the homogeneous structure the strain, stress and electric fields,
etc..

The localization process is the step which enables us to associate at a de-
formations macroscopic field, the field of micro stresses reigning in the cell (the
period) which is in the vicinity of this item x.

Let us return to the initial relations (the behaviors laws):

{

σij = Cijklekl + gkij
∂ϕ

∂xk

Di = giklekl − ǫik
∂ϕ

∂xk

One uses the asymptotic development of the solution (uε, ϕε) as already
presented in 2.2 and one introduces it into the precedent behavior laws.

Thus, one obtains, by taking into account the new operator of derivation,

the stress tensor:

σε
ij = Cε

ijkl ·

[

eklx(uε) + 1

ε
· ekly(uε)

]

+ gε
kij ·

∂ϕε

∂xk

Cε
ijkl · [eklx(u0(x, y) + εu1(x, y) + ε2

u
2(x, y))

+ 1

ε
· ekly(u0(x, y) + εu1(x, y) + ε2

u
2(x, y))]

+gε
kij ·

[

∂
∂xk

(ϕ0(x, y) + εϕ1(x, y) + ε2ϕ2(x, y))+

+ 1

ε
·

∂
∂yk

(ϕ0(x, y) + εϕ1(x, y) + ε2ϕ2(x, y))

]
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=
{

Cε
ijkl · eklx(u0) + Cε

ijkl · ekly(u1) + gε
kij ·

∂ϕ0

∂xk

+ gε
kij ·

∂ϕ1

∂yk

}

+ε ·
{

Cε
ijkl · eklx(u1) + Cε

ijkl · ekly(u2) + gε
kij ·

∂ϕ1

∂xk

+ gε
kij ·

∂ϕ2

∂yk

}

+ε2
· {...........................}

Using the asymptotic development of the stress tensor σε
ij , we’ll have:

σε
ij(u

ε) = σ0
ij(u

ε) + ε · σ1
ij(u

ε) + ε2
· σ2

ij(u
ε) + .....

Following the powers of ε one obtains:

σ0
ij(u

ε) =

{

Cε
ijkl · eklx(u0) + Cε

ijkl · ekly(u1) + gε
kij ·

∂ϕ0

∂xk

+ gε
kij ·

∂ϕ1

∂yk

}

Using the calculations made at the homogenization phase, the form of u1

and that of ϕ1, one will obtain in an indirect way the analytical relations of the
micro stresses for a given macroscopic loading

(

u
0, ϕ0

)

:

σ0
ij(x, y) = emnx(u0) ·

[

Cε
ijmn(y) + Cε

ijkl(y) · ekly(χmn(y)) + gε
kij(y) · ∂Ψ

mn
(y)

∂yk

]

+∂ ϕ0

∂xm

(x) ·
[

Cε
ijkl(y) · ekly(Φm(y)) + gε

mij(y) + gε
kij(y) · ∂Rm

(y)

∂yk

]

, i, j = 1, 2, 3

If one notes by

Kijmn = Cε
ijmn(y) + Cε

ijkl(y) · ekly(χmn(y)) + gε
kij(y) ·

∂Ψmn(y)

∂yk

and

Gmij = gε
mij(y) + Cε

ijkl(y) · ekly(Φm(y)) + gε
kij(y) ·

∂Rm(y)

∂yk

then the preceding relations can be written as follows:

σ0
ij(x, y) = Kijmn · emnx(u0) + Gmij ·

∂ ϕ0

∂xm

(x), i, j = 1, 2, 3

Thus, the knowledge of the micro stresses σ0
ij(x, y) for a fixed point x of the

section of the unit cell requires the evaluation of the coefficients Kijmn(y1, y2)
in this point.

The Kijmn(y1, y2) are called the elementary micro stresses. After the res-
olution of the cells problems, these quantities are calculated once for all, for a
given configuration of the composite. The micro stresses field corresponding to
a field of macroscopic strains (or of macroscopic stresses) is obtained like linear
combination of these last quantities and the elementary micro stresses. One can
thus test the effect of the various macroscopic loadings.

9

M. Racila et al. / Ovidius University Annals Series: Civil Engineering 11, 2009                          149 
 _________________________________________________________________________________



3 Results

Many results can be obtained with such a model. In this paper, we present
only the major results which are possible to get on the elastic properties at the
macroscopic scale, i.e. the scale of the cortical bone for a Reference Configura-
tion [3]. More precisely, we are interested in the variations of the components
C11 and C33.

It is of course possible to do different studies for different orientations of
collagen fibers. On the following pictures, we compare the effects of the main
parameters on the coefficient C11 (Figure 3) and on the coefficient C33 (Figure
4) in the framework of 3 different coupling of orientations of the collagen fibers
in consecutive lamellae [6]. Three different kinds of architecture are considered:

- architectures 0/0 : all the collagen fibers are parallel and oriented according
the z axis

- architectures 0/90 : there is an alternation in the orientation of fibers
between two consecutive lamellae, namely all fibers are parallel and oriented
according to z−axis in a lamella (orientation of 0◦) and they are all parallel and
oriented according to the x- axis in the following lamella (orientation of 90◦)

- architectures 45/ − 45 : there is an alternation in the orientation of fibers
between two consecutive lamellae, namely all fibers are parallel and oriented
in such a way that the angle between their direction and the z-axis is 45◦ in
a lamella (orientation of 45◦ and −45◦ in the following lamella (orientation of
−45◦)

Figure 3: Effects on the coefficient C11 of the main parameters

For the C11 component we have the following variations:

Figure 4: Effects on the coefficient C33 of the main parameters

One can note that, generally, the variations of the coefficients have the same
effects, the representative curves having the same geometrical shapes. In the
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particular case of the coefficients C11, architectures (0 - 90) and (45 - -45)
for which the alternation of orientation corresponds to an angle of 90 degrees
give similar results. Indeed, the mean values obtained for the configuration of
reference are 16.43 GPa for architectures (0 - 90) and 15.74 GPa for architectures
(45 - -45). In addition, if the collagen fibers all are vertically oriented, there is
a global decreasing of all the values from approximately 2 GPa, the mean value
of C11 obtained for architectures (0 - 0) being of 14.00 GPa.

For the C33 coefficients, a similar analysis can be done but the variations are
more important: the mean values obtained for the configuration of references
being respectively of 23.50, 26,08 and 30.63 for architectures (45 - -45), (0 -
90) and (0 - 0). As previously, a comparative analysis (Figure 5) can be done
between the three kinds of architectures.

Figure 5: Effects on the anisotropy ratio C33/C11 of the main parameters

Figures 3, 4 and 5 present results from this study; they are in general in
good agreement with the experimental literature [7]. We present here, as an
example, the values that Katz [8] gives for the elastic coefficients obtained from
experimental results on a human tibia. It is always possible to find architectural
configurations corresponding to these results; Table 1 points out two different
configurations giving similar physical properties with SiNuPrOs:

GPa C11 C13 C33 C44 C66

Katz [8] 11.60 6.10 22.50 4.91 2.41
SiNuPrOs configuration 1 11.19 5.50 21.78 4.99 3.95

variations (%) 4 10 3 2 39
SiNuPrOs configuration 2 11.66 6.02 22.47 5.54 3.93

variations (%) 0.53 1.33 0.13 11.37 38.68
Table 1. Elastic properties of cortical bone in a human tibia

4 Conclusion

The aim of this work was to describe a numerical model allowing the calculation
of the mechanical properties of the multi-scale composite structure of the human
cortical bone. The model which was realized is very complex and practically
all the possible configurations can be tested, the model allowing a direct inter-
vention on the various data dependent on the architecture of the bone. Many
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parametric studies can be made and thus the effect of the microstructure on the
mechanical behavior of cortical bone could be investigated with this model; also,
the homogenization method allows the access at the microscopic fields where the
cells are living and we hope that in a next future we will be able to understand
and simulate the bone remodeling.

The basic components (collagen, Hap crystals and ”bony fluid”) are taken
into account with their largest properties: the collagen is considered as a piezo-
electric medium and dielectric properties can be used to model the presence of
ions in the bony fluid. A pseudo periodicity in the architecture is assumed and
the theory of homogenization is the mathematical tool used to link all these
architectural levels in order to get the bony properties at each architectural
level.

No mineralization process has been introduced because the lack of infor-
mation in the literature but several important parameters are present such as
the percentage of EVMC or the percentage of linked water. Relationships be-
tween all these coefficients will be introduced according to the future models of
mineralization process.

The problem of validation is important. There are papers in the literature
published on the mechanical properties of cortical bone but it is quite difficult
to use them because they generally present mean values obtained from many
experimental data without any precision on the values of the local properties or
on the architectural characteristics.

The informatic program SiNuPrOs is in free access on the Internet at:
http://isifc.univ-fcomte.fr/SINUPROS/accueil.htm.
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Abstract

Consider the Cauchy semilinear problem of the Navier-Stokes flow of
incompressible fluids - one of the Millenium Prize Problems (see [1]). By
standard arguments we can formulate the problem as an abstract equation
and prove the existence and the uniqueness of the strong solution. The
proof is constructive and it is based on the Fourier method developed in
the energetical space of the Stokes operator (on the complete sequence
of the eigenvectors of the duality map). Some open problems are also
appended.

Keywords: Navier - Stokes equations, abstract Fourier method, solu-
tion.

1 Introduction

Consider the Navier-Stokes system for incompressible fluids filling all of R
N ,

(N = 2 or 3):
∂u

∂t
+ u · ∇u = ν∆u −∇p + f, (1)

∇ · u = 0, in R
N , t ≥ 0, (2)

u(x, 0) = u0(x), x ∈ R
N , (3)

where ν ≥ 0 (dynamical viscozity), f (body forces) and u0 (initial velocity)
are given. These equations are to be solved for an unknown velocity vector
u : R

N
× [0,∞) 7→ R

N and the presure p : R
N

× [0,∞) 7→ R. The Euler
equations can be obtained for ν = 0 in (1)-(3).

For physically reasonable solutions, we ask that u does not grow large as
|x| → ∞. Hence we will restrict attention to data f and u0 that satisfy:

|∂α
x ∂n

t f(x, t)| ≤ CαnK(1 + |x| + t)−K , x ∈ R
N , t ≥ 0, (4)

and
|∂α

x u0(x)| ≤ CαK(1 + |x|)−K , (5)

1
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for any α, n and K. A solution [u, p] is physically reasonable only if it is enough
smooth and it has bounded energy, i.e.,

∫

RN

|u(x, t)|2dx < C,∀t ≥ 0. (6)

Let u0 be any smooth, divergence-free vector field (i.e., ∇ · u = 0) satify-
ing (5). We have to prove that either there exists a smooth solution [u, p] ∈
C∞(RN

× [0,∞)) that satisfy (1),(2),(3) and (6), or there exist no such solu-
tions. Remark that these problems are not solved yet for ν > 0, f = 0 and
N = 3 (see [1]).

Let φ : R
N

× [0,∞) 7→ R
N be a compactly supported vector field. Then,

multiplying (1) and (2) by φ, a formal integration by parts yields:

∫∫

RN
×R+

u ·

∂φ

∂t
dxdt − b(u, u, φ) =

=

∫∫

RN
×R+

∇u · ∇φdxdt +

∫∫

RN
×R+

(f −∇p) · φdxdt, (7)

where

b(u, u, φ) :=
∑

ij

∫∫

RN
×R+

uiuj

∂φi

∂xj

dxdt

and
∫∫

RN
×R+

u · ∇xφdxdt = 0. (8)

A solution of (7)-(8) is called a weak solution of Navier-Stokes system. Observe
that these equations make sense for all u ∈ L2 and p ∈ L1.

2 Abstract Fourier Method

Define the space of incompressible fluids:

C∞

0,σ := {y ∈ (C∞

0 (RN ))N ; ∇ · u = 0},

and let X be its completion with respect to the norm ‖ ·‖2. Then X is a Hilbert
space with the scalar product:

(y, w) :=

∫

RN

y · w =

N
∑

i=1

∫

RN

yiwidx.

Let E be its subspace:

E := {y ∈ X; y ∈ (W 1,2(RN )N
}.

2
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Since W 1,2(RN ) = W 1,2
0 (RN ) (see [2]), E can be viewed as the completion of

C∞

0,σ in the norm of W 1,2
0 , namely:

E := C∞

0,σ

‖·‖1,2

= {y ∈ (W 1,2
0 (RN ))N ; ∇ · y = 0}.

Remark that the scalar product in X is in fact the duality pairing between E∗

and E.
Consider the Stokes operator A ∈ L(E,E∗) defined by:

(Ay,w) :=

N
∑

i=1

∫

RN

∇yi · ∇widx, ∀y, w ∈ E,

and define the three-linear form:

b(y, z, w) :=

N
∑

i,j=1

∫

RN

yiDizjwjdx,

that determines the nonlinear operator C : E 7→ E∗ by:

C(y, w) := b(y, y, w), ∀y, w ∈ E.

Then the equation (7) can be written as:

d

dt
(u, v) = (f − Au − C(u), v), ∀v ∈ E, (9)

and we obtain the following weak formulation of Navier-Stokes system:
Given f ∈ L2(0, T ;E∗) and u0

∈ X find u ∈ L2(0, T ;E) such that ut ∈

L2(0, T ;E∗) and:

{

du
dt

+ νAu + C(u) = f on (0, T ),

u(0) = u0.
(10)

Here ut := du
dt

and T > 0 is any large real number. The weak solution that is
enough smooth, i.e, u ∈ C((0, T );E)∩C1((0, T );X), is called the strong solution
of Navier-Stokes system.

As A : E 7→ E∗ is symmetric (Ay,w) = (y,Aw) and strongly monotone
(Ay, y) ≥ ‖y‖2 and E is its energetic space, there exist [en, λn] ∈ E × [0,∞)
solutions of the eigenvalue problem:

(Aen, v) = λn(en, v), ∀v ∈ E,

with (ei, ej) = δij and λ1 ≤ λ2 ≤ . . . ≤ λn → ∞. Then (en)n∈N is an orthonor-
mal basis in E, (

√

λnen)n∈N is an orthonormal basis in X and (λnen)n∈N is an
orthonormal basis in E∗. Moreover, A is continuous and can be viewed as the
duality mapping J : E 7→ E∗ (see [4]), that is

〈Ju, v〉 = (u, v)E := (Au, v), ‖u‖E := (u, u)
1/2

E = ‖u‖1,2.

3
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Hence, u ∈ L2(0, T ;E) ⇒ Au ∈ L2(0, T ;E∗) and we have the implications (see
[8] p.281):

C(u) ∈ L1(0, T ;E∗) ⇒ f − νAu − C(u) ∈ L1(0, T ;E∗) ⇒ ut ∈ L1(0, T ;E∗).

Therefore u is (a.e. =) continuous from [0, T ) to E∗.
We try to find the weak solution of the Cauchy problem (10) as the Fourier

series in E:

u(x, t) :=

∞
∑

n=0

bn(t)en(x) = lim
n→∞

n
∑

k=0

bk(t)ek(x). (11)

To do this denote by Div := ∂v
∂xi

and describe in detail the convective term:

(v · ∇)v := (v1D1 + · · · + vNDN )v = (v1D1vk + · · · + vNDNvk)1≤k≤N .

Denoting en := (em
n )1 ≤ m ≤ N and vn(x, t) :=

∑n

p=0
bp(t)ep(x) for all n ∈ N,

the kth-component, (1 ≤ k ≤ N), of the vector (vn · ∇)vn will be:

v1
nD1v

k
n + · · · + vN

n DNvk
n =

N
∑

m=1

(

n
∑

p=0

bpe
m
p ·

n
∑

p=0

bpDmek
p

)

.

Then (u · ∇)u = lim(vn · ∇)vn by Mertens theorem and:

((vn · ∇)vn(·, t), ej) :=

N
∑

k=1

∫

RN

(v1
nD1v

k
n + · · · + vN

n DNvk
n) · ek

j (x)dx =

=
n

∑

p=1

p
∑

q=1

bp−q(t)bq(t)

[

∫

RN

N
∑

k=1

(

N
∑

m=1

em
p−q(x)Dmek

q (x)

)

· ek
j (x)dx

]

=:

=: cj(b1(t), . . . bn(t)), j ≥ 1.

Taking (11) and v := ej , j ≥ 1, we formally obtain that bj(t) must satisfy the
scalar Cauchy problem:

{

b′j + νλjbj + cj(b1, . . . , bn) = fj(t),

bj(0) = u0
j , 1 ≤ j ≤ n,

(12)

where u0
j and fj(t) are the Fourier coefficients in E of u0 and f(·, t), respectively:

u0
j := (u0, ej)E , fj(t) := (f(·, t), ej)E , ∀j ∈ N.

Let n ∈ N be any fixed number. The homogeneuos linear system b′j+νλjbj =

0, 1 ≤ j ≤ n, has the solution bj(t) := kje
−νλjt with kj ∈ R, 1 ≤ j ≤ n. By

variation of constants kj := hj(t) we deduce that hj are solutions of the following
system

{

h′

j = eνλjtfj(t) − λje
νλjtcj(e

−νλ1th1(t), . . . , e
−νλnthn(t)),

hj(0) = u0
j , 1 ≤ j ≤ n

,

4
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with cj some sums of quadratic terms in h1, . . . , hn. Consider the vectors h :=
(hj)1≤j≤n and

F (t, h) := (eνλjtfj(t) − λje
νλjtcj(e

−νλ1th1(t), . . . , e
−νλnthn(t)))1≤j≤n.

Then, in vectorial form, the above system can be expressed as the Cauchy
problem

{

h′ = F (t, h),

h(0) = u0,
(13)

with F continuous in [t, h] and of class C1 in h. Hence there exists a unique
solution h = h(t) and h ∈ C1([0, τ ]), with 0 < τ ≤ T , by Picard theorem.

Consequently, the Cauchy problem (12) has a unique solution, that deter-
mine the coefficients of the Fourier series (11) and so u(x, t). To prove that this
is the weak solution of the Navier-Stokes system (10) we have to prove that:

(a) The series
∞
∑

n=1

bn(t)en(x) converges uniformly to u ∈ C([0, T ];E);

(b) The series
∞
∑

n=1

b′n(t)en(x) converges uniformly to ut ∈ C([0, T ];E∗);

(c) This u(x, t) is the unique weak solution of the Cauchy problem (10).

3 Existence, Uniqueness and Smoothness

The answers to the above three problems, (a),(b) and (c), depend on the con-
vergence of the numerical series:

∑

λ
−

N+2

2

n .

Suppose that this series is convergent in R and remark that

M1 := sup{|hn(t)|;n ∈ N, t ∈ [0, T ]} < +∞,

M2 := sup{|h′

n(t)|;n ∈ N, t ∈ [0, T ]} < +∞.

Then
|bn(t)|2 = |e−νλnthn(t)| = e−2νλnt

|hn(t)|2

and thus for any δ ∈ (0, T ) there exists nδ ∈ N such that:

e−2νλnt < e−2νλnδ <
1

λ
N+2

2

n

, ∀n ≥ nδ, t ∈ [δ, T ].

Hence

|bn(t)|2 ≤ M2
1

1

λ
N+2

2

n

,

that is, the function series
∑

|bn(t)|2 is convergent for t ∈ [δ, T ], with δ > 0
arbitrarily choosen in (0, T ). Thus the series

∑

bn(t)en is uniformly convergent
to u ∈ C([0, T ];E) because

‖

∑

bn(t)en‖
2
E =

∑

|bn|
2 < +∞.

5
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Further, b′n(t) = −νλne−νλnthn(t) + e−νλnthn(t)h′

n(t) and thus:

|b′n(t)|2 ≤ 2ν2λ2
ne−2νλnt

|hn(t)|2 + 2e−2νλnt
|h′

n(t)|2 ≤ 2(ν2λ2
nM2

1 + M2
2 )e−2νλnt.

Then
∣

∣

∣

∣

b′n(t)

λn

∣

∣

∣

∣

2

≤ 2ν2M2
1 e−2νλnt + 2M2

2

e−2νλnt

λ2
n

and, similarly, we can conclude that:

∣

∣

∣

∣

b′n(t)

λn

∣

∣

∣

∣

2

≤ 2ν2M2
1

1

λ
N+2

2

n

+ 2M2
2

1

λ
N+2

2

n

, ∀n ≥ nδ, t ∈ [δ, T ].

Consequently, the series
∑

b′n(t)en converges absolutely to ũ ∈ C((0, T );E∗)
because

‖

∑

b′n(t)en‖
2
E∗ =

∥

∥

∥

∥

∑ b′n(t)

λn

λnen

∥

∥

∥

∥

E∗

=
∑

∣

∣

∣

∣

b′n(t)

λn

∣

∣

∣

∣

2

< +∞.

We will show that ũ = du
dt

as a distribution on (0, T ). Indeed:

∫ 1

0

(

m
∑

n=1

b′n(t)en

)

φ(t)dt =

[(

m
∑

n=1

bn(t)en

)

φ(t)

]T

0

−

∫ T

0

(

m
∑

n=1

bn(t)en

)

φ′(t)dt =

= −

∫ T

0

(

m
∑

n=1

bn(t)en

)

φ′(t)dt, ∀φ ∈ C∞

0 (0, T ), m ∈ N,

that is u′ = ũ as a distribution from (0, T ) into E∗.
Let us show that u :=

∑

bn(t)en is a weak solution of the Cauchy problem
(10):
Indeed, for t = 0 we have:

u(x, 0) =
∑

bn(0)en(x) =
∑

u0
nen(x) = u0(x).

On the other hand, remark that

∑

[b′j + νλjbj + λjcj(b1, . . . , bn)]ej =

n
∑

j=1

fjej

and thus, multiplying in X by ek, 1 ≤ k ≤ n, we deduce:

(

n
∑

j=1

b′jej , ek) + (

n
∑

j=1

νλjbjej , ek) + (

n
∑

j=1

λjcjej , ek) = (

n
∑

j=1

fjej , ek).

Since Aej = Jej = λjej and {ek; k ∈ N} is an orthonormal basis in E, letting
n → ∞ we deduce that:

(
du

dt
, w) + ν(Au,w) + ((u · ∇)u,w) = (f, w), ∀w ∈ E,

6

160                       On the Cauchy.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



that is, u is the weak solution of the problem (10). Remark that u ∈ C([0, T ];E)∩
C1((0, T );X), that is, u is the strong solution of the Cauchy problem.

To show the uniqueness of this strong solution, let u1 and u2 be two such
solutions, i.e.,

u1(x, t) :=
∑

pn(t)en(x) = lim v1n(x, t),

u2(x, t) :=
∑

qn(t)en(x) = lim v2n(x, t),

where

v1n(x, t) :=

n
∑

j=1

pj(t)ej(x), v2n(x, t) :=

n
∑

j=1

qj(t)ej(x).

Thus, for any ε > 0 there exist n′

ε, n
′′

ε ∈ N such that:

|(
d

dt
v1n − ν∆v1n − (v1n · ∇)v1n, v) − (f, v)| < ε, ∀v ∈ E, n ≥ n′

ε,

and

|(
d

dt
v2n − ν∆v2n − (v2n · ∇)v2n, v) − (f, v)| < ε, ∀v ∈ E, n ≥ n′′

ε .

Denote by nε := max{n′

ε, n
′′

ε} and take v := ej , 1 ≤ j ≤ n. Then we obtain:

kj := |p′j(t) + νλjpj(t) + λjcj(p1, . . . , pn) − fj(t)| < ε, ∀n ≥ nε, t ∈ (0, T )

and

rj := |q′j(t) + νλjqj(t) + λjcj(q1, . . . , qn) − fj(t)| < ε, ∀n ≥ nε, t ∈ (0, T ).

Let p := (p1, . . . , pn) and q := (q1, . . . , qn) be, respectively, the solutions of the
following problems:

{

b′ = F1(t, b)

b(0) = u0
,

{

b′ = F2(t, b)

b(0) = u0
,

where F1(t, b) := (−λjbj − cj(b) + fj(t) + kj(t))1≤j≤n and F2(t, b) := (−λjbj −

cj(b) + fj(t) + rj(t))1≤j≤n). As F1 and F2 are continuous in t and of class C1

in b, the solutions depend continuously on the second term, that is:

|F1 − F2| := max
1≤j≤n

|F1j − F2j | = max
1≤j≤n

|kj(t) − rj(t)| ≤

≤ max
1≤j≤n

{|kj | + |rj |} < 2ε, ∀t ∈ (0, T ).

It follows that:

|p(t) − q(t)| := max
1≤j≤n

|pj(t) − qj(t)| < g(ε), ∀t ∈ (0, T )

with lim
ε→0

g(ε) = 0, that is pj(t) = qj(t) and so u1 = u2.

7
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We can conclude:

Theorem: If the series
∑

λ
−

N+2

2

n is convergent, then there exists an unique
(weak) strong solution of the Cauchy problem of Navier-Stokes system.

Along to same line we mention that this series is convergent in the case of a
bounded domain in R

N . The proof is based on the Weyl’s law:

N(λ) =
µ(Ω)ωN

(2π)N
λN + R(λ),

where N(λ) := card{j ∈ N;
√

λj ≤ λ}, ωN is the volume of the unit ball in
R

N and R(λ) = O(λN−1), which depends on the measure of the domain µ(Ω)
in R

N (see [3] for details). In the case of the unbounded domain, particularly
when the domain is all of R

N , this convergence is still unproved.
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Abstract

Phenomena involving some memory effects can be easily identified in
physics, chemistry, biology, ecology, social sciences. Their transcription in
mathematical formalism is a real challenge. In the domain of dynamical
systems there are at least three types of models with memory. For the
short time memory we can speak about systems with delay and about the
systems with hysteresis and the long term memory can be expressed using
the fractional dynamical systems.

In this paper we present some theoretical results concerning the sys-
tems with memory effects (fractional systems and systems with hysteresis)
and we focus on the use of these models for explaining some experimental
observations on the fusion of plasma in tokamaks.

Two applications are proposed: the fractional diffusion equation is
considered in order to fit some experimental data related to the heat
transport and a dynamical system with discontinuous hysteresis of delayed
relay type is used to reproduce experimental data on saw-tooth crash of
the central temperature in ASDEX Upgrade tokamak

Using these mathematical models we point out that the memory effects
are important parts of a realistic description of phenomena of the real
world.

Key words dynamical systems, memory effects, fusion plasma physics

1 Introduction

In many applications it is assumed that the evolution of a system is governed
by its evolution law (expressed by ordinary or partial differential equations that
involve the state and the rate of change of this state) and by its state at the initial
moment of the study (expressed by the initial conditions at a given moment
t0). This is the principle of causality which means that the future states of
the system are independent of the past states and are determined only by the
evolution law and the state of the system at the moment t0. The corresponding
Cauchy problem, the prototype of the autonomous systems, is

x′(t) = f (x(t)) , x (t0) = x0
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Sometimes this principle is only a first approximation of the true situation
and more realistic models must include some of the past states of the systems.
These models involves the memory effects.

The simplest type of past dependence is through the state variable and not
the derivative of the state variable, the so-called retarded differential equations
or retarded difference equations of systems with delay [1]. For a given time
delay τ , the systems with delay are described by

x′(t) = f (x (t) , x (t − τ)) , x (t) = ϕ (t) , t ∈ [t0 − τ, t0]

These systems are important in several branches of engineering, in physics
[2], economics [3], optimal production decision, in the study of complex systems
[4] as well as in many biological research topics [5] but they are also very inter-
esting from the mathematical point of view. The study of the action of some
time-delayed controller for the stabilization of the unstable periodic orbits em-
bedded in chaotic attractors [6], the evaluation of the largest Liapunov exponent
[7], the study of some bifurcations [8], [9] in systems with delays are only a few
directions where interesting results were obtained.

An other type of past dependence is the hysteresis effect. The term ”hystere-
sis” means ”to lag behind” and originates from ancient Greeks. The hysteresis
is defined as a ”rate independent memory effect”. A system which incorporates
the hysteresis effect is described by

x′ (t) = f ((Hx) (t) , x (t)) , x (t0) = x0.

The hysteresis operator H is specific for each system, but its main characteristic
is that (Hx) (t) is determined by the value of the input x at the moment t0 and
by some of the values of x in the time interval (t0, t). There is no dependence
on the derivative of x. In many cases the hysteresis output is determined by the
extremum points of the input, while the speed of the input variation between
the extremum points has no influence on the output. In this type of systems
only the ”recent memory” is used, but the memory time interval is not fixed as
in the case of the systems with delay.

Although Volterra’s studies on rate dependent memory phenomena date back
to the beginning of the XX-th century, the history of hysteresis (i.e. rate inde-
pendent effects) is quite shorter. As far as we know it was only in 1966 that a
rigorous, functional approach was used for the description of several hysteresis
phenomena [10] . In the period 1970-1980 M. A. Krasnosel’ski, A. V. Pokrovski
and co-workers proposed a mathematical formulation of some physical models
in terms of hysteresis operators and they realized a systematic analysis of the
mathematical properties of these operators. In 1989 an important monograph
written by the Russian group was translated into English [11]. Many other
important monograph were published from that moment [12], [13].

Hysteresis effects were first related with the studies of the ferromagnetism
(since 1887, when Lord Rayleigh proposed a model of ferromagnetic hysteresis)
but now they are encounted in different area of science: electromagnetism, me-
chanics, elasto-plasticity, superconductivity, optics, nuclear physics, economics.
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In the last time the hysteresis memory effects were pointed out in fusion plasma
physics, which is a very important research topic because its aim is the pro-
duction of energy by the thermonuclear controlled fusion. Clear hysteresis-like
effects have been observed and described in the gyrotron oscillators [14]. The
study of the L/H transition [15] or of the neoclassical tearing modes [16] can
be also related with the hysteresis effect. Some models based on the hystere-
sis effect and the catastrophe theory were proposed for the study of the Edge
Localized Modes [17] and of the fast magnetic reconnection [18] in tokamaks.
These new results show the importance of the memory effects in the nuclear
fusion.

An other type of memory effect is involved in the fractional dynamical sys-
tems, which are based on the fractional calculus (i.e. calculus of integral and
derivatives of any arbitrary real order). The theory of the fractional dynamical
systems has gained considerable importance during the past three decades, due
mainly to its applications in diverse and wide spread field of science and engi-
neering [20], [21], [22]. It is widely accepted that all the definitions proposed for
fractional derivatives are ”non-local” in the sense all the values of the function
x = x (t) in the interval [t0, t] are used for the computation of (Dαx) (t) when
α /∈ N , contrary to the usual derivatives which are local operators. For example
the Caputo fractional derivative (which was introduced in 1969 [23]) is defined

by (t0D
α
Cx) (t) = 1

Γ(n−α)

∫ t

t0

x(n)
(τ)

(t−τ)
n+1−α dτ for α ∈ [n − 1, n). We interpret this

”non-locality” as a memory effect in the sense that the evolution of a system

(t0D
α
Cx) (t) = f (x) , x (t0) = x0

is influenced not only by the initial condition x (t0) = x0, but also by all the
values of x in the interval [t0, t] and this is due to the definition of the fractional
derivative.

The three type of systems we presented (delayed, with hysteresis and frac-
tional) are different approaches of the use of memory effects: the delayed systems
consider the influence of the past using a constant, prescribed, memory-time in-
terval, for the hysteresis effect the length of the memory-time interval is not
constant and the fractional systems take into account the whole evolution of
the system from the initial moment of the study to present.

In what follows we will use the memory effect systems in order to explain
some phenomena which were experimentally observed in tokamaks (toroidal
devices used for the production of energy through the thermonuclear controlled
fusion).

The paper is organized as follows: in Section 2 a hysteresis model is used
for the description of sawtooth crash of the central temperature in ASDEX-
Upgrade tokamak, in Section 3 a fractional model is used in order to explain
some feature of the anomalous diffusion observed in many tokamaks, a summary
and conclusions are given in Section 4.
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2 Hysteresis and sawtooth oscillations

The control of the plasma’s temperature is crucial for the success of experiments
in tokamaks. Many phenomena which were experimentally observed are not
yet entirely explained. One of them is the sawtooth oscillation of the plasma
temperature in the center of the ASDEX-Upgrade tokamak: during the stable
ramp phase heating raises the temperature (the rise time of the is about 0.007
s) and at the collapse the associated thermal energy is released in the outer part
of the plasma in the form of a heat pulse (the crash time about 0.00005 s). In
order to reproduce some experimental data a model based on hysteresis effect
of delayed relay (thermostat) type can be used [24].

The model is based on the one-dimensional diffusion equation:

∂T

∂t
(r, t) = D (t)

∂2T

∂r2
(r, t) + S (r) (1)

The temporal coordinate is t, the spatial coordinate is r ∈ [0, a] (representing
the radial coordinate in the toroidal device with the poloidal radius a ) , S :
[0, a] → R is the source term, D : [0,∞) → R is the diffusion coefficient and
T : [0, a] × [0,∞) → R describes the temperature of plasma. This diffusion
coefficient incorporates the hysteresis effect. It satisfies the equation

D′ (t) =
H

(

∂T
∂r

(r0, t)
)

− D (t)

τ
(2)

The values of the parameters in the equation (2) are r0 = 0.15 (specific to
configuration of the ASDEX-Upgrade tokamak) and τ = 0.00004 (specific for a
particular experiment, #20975). The source term is S (r) = S0 · (1 − r/0.15) .

The hysteresis operator of delayed relay type [12], acting on C ([0,∞)), de-
pends on the parameters Dmin, Dmax, β, k and on the initial value η0 ∈ {Dmin, Dmax}.The
value (Hx) (0) is defined by:

(Hx) (0) =







Dmin, x (0) ≤ βk
η0, k < x (0) < k
Dmax, x (0) ≥ k

. (3)

For t > 0 one considers Xt = {τ ∈ (0, t], x (τ) ∈ {Dmin, Dmax}} and the value
(Hx) (t) is defined by

(Hx) (t) =







(Hx) (0) , Xt = ∅

Dmin, x (maxXt) = Dmin

Dmax, x (maxXt) = Dmax

. (4)

The initial conditions of the system are

∂T

∂t
(0, t) = 0 (5)

T (r, 0) = 2.18

T (0.15, t) = 2.18

4
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and the values of the parameters are Dmin = 1, Dmax = 2521, k = 3.6. The
initial conditions (5) represent the Neumann boundary condition in the plasma
interior, the experimental temperature before the sawtooth crash, respectively
the Dirichlet condition at the position of the q = 1 surface.

Proposition 1 For any time P > 0 the problem (1), (2), (5) has an unique
solution T ∈ H1

(

0, P ;L2[0, 0.15]
)

∩ L∞

(

0, P ;H1
0 ([0, 0.15])

)

.

For the proof, which is very technical, the method presented in [12], pp
334-339, was adapted.

In order to solve numerically the equation (1) by taking into account the
relations (2), (3) and (4) we used a grid method, namely the Crank-Nicolson
implicit algorithm. For the discretization of the hysteresis operator a equidistant
temporal grid 0 = t0 < t1 < ... < tn < ...was considered and the following
expression was obtained from (4):

(Hx) (tn+1) =







(Hx) (tn) , βk < x (tn+1) < k
Dmin , x (tn+1) ≤ βk

Dmax , x (tn+1) ≥ k
.

The temporal step was ht = 0.000001 and the spatial step was hr = 0.003.
The system has two other parameters: the strength S0 of the source term

and the hysteresis parameter β. By changing these two parameters one can
try to reproduce the experimental full cycle of the sawtooth crash in ASDEX
Upgrade.

It was observed that the model reproduces correctly the two time scales of
the sawtooth crash in ASDEX Upgrade tokamak (the slow rise time around 7
ms and the rapid crash time around 50 µs) for β = 0.5 and S0 = 240.

A systematic study of the dependence of the sawtooth’s full cycle upon the
parameters values was accomplished. It was observed that it is possible to
regulate the width and the height of sawtooth peaks by changing the values of
the parameters and . For example larger values S0 shorten the sawtooth period,
but larger values of β prolong it.

3 A fractional diffusion equation and applica-

tion in plasma physics

The transport of a scalar field in one dimension is, according to the standard
diffusive paradigm,

∂T

∂t
=

∂

∂x

(

D ·

∂T

∂x

)

−

∂ (V · T )

∂x
+ S. (6)

In this equation D = D
(

x, t, T, ∂T
∂x

)

is the diffusion coefficient, V = V (x, t) is

the velocity pinch and S = S (x, t) is the source term. The term ∂
∂x

(

D ·

∂T
∂x

)

is

the diffusive transport and the term ∂(V ·T )

∂x
is the convective transport.

5
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This equation may be used for the description of the heat transport in toka-
maks. The goal of the transport modelling is to find V and D based on theory,
numerics or experimental evidence. The “V-D” paradigm is a local description
that assumes a well-defined transport scale and that widely separated regions
do not interact. There are evidences that indicate that this assumption might
be too restrictive: non-diffusive scaling, the non-Gaussian statistics, fast prop-
agation phenomena, and non-local transport. An important current problem
in fusion research is to develop models capable to describe these non-diffusive
transport phenomena and many fractional diffusion equations are good candi-
dates. For example It was shown [25] that the equation

∂T

∂t
=

∂

∂x

(

A
∂T

∂x
+ B ·

R
a Dα

x T + C ·

R
x Dα

b T

)

+ S (x, t)

is a model of the heat transport which fit the experimental data obtained in the
Joint European Torus (JET) tokamak. In this equation A, B, C are specific
coefficients and R

a Dα
x T respectively R

x Dα
b T represents the left, respectively the

right spatial derivatives of T is the Riemmann sense. This equation has not
memory effect because the time derivative ∂T/∂t is a local operator.

In order to study the memory effect in the diffusion equation we will consider
the model

∂α
CT

∂Ctα
−

∂2T

∂x2
= 0.

For α ∈ (0, 1) this equation is known as the fractional diffusion homogenous
equation The Caputo time-derivative is defined by

∂α
CT

∂Ctα
(x, t) =

1

Γ (1 − α)

∫ t

0

(∂T/∂t) (x, τ)

(t − τ)
2−α

dτ.

It is appropriate for the study of linear differential equations because it is com-
patible with the Laplace transform.

The aim of our study is to point out some traveling-wave solutions for the
fractional diffusion equation.

The traveling-wave solution has the form T (x, t) = T (x + ct) = T (ζ) . In
terms of ζ, the homogenous fractional diffusion becomes

T ′′ (ζ) − c · (Dα
CT ) (ζ) = 0 (7)

Proposition 2 The general solution of the equation (7) is

Tα (ζ) = K1 + K2 · ζ ·

∞
∑

k=0

(

c · ζ2−α
)k

Γ (2 + (2 − α) · k)
(8)

where K1 and K2 are arbitrary constants and ζ ∈ R

Proof: For solving the linear differential equation (7) the Laplace transform
will be used. From the operational equation associated with (7), one obtains

(LT ) (p) = T (0) ·
1

p
+ T ′ (0) ·

1

pα (p1−α
− c)

.
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In order to find the original T (ζ) we use the formula L
(

tβ−1Eγ,β (λtγ)
)

(p) =
pγ−β

pγ
−λ

(see [22], p. 50) for γ = 2 − σ, β = 2 and λ = c. In this formula Eγ,β

represents the generalized Mittag-Lefler function, namely the analytic function

Eγ,β (z) =
∞
∑

k=0

zk

Γ(γ·k+β)
. The equality (8) is obvious because T (0) and T ′ (0) are

arbitrary numbers.

Proposition 3 The traveling wave solution of the classical diffusion equation
with the initial conditions T (0) = a, T ′ (0) = b is punctually approximated by
the traveling wave solution of the fractional diffusion equation with the same
initial conditions.

Proof For α → 1, α < 1 we have

lim
α→1

(

a + b · ζ ·

∞
∑

k=0

(c·ζ2−α)
k

Γ(2+(2−α)·k)

)

= a + b
c
·

∞
∑

k=0

(c·ζ)
k+1

Γ(2+k)
= a + b

c

(

ecζ
− 1

)

, i.e.

lim
α→1

Tα (ζ) = T1 (ζ) .

The previous equation is the simplest case of the fractional-time model of

the heat transport in tokamaks, namely
∂α

C
T

∂tα = ∂
∂x

(

D ·

∂T
∂x

)

−

∂(V ·T )

∂x
+ S.This

equation will be studied in future works for various velocity pinchs and sources.

4 Conclusions

Some basic information about the systems that involve memory effect was pre-
sented and two applications were proposed in order to reproduce some exper-
imental data obtained in experiments in tokamaks (toroidal devices where the
energy is obtained through the thermonuclear controlled fusion). Using these
mathematical models we point out that the memory effects are important parts
of a realistic description of phenomena of the real world.
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Abstract

In this paper we consider an exponential stability concept for linear
skew-evolution semiflows in Banach spaces and we deduce the versions of
some well-known theorems due to Datko, Krein-Daletckij and Rolewicz.

Keywords evolution equations, exponential stability.

1 Notions and preliminary results

Let X be a Banach space, Θ a locally compact metric space and B(X) the
Banach algebra of all linear bounded operators acting on X. Let ∆ be the set
defined by

∆={(t, s) ∈ R
2
+ : t ≥ s}.

Definition 1.1 A family of operators U = {U(t, s)}t≥s≥0 ⊂ B(X) is called
evolution family on X if it satisfies the following two properties:

E1) U(t, t) = I(the identity on X), for all t ≥ 0
E2) U(t, s)U(s, t0) = U(t, t0), for all t ≥ s ≥ t0 ≥ 0.
An evolution family is called strongly continuous if for every x ∈ X the

function
∆ ∋ (t, s) 7−→‖ U(t, s)x ‖∈ R+

is continuous.
If there exist the constants M ≥ 1 and ω > 0 such that

‖ U(t, s) ‖≤ Meω(t−s), for all t ≥ s ≥ 0

then the evolution family is said to be with exponential growth.

∗
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We consider the following non-autonomous Cauchy problem:

(CP )

{

u̇(t) = A(t)u(t), t ≥ s ≥ 0
u(s) = x

where A(t) : D(A(t)) ⊂ X −→ X is in general an unbounded linear operator on
the Banach space X, for every t ≥ s and x ∈ X.

Definition 1.2 We said that A(·) generate an evolution family on X if the
Cauchy problem (CP) is ”well-posed”, in the sense that there exists a strongly
continuous evolution family on X with exponential growth solving (CP ), i.e.,
the solution of (CP ) is given by u(t) = U(t, s)u(s), for t ≥ s(see, e.g. [6]).

Definition 1.3 A continuous mapping ϕ : ∆ × Θ −→ Θ is called evolution
semiflow on Θ if it satisfies the following properties:

s1) ϕ(t, t, θ) = θ, for all t ≥ 0
s2) ϕ(t, t0, θ) = ϕ (t, s, ϕ(s, t0, θ)) , for all t ≥ s ≥ t0 ≥ 0 and all θ ∈ Θ.
We will study the existence and uniqueness of the solution for the perturba-

tion Cauchy problem:

(A,B)

{

u̇(t) = [A(t) + B(ϕ(t, t0, θ))]u(t), t ≥ t0
u(t0) = x

where A(·) generate an evolution family on the Banach space X , ϕ is an evolu-
tion semiflow on the compact metric space Θ and B : Θ −→ B(X) is a strongly
continuous mapping, t0 ≥ 0 and x ∈ X.

As in [2] it can be proved the following result:
Lemma 1.4 If B : Θ −→ B(X) is strongly continuous and u : R+ −→ X

is a continuous function, then for each θ ∈ Θ and each t0 ≥ 0 the mapping
[t0,∞) ∋ t 7−→ B(ϕ(t, t0, θ))u(t) ∈ X is continuous, where ϕ is an evolution
semiflow on the compact metric space Θ.

According with previous Lemma we can consider the following integral equa-
tion:

u(t) = U(t, t0)x +

t
∫

t0

U(t, τ)B(ϕ(τ, t0, θ))u(τ) dτ, (1)

for all t ≥ t0 ≥ 0 and for all θ ∈ Θ.
Definition 1.5 A solution of equation (1) is called mild solution of the

Cauchy problem (A,B).
Theorem 1.6 If A(·) generate an evolution family on X and B : Θ −→

B(X) is strongly continuous then the Cauchy problem (A,B) has an unique mild
solution Φ(t, t0, θ)x given by

Φ(t, t0, θ)x = U(t, t0)x +

t
∫

t0

U(t, τ)B(ϕ(τ, t0, θ))Φ(τ, t0, θ)x dτ (2)

for all t ≥ t0.

2
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Moreover, the mapping C : ∆ × X × Θ −→ X × Θ given by

C(t, t0, x, θ) = (Φ(t, t0, θ)x, ϕ(t, t0, θ))

satisfies the following properties:
1) Φ(t, t0, θ) ∈ B(X), for all (t, t0) ∈ ∆ and θ ∈ Θ
2) Φ(t0, t0, θ) = I, for all (t0, θ) ∈ R+ × Θ
3) Φ(t, t0, θ) = Φ(t, s, ϕ(s, t0, θ))Φ(s, t0, θ), for all t ≥ s ≥ t0 ≥ 0 and θ ∈ Θ
4) The function

[t0,∞) ∋ t 7−→‖ Φ(t, t0, θ)x ‖∈ R+

is uniformly continuous on θ ∈ Θ, for all t0 ≥ 0 and x ∈ X.
Proof For t0 ≥ 0, θ ∈ Θ and x ∈ X we consider the sequence:

Φ0(t; t0, θ)x = U(t, t0)x

Φ1(t; t0, θ)x = U(t, t0)x +

t
∫

t0

U(t, τ)B (ϕ(τ, t0, θ)) Φ0(τ ; t0, θ)x dτ

...

Φn(t; t0, θ)x = U(t, t0)x +

t
∫

t0

U(t, τ)B (ϕ(τ, t0, θ)) Φn−1(τ ; t0, θ)x dτ

Using Lemma 1.4 it follows inductively that the function

[t0,∞) : t 7−→ Φn(t; t0, θ)x ∈ X

is continuous for all n ∈ N, and hence the sequence {Φn(t; t0, θ)x} is well defined.
For t ≥ t0 we have:

‖ Φ1(t; t0, θ)x − Φ0(t; t0, θ)x ‖ ≤

t
∫

t0

‖ U(t, τ)B (ϕ(τ, t0, θ)) U(τ, t0)x ‖ dτ

≤ M2 sup
θ∈Θ

‖ B(θ) ‖ (t − t0)e
ω(t−t0)

‖ x ‖

= M2L(t − t0)e
ω(t−t0)

‖ x ‖

and by induction we obtain:

‖ Φn(t; t0, θ)x − Φn−1(t; t0, θ)x ‖≤ Mn+1Ln (t − t0)
n

n!
eω(t−t0)

‖ x ‖

By the above inequality we deduce that

‖ Φn+p(t; t0, θ)x − Φn(t; t0, θ)x ‖≤ M

n+p
∑

k=n+1

(ML)k

k!
(t − t0)

keω(t−t0)
‖ x ‖

3
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Hence, the sequence {Φn(t; t0, θ)x} is uniform convergence on any compact in-
terval that contain t and t0.
Denoting by

Φ(t, t0, θ)x = lim
n→∞

Φn(t; t0, θ)x

we obtain that

Φ(t, t0, θ)x = U(t, t0)x +

t
∫

t0

U(t, τ)B (ϕ(τ, t0, θ)) Φ(τ, t0, θ)x dτ

Let Ψ(t, t0, θ)x be another solution of integral equation (2).
Then we obtain:

Φ(t, t0, θ)x − Ψ(t, t0, θ)x =

t
∫

t0

U(t, τ)B(ϕ(τ, t0, θ))[Φ(τ, t0, θ)x − Ψ(τ, t0, θ)x] dτ.

Hence

‖ Φ(t, t0, θ)x − Ψ(t, t0, θ)x ‖≤

t
∫

t0

Meω(t−τ)L ‖ Φ(τ, t0, θ)x − Ψ(τ, t0, θ)x ‖ dτ

(3)
where L = sup

θ∈Θ

‖ B(θ) ‖ .

We consider now f(t) = e−ωt
‖ Φ(t, t0, θ)x − Ψ(t, t0, θ)x ‖ . Then from (3) we

have that

f(t) ≤ ML

t
∫

t0

f(τ)dτ.

Using Gronwall’s Lemma we obtain that f(t) = 0 and hence Φ(t, t0, θ)x =
Ψ(t, t0, θ)x.
It is obvious that Φ(t0, t0, θ) = I and Φ(t, t0, θ) ∈ B(X) for all (t, t0) ∈ ∆ and
θ ∈ Θ.
To prove properties 3) we shall use the Gronwall’s Lemma and the following
relation:

Φ(t, t0, θ)x − Φ(t, s, ϕ(s, t0, θ)Φ(s, t0, θ)x =

=

t
∫

s

U(t, τ)B(ϕ(τ, t0, θ)) [Φ(τ, t0, θ)x − Φ(τ, s, ϕ(s, t0, θ))Φ(s, t0, θ)x] dτ

It remains to prove 4). Indeed, for t ≥ t0 and h > 0 we have

‖ Φ(t + h, t0, θ)x − Φ(t, t0, θ)x ‖≤‖ U(t + h, t0)x − U(t, t0)x ‖ +

4
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+

t
∫

t0

‖ U(t + h, τ) − U(t, τ) ‖ · ‖ B(ϕ(τ, t0, θ)) ‖ · ‖ Φ(τ, t0, θ)x ‖ dτ

+

t+h
∫

t

‖ U(t + h, τ)B(ϕ(τ, t0, θ))Φ(τ, t0, θ)x ‖ dτ

From Lebesque’s dominated convergence theorem we obtain that Φ(·, t0, θ)x is
continuous on the right uniformly on Θ. In the same way we can prove the
continuity on the left.

Definition 1.7 A mapping Φ : ∆ × Θ −→ B(X) is called evolution cocycle
over an evolution semiflow ϕ if:

(c1) Φ(t, t, θ) = I,( the identity on X), for all (t, θ) ∈ R+ × Θ
(c2) Φ(t, s, ϕ(s, t0, θ))Φ(s, t0, θ) = Φ(t, t0, θ), for all t ≥ s ≥ t0 ≥ 0, θ ∈ Θ.
Definition 1.8 The mapping C : ∆ × X × Θ → X × Θ defined by the

relation
C(t, s, x, θ) = (Φ(t, s, θ)x, ϕ(t, s, θ)), (4)

where Φ is an evolution cocycle over an evolution semiflow ϕ, is called linear
skew-evolution semiflow on X × Θ.

Definition 1.9 A linear skew-evolution semiflow C is said to be :
(i) uniformly exponentially stable if there exist the constants N ≥ 1 and

ν > 0 such that

‖Φ(t, t0, θ)x‖ ≤ Ne−ν(t−s)
‖Φ(s, t0, θ)x‖ , (5)

for all (t, s), (s, t0) ∈ ∆ and all (x, θ) ∈ X × Θ;
(ii) exponentially stable if there exist the constants N ≥ 1 and ν > 0 such

that for each x ∈ X there exists t0 = t0(x) ≥ 0 with

‖Φ(t, t0, θ)x‖ ≤ Ne−ν(t−s)
‖Φ(s, t0, θ)x‖ , (6)

for all t ≥ s ≥ t0 and all θ ∈ Θ.
Remark 1.10 If a linear skew-evolution semiflow on X × Θ is uniformly

exponentially stable then it is exponentially stable.
The following example shows that the converse is not valid.
Example 1.11 For X = R

2 with the euclidian norm and ϕ : ∆ × Θ −→ Θ
be an arbitrary evolution semiflow on a locally compact metric space Θ, the
mapping C : ∆×X×Θ −→ X×Θ, C(t, t0, x, θ) = (Φ(t, t0, θ)x, ϕ(t, t0, θ)), with

Φ(t, t0, θ)(x1, x2) = (ξ1, ξ2)

where

ξ1 = e−(t−t0) cos t (x1 cos t0 + x2 sin t0) + e t−t0 sin t (x1 sin t0 − x2 cos t0)

ξ2 = e−(t−t0) sin t (x1 cos t0 + x2 sin t0) − e t−t0 cos t (x1 sin t0 − x2 cos t0)

for all (t, t0, θ) ∈ ∆×Θ, is an exponentially stable linear skew-evolution semiflow
on X × Θ, which is not uniformly exponentially stable ( for proof see [4]).

5
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2 The main results

Proposition 2.1 A linear skew-evolution semiflow C = (Φ, ϕ) is exponentially
stable if and only if there are two constants N ≥ 1 and ν > 0 such that for each
x ∈ X there exists t0 = t0(x) ≥ 0 with

‖ Φ(t + h, t0, θ)x ‖≤ Ne−νh
‖ Φ(t, t0, θ)x ‖ (7)

for all h ≥ 0, t ≥ t0 and for all θ ∈ Θ.
Proof Necessity is obvious.

Sufficiency rezults from relation :

Φ(t, t0, θ)x = Φ(s + t − s, t0, θ)x

Proposition 2.2 Let C = (Φ, ϕ) be a linear skew-evolution semiflow on
X ×Θ with exponential growth such that for all x ∈ X, θ ∈ Θ and for all t ≥ 0
the function

R+ ∋ τ 7−→‖ Φ(t + τ, t, θ)x ‖∈ R+

is continuous. Then the following statements are equivalent :
(i) C is exponentially stable;
(ii)There exist T > 0 and c ∈ (0, 1) such that for each x ∈ X there exists

t0 = t0(x) ≥ 0 and for each θ ∈ Θ exists η = η(x, θ) ∈ (0, T ] with

‖ Φ(t + η, t0, θ)x ‖≤ c ‖ Φ(t, t0, θ)x ‖, for all t ≥ t0 (8)

(iii)There exist T > 0 and c ∈ (0, 1) such that for each x ∈ X there exists
t0 = t0(x) ≥ 0 and for each θ ∈ Θ and t ≥ t0 exists η = η(x, θ, t) ∈ (0, T ] with

‖ Φ(t + η, t0, θ)x ‖≤ c ‖ Φ(t, t0, θ)x ‖ (9)

Proof (i) =⇒ (ii). Let T > 0 such that Ne−νT < 1 and let c = Ne−νT .
For x ∈ X, t0 = t0(x) and θ ∈ Θ, we consider η = T . Then from Proposition
2.1 we obtain the conclusion.
(ii) =⇒ (iii) is obvious.
(iii)=⇒ (i). Let x ∈ X. From hypothesis, there exists t0 = t0(x) such that for
each t ≥ t0 and each θ ∈ Θ exists η1 ∈ (0, T ] with

‖ Φ(t + η1, t0, θ)x ‖≤ c ‖ Φ(t, t0, θ)x ‖ .

If we get t ≥ t0 and t1 = t + η1 then there exists η2 ∈ (0, T ] with

‖ Φ(t + η1 + η2, t0, θ)x ‖≤ c2
‖ Φ(t, t0, θ)x ‖ .

Inductively, we obtain that there exists a non-decreasing sequence sn = η1 +
η2 + · · · + ηn, with sn ≤ nT and

‖ Φ(t + sn, t0, θ)x ‖≤ cn
‖ Φ(t, t0, θ)x ‖ (10)

for all n ∈ N
∗.

6
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Case 1. If lim
n→∞

sn = ∞ then for h > 0 exists n ∈ N
∗ such that sn ≤ h <

sn+1 ≤ (n + 1)T .
The following relations holds:

‖ Φ(t + h, t0, θ)x ‖ =‖ Φ(t + h, t + sn, ϕ(t + sn, t0, θ))Φ(t + sn, t0, θ)x ‖

≤ Meω(h−sn)
‖ Φ(t + sn, t0, θ)x ‖

≤ MeωT cn
‖ Φ(t, t0, θ)x ‖

= MeωT eνT e−νh
‖ Φ(t, t0, θ)x ‖

where c = e−νT .
From Proposition 2.1 we deduce that C is exponentially stable.

Case 2. If lim
n→∞

sn = γ ∈ R then we obtain that

Φ(t + γ, t0, θ)x = 0.

Moreover
Φ(t + h, t0, θ)x = 0, (11)

for all h ≥ γ.
Let h ∈ [0, γ), there exists n ∈ N

∗ such that sn ≤ h < sn+1.
In a similar way as in Case 1 it result that there exist the contants N ≥ 1 and
ν > 0 such that

‖ Φ(t + h, t0, θ)x ‖≤ Ne−νh
‖ Φ(t, t0, θ)x ‖ (12)

for all t ≥ t0, h ≥ 0 and for all θ ∈ Θ. In conclusion, we obtain that C is
exponentially stable.

Theorem 2.3 Let C = (Φ, ϕ) be a linear skew-evolution semiflow on X ×Θ
with exponential growth such that for all x ∈ X, θ ∈ Θ and for all t ≥ 0 the
function

R+ ∋ τ 7−→‖ Φ(t + τ, t)x ‖∈ R+

is continuous. Then C is exponentially stable if and only if there exists a non-
decreasing function R : R+ −→ R+, with R(ab) ≤ R(a)R(b) and R(t) > 0, for
all t > 0 and exists a positive constant K > 0 such that for each x ∈ X exists
t0 ≥ 0 with

∞
∫

0

R (‖ Φ(t + τ, t0, θ)x ‖) dτ ≤ KR (‖ Φ(t, t0, θ)x ‖) (13)

for all t ≥ t0 and θ ∈ Θ.
Proof Necessity. It is a simple verification for R(t) = t, for all t ≥ 0.

Sufficiency. We suppose that C is not exponentially stable. Then from Propo-
sition 2.2 it follows that for every T > 0 and for every c ∈ (0, 1) there exists
x0 ∈ X such that for all t ≥ 0 exists θ0 ∈ Θ and τ ≥ t with

‖ Φ(τ + η, t, θ0)x0 ‖> c ‖ Φ(τ, t, θ0)x0 ‖ (14)

7
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for all η ∈ (0, T ]. Let K > 0 and let R a function like before. Then for c ∈ (0, 1)
and T > KR( 1

c
), it follows that there exists x0 ∈ X such that for all t ≥ 0 exists

θ0 ∈ Θ and τ ≥ t such that the relation (14) is true.
Hence, we obtain :

R

(

1

c

)

∞
∫

0

R ( ‖ Φ(τ + θ, t, θ0)x0 ‖ ) dθ ≥

∞
∫

0

R

(

1

c
‖ Φ(τ + θ, t, θ0)x0 ‖

)

dθ

≥

T
∫

0

R

(

1

c
‖ Φ(τ + θ, t, θ0)x0 ‖

)

dθ

≥ TR(‖ Φ(τ, t, θ0)x0 ‖ )

which implies that

∞
∫

0

R ( ‖ Φ(τ + θ, t, θ0)x0 ‖ ) dθ > KR(‖ Φ(τ, t, θ0)x0 ‖

which contradicts the hypothesis.
Remark The previous theorem still remain valid if we get a non-decreasing

function R : R+ −→ R+, with R(ab) ≥ R(a)R(b) and R(t) > 0, for all t > 0.
Corollary Let C = (Φ, ϕ) be a linear skew-evolution semiflow on X × Θ

with exponential growth such that for all x ∈ X, θ ∈ Θ and for all t ≥ 0 the
function

R+ ∋ τ 7−→‖ Φ(t + τ, t, θ)x ‖∈ R+

is continuous.Then C is exponentially stable if and only if there exist two positive
constants K > 0 and p > 0 such that for each x ∈ X exists t0 ≥ 0 with





∞
∫

0

(‖ Φ(t + τ, t0, θ)x ‖)
p

dτ





1/p

≤ K ‖ Φ(t, t0, θ)x ‖ (15)

for all t ≥ t0 and θ ∈ Θ.
Theorem Let C = (Φ, ϕ) be a linear skew-evolution semiflow on X × Θ

with exponential growth such that for all x ∈ X, θ ∈ Θ and for all t ≥ 0 the
function

R+ ∋ τ 7−→‖ Φ(t + τ, t, θ)x ‖∈ R+

is continuous. Then C is exponentially stable if and only if there exist two
positive constants K,α > 0 such that for each x ∈ X exists t0 ≥ 0 with

sup
t>s

1

t − s

t
∫

s

eα(τ−s)
‖ Φ(τ, t0, θ)x ‖ dτ ≤ K ‖ Φ(s, t0, θ)x ‖ (16)

for all s ≥ t0 and θ ∈ Θ.

8
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Proof Necessity. For α = ν
2

we obtain:

1

t − s

t
∫

s

eα(τ−s)
‖ Φ(τ, t0, θ)x ‖ dτ ≤

1

t − s

t
∫

s

e−
ν

2
(τ−s) dτ ‖ Φ(s, t0, θ)x ‖

=
1

t − s

t−s
∫

0

e−
ν

2
u du ‖ Φ(s, t0, θ)x ‖

=
2

ν

1 − e−
ν

2
(t−s)

t − s
‖ Φ(s, t0, θ)x ‖

≤ K ‖ Φ(s, t0, θ)x ‖ .

Sufficiency. We suppose that C is not exponentially stable. We consider the
constants K,α > 0 and c ∈ (0, 1).

Since lim
T→∞

eαT
−1

αT
= ∞, we obtain that there exists δ > 0 such that eαT

−1

αT
> K

c
,

for every T > δ.
By Proposition 2.2 for T > δ it follows that there exists x0 ∈ X such that for
any t0 ≥ 0 exists θ ∈ Θ and s ≥ t0 with

‖ Φ(s + η, t0, θ)x0 ‖> c ‖ Φ(s, t0, θ)x0 ‖

for all η ∈ (0, T ].
It follows that

1

T

s+T
∫

s

eα(τ−s)
‖ Φ(τ, t0, θ)x0 ‖ dτ ≥

c

T

T
∫

0

eατ dτ ‖ Φ(s, t0, θ)x0 ‖

> K ‖ Φ(s, t0, θ)x0 ‖

which contradicts the relation (16). Hence, C is exponentially stable.
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Abstract

Herman Rings represent a class of fractals with hierarchical structure
in meromorphic dynamical systems. In this paper, we classify the complex
function, h(z)

∏

i{exp(gi(z))[(ai − z)/(1 − āiz)]}, which is constructed
based on Relativity and interaction energy. We list some interested fea-
tures of this function set, such as limited number of partial Herman Ring
domains, skip-symmetry, and symmetry broken.

Keywords: Herman Ring, dimension, fractal, skip-symmetry, symme-
try broken

1 Introduction

Herman Rings represent a class of fractals with hierarchical structure in mero-
morphic dynamical systems. Due to the richness of mathematical elaboration
and computing sophistication, we have observed limited efforts on simple ratio-
nal functions [1-4].

In our previous efforts, we explored complex function: h(z)
∏

4
{exp(gi(z))[ai−

z)/(1 − āiz)]} and revealed some interested characteristics of this function [5].
We also extended our observations to the applications in antenna areas [6, 7]
and studied the mathematical foundation [8]. In this paper, we further classify
this set of function in details, and provide some interesting observations on the
function set.
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2 Function Construction and Class Formation

We define the function set, f = zq
∏

i Ci , which may have the form, f =
zqC1C2C3 , where z is a complex variable, q is an integer, and Ci has following
form :

Ci = exp(gi(z))[(ai − z)/(1 − āiz)] (1)

Here āi is the complex conjugate of complex number ai. We propose this
form based on the following form known in the theory of special relativity by
A. Einstein:

u′

x = (ux − v)/(1 − vux/c2) (2)

The zq term represents the interaction of Ci. The term exp(gi(z)) in equation
(1) represents the phase, where gi(z) is a complex function. A given domain can
be a domain of complex numbers, z = x+yi, with (x2+y2)1/2

≤ R. Here, R is a
real number. We also use a simpler domain, (x2+y2)1/2 = R, to observe directly
a mapping or a transformation from the original domains defined aforemetioned
to a set of x + yi after function iteration. There are two sets of domains will
be discussed in this paper. Firstly, the remained domain, which is a converging
subset of an original domain after function iteration, and secondly, the mapped
domain of an original domain after function iteration. The function f will go
through iteration as:

fn(z) = f ◦ fn−1 (3)

Here, n is a positive integer indicating the order of function iteration. We
selected q = −1 in the zq term representing potential energy. The selection of
q value indicates different physical implications, which will be discussed in the
future. In this paper, we will focus on the following functions:

• Z−1C - first order

• Z−1C1C2 - second order

• Z−1C1C2C3 - third order

• Z−1C1C2C3C4 - fourth order with extension to higher orders

3 Computation and Transformation

In order to obtain the remained domains and mapped domains, we have to
determine the criteria of convergence, divergence, and oscillation of function
values after a given number of iterations. We adopted function values of sev-
eral designated iterations, such as 10, 100, and 1000 times of iteration for this
purpose. We define the parametric space or normalized space including the
following parameters.

2
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• z

• a - the normalized energy item

• exp(gi(z)) - the normalized phase item

• Iteration

The selection of these parameters can transform the fractal domains into
chaotic domains and vice versa.

4 Classification

4.1 Hierarchical Herman Rings of Original Domains

Figure 1: Z−1C domains

We will classify the function set based on the remained domains created
by Z−1C, Z−1C1C2, Z−1C1C2C3, Z−1C1C2C3C4 and some higher order func-
tions. Figure 1 shows the Z−1C domains. Figure 1 (a) and (b) show a domain
z = x + yi , with (x2 + y2)1/2

≤ R1. This remained domain forms a a set of
2-level structure of partial Herman-Ring fractal domains based on three differ-
ent parameter: {a}, R1 and iteration numbers. We have not observed other
remained domains of different R1 values, where (x2 + y2)1/2

≤ R1. The scale of
these 2-level domains is in the range of R1 ∼ 101.

Figure 2 shows the Z−1C1C2 domains. Figure 2 (a), (b) and (c) show a
domain z = x + yi, with (x2 + y2)1/2

≤ R2. The remained domain forms a
set of 3-level structure of partial Herman-Ring fractal domains based on three
different sets of parameter : {a}, R2, and iteration number. Figure 2(a) shows
several disconnected domains at scale of R2 ∼ 10−2. Figure 2(b) shows several
disconnected domains at scale of R2 ∼ 101. The domains in Figure 2(a) locate
around z = 0 point at Figure 2(b). Figure 2(c) shows several disconnected
domains at scale of R2 ∼ 103. Figure 2(b) is actually part of leftmost domain
on the Figure 2(c).
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Figure 2: Z−1C1C2 domains

Figure 3: Z−1C1C2C3 domains

4
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Figure 3 shows the Z−1C1C2C3 domains. Figure 3 (a), (b), (c) and (d) show
a domain z = x + yi, with (x2 + y2)1/2

≤ R3. The remained domain forms a
set of 4-level structure of partial Herman-Ring fractal domains based on three
different sets of parameter R3, {a} and iteration number. Figure 3(a) shows a
partial Herman-Ring domain at scale of R3 ∼ 10−5. Figure 3(b) shows domain
a partial Herman-Ring domain at scale of R3 = 1, the unit circle. The domain
in Figure 3(a) can be seen locating around z = 0 point at Figure 3(b). Figure
3(c) shows a partial Herman-Ring domain at scale of R3 ∼ 102. Figure 3(b)
can be seen locating around z = 0 point at Figure 3(c). Figure 3(d) shows
a partial Herman-Ring domain at scale of R3 ∼ 104. Figure 3(c) is locating
around z = 0 point at Figure 3(d). We have explored whether or not that
there exists structures beyond the found limit scales, namely, R3 ∼ 10−5 and
R3 ∼ 104 similarly to the Z−1C and Z−1C1C2 cases. For the lower bound
beyond R3 ∼ 10−5, the result is straightforward since there is no hole existing
for accommodating another level of Herman Rings in smaller scale. For the
upper bound, we have elaborated up to 10100 range and could not find other
levels. Based on symmetry of hierarchical structures, we conclude that there are
only four levels existing. This effort was also applied to the domains of higher
order functions.

Figure 4: Z−1C1C2C3C4 domains

Figure 4 shows the Z−1C1C2C3C4 domains. Figure 4 (a), (b), (c), (d) and
(e) show a domain z = x + yi, with (x2 + y2)1/2

≤ R4. The remained domain
forms a set of 5-level structure of partial Herman-Ring fractal domains based
on three different sets of parameter R4, {a} and iteration number. Figure 4(a)
shows a partial Herman-Ring domain at scale of R4 ∼ 10−6. Figure 4(b) shows
domain a partial Herman-Ring domain at scale of R4 ∼ 10−2. Figure 4(c) shows

5
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a partial Herman-Ring domain at scale of R4 = 1 the unit circle. The domain
in Figure 4(b) can be seen locating around z = 0 point at Figure 4(c). Figure
4(d) shows a partial Herman-Ring domain at scale of R4 ∼ 102. Figure 4(c)
can be seen locating around z = 0 point at Figure 4(d). Figure 4(e) shows
a partial Herman-Ring domain at scale of R4 ∼ 106. Figure 4(d) is locating
around z = 0 point at Figure 4(e). The partial Herman-Ring domain at scale
of R4 ∼ 10−6 is topologically similar to that at R4 ∼ 102 and the domain at
scale of R4 ∼ 10−2 is topologically similar to that at R4 ∼ 106. We call this
phenomenon as skip-level symmetry.

When we explore higher order than f = Z−1C1C2C3C4, we found that the
number of levels keeps the same as those of Z−1C1C2C3C4, namely, only 5 levels
are found at 11th order or 20th order for example. The skip-level symmetry is
also observed in the higher-ordered domains. Figure 5 shows the unit-circle
fractals at different orders.

Figure 5: Unit circle domains at different functional order

The influence of the normalized phase item, exp(gi(z)), can be shown in
Figure 6. Figure 6(a) shows fractals with three branches of fractals propagating
from z = 0 to the boundary of unit circle. When the phase factor included in
the transformation, we observed symmetry broken as the rotation angles change
from 0 degree to 60 degrees and 75 degrees. One of three branches grows and
dominates. When the rotation angle reaches at 90 degrees, the fractal becomes
chaotic [9].

Table 1 shows that the levels and corresponding scales of the domains sub-
jected to different functional orders.

6
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Figure 6: Z−1C1C2C3C4 Unit-circlr domains under different rotation angles

Z−1
∏

Ci i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8
Levels 2 3 4 5 5 5 5 5
Scale 1 101 10−2 10−5 10−6 10−7 10−9 10−10 10−11

Scale 2 101 101 1 10−2 10−2 10−3 10−4 10−5

Scale 3 103 102 10−2 1 1 1 1
Scale 4 104 102 103 103 103 104

Scale 5 106 107 109 109 1011

Table 1: Functional Orders and Domain Scale of leveled structure

7
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Figure 7: Mapped domains at different orders

4.2 Herman Rings of Mapped Domains

The mapped domains become very simple, such as a point or a portion of
algebraic curves depending on they converge, diverge, or oscillate. To simplify
the analysis, we adopt a set of points on a circle on complex plane as original
domain and observe the transformed domains. Figure 7 shows some mapped
domains at different orders.

We have observed that the closed curves as shown in the Figure 7 iterated to
chaotic or limit point sets when the parameters are modified. For example, the
small increments of parameter a will result the mapped curves rotating around
an axis as in Figure 7(b). For the first and second order mapped domains, we
have not observed curves similar to 7(d) or 7(f) in the parametric space we
explored. Figures 7(d) and 7(f) may be seen as quasi-periodic orbits in the
n-body problems [4].

5 Remark

In this paper, we explore both remained domains and mapped domains with the
defined parametric space of function f = h(z)

∏

i exp(gi(z))[(ai − z)/(1 − āiz)].
There are some important and interesting observations from our studies:

• There are at most five levels of partial Herman Ring domains at different
z scales.

• For the orders, which are equal and higher than four orders, there exist
five and only five level domains. In addition, skip-symmetry is observed
for these high order domains.
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• The unit circle domains preserve circular boundary, while other domains
at other scales show partial fractal curves in conjunction with smooth
algebraic curves.

• The normalized phase parameter can induce symmetry broken.

These observations are very interesting and may potentially be implacable
for explanations of other mathematical fields as well as physical fields.
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Abstract

For a dynamical system we suppose to construct an approximation
to its invariant measure using the technique of symbolic image. Given a
mapping f and a fixed covering of the phase space the symbolic image G
is defined as an oriented graph, being the vertices correspond to the cells
of the covering and edges mark the existence of nonempty intersections of
the covering cells with their images. We construct an invariant measure
(a stationary process) on the set of edges of G. It was shown in [13] that
applying the subdivision process we can construct a sequence of invariant
measures that converges to an invariant measure of the dynamical system
f. We consider two computational techniques.

First way is based on the prime cycles enumeration, being the invariant
measure on the graph is defined as a convex linear combination of prime
cycles measures.

The second way of the construction of an invariant measure allows
assigning value to all edges. We apply a linear programming technique
based on a method of the sequential balance of the vertices measures.

The results of numerical experiments are given.

Keywords: dynamical system; symbolic image; entropy; stationary
process; linear programming.

1 Introduction

This paper is dedicated to an elaboration of numerical methods of the con-
struction of an invariant measure of a dynamical system. We use the notion
of symbolic image that was introduced by G.S. Osipenko [8] and became one
of main tools for the investigation of dynamical system by symbolic analysis
methods. The advantage of such a method is that many problems (localization
of periodic orbits and invariant sets, estimation of Lyapunov exponents, esti-
mation of topological entropy) may be solved using well known algorithms for
directed graphs.
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The algorithm of the construction of invariant measure using prime cycles
was designed in [1]. In a prime cycle with l edges the value 1/l is assigned to
every edge. A coefficient (weight) is designated to every prime cycle, being the
sum of weights equals to one. The measure of the edge belonging to more than
one cycle is defined as the sum of the measures which the edge has in every cycle.
If an edge does not belong to any cycle, its measure is zero. The measure of a
vertex is the sum of measures of outcoming (or incoming) edges. This method,
while clear, has an evident disadvantage: the number of prime cycles may be
very significant and the algorithm becomes time-consuming. An optimization
may lead to cycles missing. Hence, the measure is not assigned to all edges of
the graph.

The second method is aimed at the construction of an invariant measure,
such that to assign a value to every edge. To solve the problem we apply a
linear programming technique. It allows us to construct a stationary process
on the graph (with a given accuracy), using a method of the sequential balance
of the vertices measures. L.M. Bregman proved the convergence of the method
in [2]. The entropy computed with regard to the measure is an estimation of
the stationary process entropy. Numerical experiments show that this value less
than the entropy of corresponding topological Markov chain.

The paper is organized as follows: in the next section the definitions of
symbolic image and stationary process on a graph are given. Section 3 describes
the algorithms of the construction of invariant measure. Finally, in sections 4
and 5 we give the data of numerical experiments and summarize our results.

2 Main definitions

Let φ be a discrete dynamical system generated by a homeomorphism f on a
compact M ∈ Rn. Symbolic image of a dynamical system f [8] is an oriented
graph G, constructed in accordance with a covering {Mi}, i = 1, . . . , k of M
by closed sets, being vertices correspond to the covering cells and the existence
of the edge (i, j) means that f(Mi) ∩ Mj 6= ∅. The symbolic image is a finite
approximation of the system f .

It depends on the covering and may be specified by the following parameters:
d — diameter of the covering (the largest of diameters of Mi); q — upper bound
of the symbolic image (the largest of diameters of f(Mi)); r — lower bound of
the symbolic image, which is the minimum of the distances between f(Mi) and
Mj , if f(Mi) ∩ Mj = ∅. Being a relationship between the parameters and an
value ε is given, there is a correspondence between the ε-orbits of the system
and paths on G [11]. The process of sequential subdivision of the set M results
in obtaining sequence of symbolic images.

Let for a Markov chain on G = (V,E) a vector p and a matrix P be defined,
i.e a measure µ is assigned to vertices and edges, such that pI = µ(I), I ∈ V
and

∑

I

PIJ = 1.
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Definition 1 [7] The Markov chain is said to be stationary if the equality holds:

pP = p (1)

The stationarity means that for any vertex the sum of measures of incoming
edges equals the sum of measures of outcoming ones.

It should be noted that a stationary process on G = (V,E) may be defined
as a stationary process on the set A = E of edges of G, being its support is in
the set of the admissible paths on G. Hence a stationary Markov chain on a
graph G is a stationary process on G, and the stationarity means the invariance
of µ with regard to the shift map σ.

3 Construction of an invariant measure µ

3.1 Prime cycles approach

Let p = (e1, e2, . . . , ek) be a prime cycle on symbolic images. One may construct
the following invariant measure on p

µp(e) =
1

k
, e ∈ p. (2)

The measure of the edge belonging to more than one cycle is defined as the sum
of the measures which the edge has in every cycle. If an edge does not belong to
any cycle, its measure is zero. The measure of a vertex is the sum of measures
of outcoming (or incoming) edges.

We propose approximating algorithm with complexity of O(m×n) where m
— the number of nodes and n — the number of edges.

Let G = (V,E) be an oriented graph. We refer to e = (i → j) as the edge
from i to j.

Definition 2 Node c is said to be ancestor of a node p if and only if p is the
parent of c or if the parent node of c is predecessor of p.

The algorithm uses BFS [4] graph traversal algorithm for each strongly con-
nected component of a symbolic image. We construct search tree having edge
p → c only if BFS search has found node c in the list of the nodes accessible
from p. It is only necessary to store a reference to the parent node for every
node.

A node of the tree is represented by a tuple of (node, pointer to the parent
node in the BFS search tree). We denote the operation of taking reference to a
tuple as ref , being null is empty pointer. We create a queue q of such pairs.

3.1.1 Algorithm of the enumeration of prime cycles

1. Select a node i.

2. Add a new pair (i, null) to the queue q.
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3. While q is not empty pop a pair (n, p) from it.

4. Skip this pair if n was visited by the algorithm. Return to the step 3.

5. For every edge n → m do

(a) If m was visited and m is ancestor of n then a cycle is found. Form
a list of the nodes of the cycle checking parent references.

(b) If m is not ancestor of n add the pair (m, ref(n, p)) to q.

Return to the step 3.

We use a bit flag for every node to check weather it was visited by the algorithm.
Every node is visited no more than once.

Note, that this algorithm may skip some prime cycles. To workaround this
issue we repeat this algorithm for every node in the graph that has not yet been
found as a part a prime cycle. We limit search depth to increase performance.

3.1.2 Construction of the invariant measure using prime cycles

Definition 3 [5] An iterator is an object that allows a programmer to traverse
through all elements of a collection, regardless of its specific implementation.

We use an iterator of prime cycles to put aside the method of finding prime
cycles. The algorithm processes cycles as the iterator finds them. i.e. the
measure is assigned to the next found cycle.

• At the beginning we set a measure for all edges to be 0. The algorithm
sets the weights of the edges using a function g : N0 → R.

• Take a cycle l from the iterator. Do the following:

– compute z = g(|l|)

|l|
;

– for all edges e from the cycle l set µ(e) := µ(e) + z.

• Norm the measure µ. Compute w :=
∑

e∈E

µ(e). For each edge e set µ(e) :=

µ(e)

w
.

For g we tried several functions:

1. g(l) = 1. It is the case of equal weights.

2. g(l) = l. We assign greater weight to greater cycle.

3. g(l) = l2. As in previous case.
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3.2 Linear programming approach

Assign probabilities to all edges of the graph G arbitrary. Denote by P =
{pij}, i, j = 1, . . . ,m, the matrix formed by these values. Our goal is to trans-
form P in such a way to obtain a stationary process on G.

This problem may be formulated as a part of the following linear program-
ming task.

Maximize the function
∑

i,j

xij ln
pij

xij

on conditions

m
∑

j=1

xij = ai,
m
∑

i=1

xij = bj , xij ≥ 0;

m
∑

i=1

ai =
m
∑

j=1

bj ; ai, bj > 0; pij ≥ 0,
∑

i,j

xij = 1.
(3)

Our problem may be considered as a particular case when ai = bi, i =
1, . . . , n.

A method of approximative solution of (3) based on the successive balance
of rows and columns of P was proposed by G.V.Sheleihovsky, its convergence
was proved by L.M.Bregman [2].

The formula of transformation for xij has the form

xl+1

ij = xl
ij

√

in(i)

out(i)
,

for ith row and

xl+1

ki = xl
ki

√

out(i)

in(i)

for ith column, being in(i) and out(i) are sums of elements in column i and row
i respectively. It should be noted that diagonal elements are not changed. The
convergence of the algorithm was proved in [13].

Algorithm Let i ∈ V and

beg(i) = {e ∈ E, e = (i, j), j ∈ V },

end(i) = {e ∈ E, e = (j, i), j ∈ V }.

• Assign measures to all edges of G. As the normalization step may be
fulfilled at the end of operating period, we assume µ(e) = 1, ∀e ∈ E .

• For each vertex i calculate its balans

q(i) = |

∑

e∈beg(i)

µ(e) −
∑

e∈end(i)

µ(e)|.

Construct the queue Q of the vertices of G, being a vertex i with the
maximum q(i) has the maximum priority. So, we assign the greatest
priority to the most unbalanced vertex.
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• In the cycle: select the next vertex i from Q.

– If q(i) < ε, then complete the processing of i and go out from the
cycle. (In view of the structure of Q such an inequality holds for all
remaining elements.)

– Else calculate

∗ out(i) =
∑

e∈beg(i)

µ(e)

∗ in(i) =
∑

e∈end(i)

µ(e)

∗ ∀e ∈ end(i) set µ(e) := µ(e)
√

out(i)

in(i)
.

∗ ∀e ∈ beg(i) set µ(e) := µ(e)
√

in(i)

out(i)
.

∗ If some of values out(i), in(i),
√

out(i)

in(i)
is too large, we fulfill the

normalization.

• Fulfill the normalization. The algorithm is completed.

To provide the efficiency of the second algorithm we have to save both forth
and back directions of the edges, which results in the representation of the
graph with using two hash-tables. Priority queue has been implemented using
Fibonacci trees [4].

Example 1 Construct an invariant measure of a symbolic image for Henon
map [6].

(

x
y

)

→

(

1 − ax2 + by
x

)

, (4)

for a = 1.4, b = 0.3. We consider area D = [−10, 10] × [−10, 10] and use linear
and point methods [15] to construct a symbolic image. The initial partition
consists from 9 cells. On each step every cell is subdivided in 4 cells (on 2 for
each of two axis). We performed 10 steps of construction of symbolic image. The
last step was performed with point method [15]. Cell size is about 0.0065×0.0065.
We received about 5 000 nodes in symbolic image. The chain recurrent set is
shown on pic. 1.

Example 2 We computed an invariant measure for Ikeda map [9].

τ(x, y) = C1 −
C3

1+x2+y2
(

x
y

)

→

(

d − C2(x cos τ(x, y) − y sin τ(x, y))
C2(x sin τ(x, y) + y cos τ(x, y))

)

,
(5)

where d = 2, C1 = 0.4, C2 = 0.9, C3 = 6.
We consider area D = [−10, 10]× [−10, 10] and use linear and point methods

[15] to construct a symbolic image. The initial partition consists from 9 cells.
On each step every cell is subdivided in 4 cells (on 2 for each of two axis).
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Figure 1: Henon chain-recurrent set

Method 1. g(x) = 1 Method 1. g(x) = x

Method 1. g(x) = x2 Method 2

Figure 2: Henon map. Invariant measure density.

We performed 10 steps of construction of symbolic image. The last step was
performed with point method [15]. Cell size was about 0.0065 × 0.0065. We
received about 104 799 nodes in symbolic image. The chain recurrent set is
shown on pic. 3.

We visualize a density of the invariant measure with segments drawn on axis
Z on pic. 4.
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Figure 3: Ikeda map chain-recurrent set

Method 1. g(x) = 1 Method 1. g(x) = x

Method 1. g(x) = x2 Method 2

Figure 4: Ikeda map. The density of the invariant measure.

4 Conlusion

In this paper two approaches to the construction of an invariant measure of a
symbolic image are described. Constructing a sequence of symbolic images and
a sequence of unvariant measures we obtain an approximation to an invariant
measure of an initial dynamical system.

8
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Abstract

Most mathematicians believe that the primary target in differential
equations is to study the transformation of the median universe and noth-
ing except transformation is constant.[1] Has this target practically re-
sulted? Is classical differential equations (raised by Newton and Leibniz)
fully efficient to recognize and review the natural systems?

“Differential” means comparative transformation, comparative trans-
formation means motion, and motion means evolution. Evolution means
creation of information to get more adaptable. Classical differential in not
defined in discrete, whereas the creation of information occurs in discrete.
Whatever is placed in nature’s essence is uncertainty. Uncertainty is an
attribute of information[2,3], not matter and energy.

For reviewing the natural systems in this paper, evolutionary differ-
ential based on Poincaré section has been replaced instead of classical
differential and we have stated some practical examples with their results.

Keywords: System, holism, self-organization, information, interaction,
evolution, differential, iterated maps, fractal dimension, uncertainty, Poincaré
section, A.S. method, A.S. diagram.

1 Introduction

In this paper, after expressing the theoretical and philosophical foundations
of the system theory, we will explain the differences of natural systems and
man-made systems. After that, we will expand dynamics of systems based on
system theory, evolution, and recursive equations. Then, we will define Poincaré
section technique and its differences with Poincaré map. Finally, we will review
the dynamic of a famous system based on the evolutionary differential and a
new method.
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2 Theoretical and philosophical foundations of

systems

Developments of science in the last decades have caused lots of doubts about me-
chanical paradigm. The new viewpoints and theories, such as “Holomovement”
theory raised by David Bohm and Karl Pribram, “Non-equilibrium thermody-
namics” raised by Ilya Prigogine,“Cybernetics” raised by Norbert Wiener and
“Chaos” theory, perceived the Newtonian viewpoint which is based on reduc-
tionism is not able to analyze the nature. Also the famous paper that was
published by Einstein, Podolsky and Rosen in 1935 [4], shook the pillars of
quantum mechanics.

Reductionism viewpoint claims for the cognition of any systems (natural or
unnatural), you can reduce them to their components. You can recognize the
properties of a system with the sum of the properties of its components. From
the aspect of reductionism, “system” is defined as: a set of some components
that they work together to achieve a goal (or goals).[5] Now, I clear the deficiency
of that viewpoint, with an example. Suppose if sodium(Na) which is a violently
reactive soft metal and chlorine(Cl), which is a poisonous gas, will be combined
together, the result will be the kitchen salt(NaCl). This material isn’t poisonous
and it is quite eatable. It means NaCl has some new properties, that you cannot
find them only in Na or Cl themselves. How can reductionism viewpoint explain
the new properties of NaCl? They have been created! Now, assume that the
human body is a system. We can say, it consists from some subsystems, such as
head, body, bones, muscles, stomach, blood, nerves, cells, etc. Is reductionism
viewpoint able to explain a book summarization procedure based on the sum
of the components properties? If it claims that it can do that, and if one of
the components will be disappeared or missed, some errors will be created in
the summarization process. Whereas we have seen disable people without legs,
that they can summarize a book. Because the goal of a system (in our case:
summarizing) exists in the entire of the system (similar to a field).

The logic that Newtonian viewpoint has sat on it, is very simple. It was
explained by Descartes that: to understand any complex phenomenon, you
need to take it apart, i.e. reduce it to its individual components. If these are
still complex, you need to take further steps for your analysis, and look at their
components.[6,7] In fact, the foundation of Newtonian ontology is matter, and
you cannot see other things, such as mind, life, evolution and organization.

It is true that we can use “superposition principle” to review some of the
properties of unnatural systems. For example, the weight of a satellite is ap-
proximately the sum of its components wight. But the reductionism viewpoint
is not able to characterize its goal(s) yet. Therefore, we need to choose a new
viewpoint. I name it “system theory based on Holism”. Based on that, the “sys-
tem” is defined as: a whole that is created by interacting of its components. It
means the whole is much more than its components. Therefore, the information
is a new dimension that it manifests in matter and energy. In other words, in-
formation has a non physical essence that it exists in the whole of configuration
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of the systems. Thus, you cannot determine clear places for it.
At the last explanation in this section, we can say the natural systems are

self-organized. It means, they have functional structures which appear and
maintain spontaneously. Therefore, they are robust and flexible, and will adapt
their organization to any changes in the environmental changes and learn new
tricks to cope with unforeseen problems.[8,9]

3 Dynamical systems based on recursive differ-

ential and evolution

The inputs of a natural system are fuzzy. An important question is that: how
are its outputs stabilized? We can answer to that question based on global in-
teractions of natural system components and self-organizing. A natural system
according to self-organizing can distinguish stable and instable situations and
choose the stable situation for adapting itself against environmental changes.
Nevertheless, in stable situations, the system is dynamic (far from the equilib-
rium). Therefore, one of the principal principles of the system theory is “se-
lective retention” [10]. Thus, the instable poles of a system in transformation
function are very important to choose stabilized goal(s). I name this process
“Evolution”, and it is the answer of the above-mentioned question.

Now, it’s time to define evolutionary differential. According to our previous
discussions, the nature is moving and changing every time, and “differential”
means comparative transformation. On the other hand, “evolution” is an essen-
tial for the nature. Therefore, our definition should contain evolution concept.

Classical differential is defined as follow:
Suppose that f(t) (’t’ indicates time) is a function with respect to t. The
differential of f(t) is defined:

df(t)

dt
:= lim

△t→0

f(t + △t) − f(t)

△t
(1)

Eq.(1) tells us: first,
Theorem [14] : if f(t) will not be continues in the point t = t0, then f(t)

is not derivative in that point.
Second, the transformation of a function relative to a very small temporal

interval (i.e. ∆t → 0). Third, its geometric conception in one point is the
tangent in that point, and forth, you can replace a curve by a lot of segments
(going to limit)[11]. In other words, if a curve will be one-dimensional, you can
cover it with some of one-dimensional lines.

But, I have some critiques about that definition. First, suppose, we intend
to study the annual comparative change of the animal’s population in an ecosys-
tem. It means: △t = 1 year. Can Eq.(1) review this natural system? It says
△t should move toward zero. Second, why should f(t) be continues? Whereas
creation of information and sudden changes occur in discrete points (bifurcation
points), and third, fractal dimension tells us, we cannot always cover a line(for
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example) with a lot of very short lines. For instance, take straight line and
remove its middle third. Remove the middle third of each of the two smaller
segments remaining after that, and so on ad infinitum. In the limit, you get a
fractal called a Cantor set [13].

We can compute that measure by noting that the Mth stage of construction.
The length of the line segments remaining is given by:

length = 1 − 1(
1

3
) − 2(

1

3
)2 − 22(

1

3
)3 − ... − 2M−1(

1

3
)M (2)

In the limit, the amount left is:

length = 1 −

1

3

∞
∑

i=0

(
2

3
)i (3)

Eq.(3) is a geometric series whose value is 3. Therefore, we see that the mea-
sure (length) of the Cantor set is 0 . Let us now calculate the “box-counting”
dimension of this set. The box-counting dimension Db of a geometric object
is determined by the following: Construct “boxes” of side length R to cover
the space occupied by the geometric object under construction. For a one-
dimensional set, the boxes are actually line segments of length R. We then
count the minimum number of boxes, N(R), needed to contain all the points
of the geometric objects. As we let the size of each box to get smaller, we will
need a larger number of the smaller boxes to cover all the points of the object.
The box-counting dimension Db is defined to be the number that satisfies:

N(R) = lim
R→0

kR−Db (4)

where k is a proportionality constant. In practice, we find Db by taking the
logarithm of both sides Eq.(4) (before taking the limit) to find:

Db = lim
R→0

[−
log N(R)

log R
+

log k

log R
] (5)

As R becomes very small, the last term in Eq.(5) goes to 0, and we may define:

Db = − lim
R→0

log N(R)

log R
(6)

For the Cantor set construction, at the Mth stage of construction, we need a
minimum of 2M boxes with R = (1

3
)M . If we use those values in Eq.(6), we

find(if “R → 0” then “M → ∞”):

Db = − lim
M→∞

log 2M

log(1

3
)M

=
log 2

log 3
= 0.63... (7)

It is a surprising result. Based on “going to limit” idea, we can always
cover a one-dimensional line, with lots of one-dimensional lines segment. But in
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Cantor set, we cannot cover the lines with lots of one-dimensional lines segment,
because its dimension is nearly 0.63, not 1. It has a fractal dimension. In
fact, non integer dimensions indicate the interaction of components of a system
(similar to the effects of the sea waves on the beach).

Now, “Evolutionary Differential” (de) could be defined as follow:
Suppose f(t) (’t’ indicates time) is a function with respect to t, then:

def(t)

det
:=

f(t + △t) − f(t)

△t
(8)

where △t is a real number and unequal 0.
As you see, we deleted the limitation of △t → 0. With that changing, classical
differential is changed into a recursive equation (we will expand this just a later).
It has a memory and the system can evolve in uncertainty environment.

4 Reviewing a natural system based on evolu-

tionary differential

In this section, we review the Logistic differential equation. It is a mathematical
model of biological population growth. The Logistic differential equation is as
follow:

ẋ(t) = λx(t)[1 − x(t)] (9)

where λ is a positive constant.
If we solve Eq.(9) with an initial condition x(t = 0) = x0, its response could be
as follow:

x(t) =
x0e

λt

x0eλt
− x0 + 1

=
x0

x0 − e−λt(x0 − 1)
(10)

For instance, we intend to study the annual growth of an animal species pop-
ulation in an ecosystem. Therefore, we need to know when or how does the
population growth go to annihilation?, when or how does it increase?, when or
how is it periodical?, what are the bifurcation points?, when or how does it go
into the chaotic behavior?, and etc. Can Eq.(10) answer those questions?
Now, we replace the evolutionary differential(Eq.(8)), instead of ẋ(t) in Eq.(9).
Therefore:

x(t + △t) − x(t)

△t
= λx(t)[1−x(t)] ⇒ x(t+△t)−x(t) = △t.λx(t)[1−x(t)] (11)

As we explained, the choosing △t value depends on our selection based on our
case. We are not able to do that based on the classical differential. Now, we
choose △t=1 and replace it in Eq.(11). The result could be as follow:

x(t + 1) − x(t) = λx(t)[1 − x(t)] ⇒ x(t + 1) = x(t)[1 + λ − λx(t)] (12)

If we define: y(t) = λx(t)

1+λ
, ξ = 1 + λ , and replace them in Eq.(12), after some

algebraic manipulation we obtain:

y(t + 1) = ξy(t)[1 − y(t)] (13)
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The actual calculation runs as follow: start with some value of y0, compute y1,
then y2, and so on. It means:

y(1) = ξy(0)[1 − y(0)], y(2) = ξy(1)[1 − y(1)], ... (14)

We call this a sequence of iterations. Therefore, we rewrite Eq.(14) by follow-
ing to indicate that each term is created by the previous term. Thus, we use
subscript n:

yn+1 = ξyn(1 − yn) ≡ ℓξ(y) (15)

Eq.(15) is called: “Logistic map”, and ξ is called: control parameter, because it
can control the system. The function ℓξ(y) is sometimes called an iterated map
function, since it maps one value of y, say y0, in the range 0 ≤ y ≤ 1 (basin of
attraction) into another value of y, which we call y1, in the some range if ξ is
in the range 1 ≤ ξ ≤ 4. A y value, call it ỹ, which gives

ỹξ = ℓξ(ỹξ) (16)

is called a fixed point of the iterated map. (The subscript ξ indicates ỹ depends
on the value of ξ.) Based on Eq.(16), the logistic map has two fixed points:

ỹξ = 0 (17)

ỹξ = 1 −

1

ξ
(18)

If ξ < 1 ,then ỹξ = 0 is the only fixed point in the range of y that is of interested
for our biological model. Therefore, we can say: the population dies out (y → 0)
as n increases. See fig.1 .
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Figure 1: A graphic representation of the Logistic map , ξ = 0.6 , y0 = 0.8 .
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Now, we choose a value for ξ that is greater than 1 (for example: ξ=1.5) and
we assume that the trajectory evolves from y = 0.1 . Now heads for the fixed
point ỹξ = 1 −

1

ξ
= 1

3
. In fact, if a trajectory evolves in the range 0 < y ≤ 1, it

will be attracted to y = 1

3
(an attracting or a stable fixed point). When ξ > 1,

the system tells us: given any initial number y0 lying between 0 and 1, the
population fraction eventually approaches the attracting fixed point ỹξ = 1− 1

ξ
.

In fact, for ξ > 1 , ỹξ = 0 has become a repelling fixed point (unstable), since,
trajectories that start near y = 0, move away from that value. See fig.2.
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Figure 2: A graphic representation of the Logistic map , ξ = 1.5 , y0 = 0.1 .
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Figure 3: A graphic representation of the Logistic map , ξ = 3.1 , y0 = 0.1 .

Now, If ξ is just greater than 3, we will see that the trajectory doesn’t
settle to an attractor value. It means, it oscillates between y = 0.558... and
y = 0.764... . In biological aspect, the population fraction is high in one year,
low the next, then high again, then low again, and so on. Since the population
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returns to the same value every 2 years, we call this, period-2 behavior. This
changing into period-2 behavior is called: period-doubling bifurcation. See fig.3.

As we explained, “bifurcation” describes any sudden changes in the system
behavior. If we increase ξ in this manner, another period-doubling bifurcation
occurs. In fact, the attractor consists of four points. Further increase in ξ, lead
to period-8, period-16, and so on.

For ξ just greater than 3.5699... , the trajectory values never seems to repeat.
The behavior is chaotic. See fig.4 .
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Figure 4: A graphic representation of the Logistic map , ξ = 3.8 , y0 = 0.1 .

We can summarize all the information about the system behavior, and all
of figures(1 to 4) in one diagram. It is called the bifurcation diagram. See
fig.5 . One of the most important properties of bifurcation diagram is to show
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Figure 5: Bifurcation diagram for the Logistic map function .
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the communication of chaos and fractal geometry based on the stretching and
folding in the chaotic mood.

As you see, we could answer all of the questions about Eq.(9) .

5 Poincaré section and Poincaré map

A Poincaré section (named after French mathematician Henri Poincaré) is merely
a geometric picture of trajectory’s activity at a cross section of the attractor.
The cross section is a slice or section though the attractor, transverse (not par-
allel) to the “flow” or bundle of trajectories. In fact, the Poincaré section is a
surface (line or plane) through phase space, transverse to the trajectories.[12]

The main purpose of the Poincaré section is recognizing of the dynamic sys-
tem in different viewpoints. In crossing of the Poincaré section with a trajectory,
there exists some dots. Every dots has a characterized address. They indicate
“event” and the system behavior. Based on the dots, we can recognize the real
behavior of a system. In other words, the Poincaré section is a transformation
from determinism environment into the uncertainty environment that it doesn’t
disconnect the interaction of the system components.

Poincaré map is a rule, function, graph or model that tells where the tra-
jectory will next cross the Poincaré section, given the location of the previous
crossing at the selected Poincaré section. In fact, It is an iterated map. Formally,
let {α1, α2, α3, ...} be the set of intersections of a trajectory with the surface of
Poincaré section. The Poincaré map is a relation P such that P(αn) = αn+1.

As we explained, if a Poincaré plane intersects the trajectory, some points
will exist. Sometimes we are able to find a recursive equation (Poincaré map).
If we find a recursive equation, all of the information about the system will be
known. But usually, we aren’t able to find the Poincaré map. In this case, we
should recognize the system behavior based on geometry of the points. You may
ask: how are we able to recognize the system behavior based on some points?
In reply to the mentioned question, we introduce a method in the next section.

6 A.S. method

The “Ali Sanayei’s (A.S.)” method contains two stages:
Stage 1: Changing classical differential into the evolutionary differential

(Eq.(8)). Then by using the previous processes (e.g. Eqs.(11-14)), we will own
one (or some) iterated map(s).

Stage 2: Plot (one of) the iterated map in order versus the number of
iterations. I name it “A.S. diagram”.

In section 6, we reviewed four cases about the Logistic map. Now, we review
again those cases based on the A.S. method. You can compare the results with
the previous results. In Eqs.(11-15), we obtained the Logistic map function
(Eq.(15)). Therefore, stage one has been done. For stage two, we consider four
subsections:

9
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1) Let ξ = 0.6 < 1, y0 = 0.8 . You can see the A.S diagram for this case in
fig.6 .
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Figure 6: A.S. diagram for 10000 iterations, ξ = 0.6, y0 = 0.8 .
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Figure 7: A.S. diagram for 10000 iterations, ξ = 1.5, y0 = 0.1 .

As you see, we have only one fixed point and its value is 0 . Therefore, the
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trajectory goes toward 0. It means the population dies out as n increases.
2) Let ξ = 1.5, y0 = 0.1 . See the A.S. diagram in fig.7 . As you see in

fig.7, the fixed point has been changed into 1 −

1

ξ
= 1

3
. Therefore, it attracts

the trajectory toward itself.
3) Let ξ = 3.1, y0 = 0.1 . See the A.S. diagram in fig.8 . As you see the

trajectory oscillates between y = 0.558... and y = 0.764... . Therefore, the
system behavior is periodic.

4) Let ξ = 3.8, y0 = 0.1 . See the A.S. diagram in fig.9 . It shows that we
have gone to the chaotic mood. Fig.9 indicates a chaotic mood, not a random-
ness behavior. You can test it by divergence of nearby the trajectory using the
Lyapunov exponent approach.

As another example, consider the following model:
{

ẋ(t) = −x2(t) − x(t) + 0.4y(t) + µ
ẏ(t) = x(t) − y(t) (19)

where µ is a constant.
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Figure 8: A.S. diagram for 10000 iterations, ξ = 3.1, y0 = 0.1 .

Stage 1: We change Eqs.(19) into two iterated maps based on the evolu-
tionary differential (Eq.(8) and △t = 1). After some algebraic manipulation we
find out that:
{

xn+1 = −x2
n + 0.4yn + µ

yn+1 = xn (20)

where µ is a control parameter.
Eqs.(20) is the Hénon map.
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Figure 9: A.S. diagram for 10000 iterations, ξ = 3.8, y0 = 0.1 .

Stage 2: For instance, we plot the A.S. diagram for µ = 0.98 . The result
is fig.10 . As you see, we have three period-doubling bifurcation points.

7 Conclusion

Based on the sections 1-6, we can conclude that “Evolutionary Differential”
(Eq.(8)), is able to review the real dynamics of a system in uncertainty environ-
ment. Also, if we combine that with Poincaré section, we can obtain an iterated
map that it has a memory and control parameter (or some control parameters).
Therefore, we are able to recognize that the system dynamics with various di-
mensions. If we obtain the iterative maps, we can have all the information
about the system behavior, otherwise, we are able to recognize and analyze the
system behavior based on geometry of the points that appear on the Poincaré
section. By A.S. method, we are able to recognize the system behaviors based
on geometry of the points. It is very useful in the case that we are not able to
find the Poincaré map. Also its simplicity is one of its advantages in compar-
ison with the plotting xn+1 versus xn . In fact, this method is based on the
evolutionary differential and geometry of the points. Therefore, we can name it
“Evolutionary differential based on Poincaré section”.
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Figure 10: A.S. diagram for 10000 iterations, µ = 0.98, x0 = y0 = 0.1 .
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Abstract

In computer simulation of dynamical systems the division of phase
space into cells is widely applied. Such a cell is reasonable to interpret
as an interval vector in the space of appropriate dimension and to use
interval arithmetic. In the present work the algorithm of localization of
invariant sets of dynamical systems using a library of interval calculation
is described. A number of examples and comparisons with the techniques
implemented by conventional(real) arithmetic is given.

Keywords: computer simulation, dynamical systems, numerical meth-
ods, symbolic image, interval arithmetic.

1 Introduction

One of well-known investigative techniques of dynamical systems is the con-
struction of its symbolic image [1] — an approximation of the initial system.
According to a selected covering of the phase space and a dynamical system
an oriented graph is consructed, being the nodes correspond to the coverage
cells and edges mean the existence of nonempty intersections of cells and their
images. Symbolic image depends on the covering. Subsequent subdivision of
the covering cells allows for more accurate approximation of the system phase
portrait. Such a construction makes it possible to apply algorithms on graphs
to obtain many essential characteristics of a dynamical system, viz. invariant
sets and their isolating neighborhoods, Morse spectrum or entropy. In this work
, linear and point techniques are dealt with [6]. According to the point tech-
nique,for each cell uniformly spread points are selected, and the union of cells
containing images of points is assumed to be the cell image. According to the lin-
ear technique, the least n-dimensional axially-oriented parallelepiped containing
the images of cell nodes serves as the image. It seems to be natural to consider
a cell in the phase space as an interval vector in the space of the appropriate
dimension, and use interval arithmetic to realize a cell image construction algo-
rithm. In contrast to the conventional arithmetic, such an approach allows for
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partial elimination the problem of round-off errors, since we always deal with a
number’s neighborhood, not with a number itself. When interval arithmetic is
applied to, the so-called problem of upward bias may arise. As shown in [7], if
an interval function satisfies the Lipschitz condition, the computational result
in approximate interval arithmetic tends to the computational result in exact
interval arithmetic, being machine accuracy tends to infinity. The algorithm
of localization of invariant sets of dynamical systems using libraries of inter-
val computations has been designed and implemented.The results of numerical
experiments are given. Comparison characteristics of the algorithm and the
algorithms described in [6] are given as well.

2 Interval arithmetic

Definition 1 By interval we mean the set expressed as:

x = [x, x] = {x̃ ∈ R | x ≤ x̃ ≤ x} .

Symbol IR denotes the space of all intervals over R.

Definition 2 Define the radius of interval x as follows:

rad(x) =
(x − x)

2
.

Definition 3 Let x1, . . . , xm ∈ IR. Then we set

x̆ = (x1, . . . , xm) = [x 1, x1] × . . . × [x m, xm]

as interval vector and IRm denotes the space of all interval vectors.

Definition 4 The radius of interval vector is defined as follows:

rad(x̆) = (rad(x1), . . . , rad(xm))

x1, . . . , xm ∈ IR.

Let a ⊂ R — be an nonempty limited set. Then

� a = [ inf(a) , sup(a) ]

is the hull of a. Put it in other way, ”�” is the operation of construction of
minimal interval containing the set a.

Definition 5 The operation ”�” can be introduced for the set from Rm.
Let a ⊂ Rm — be a nonempty limited set. Then

� a = [ inf(a1) , sup(a1) ] × . . . × [ inf(am) , sup(am) ] ,

where ai — is the projection of a on i axis, i = 1, . . . ,m.

2
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A set of function (Φ) (called elementary) which are real functions continuous
on each closed interval of their range of definition is introduced. As a rule,
initially, Φ = { sqr, sqrt, ln, exp, sin, cos } and it can be extended in action.
The set of intervals are extended by adding the symbol ω (indeterminedness):

R∗ = R ∪ {ω} IR∗ = IR ∪ {ω} .

The number ω is assumed to be more than any real number. Any function
ϕ ∈ Φ is extended on interval argument as follows:

ϕ̆ = � {ϕ(x̃)|x̃ ∈ x} , x ∈ IR

3 Symbolic image of a dynamical system

Let be a compact in Rq. Consider a discrete dynamical system, generated by
a homeomorphism f : M → M C = {M1, . . . ,Mn} — a covering of M with
closed sets. The sets {M1, . . . ,Mn}are called cells. The oriented graph G is
constructed in accordance with M and f as follows: vertex i corresponds to
the cell Mi and there is the edge i → j if f(Mi) ∩ Mj 6= ∅. Such a graph
is called the symbolic image of f relating to C [1]. Let us define subcovering
Ci = {Mj | Mj ∩ f(Mi) 6= ∅} and set Ri =

⋃

j ∈ ci

Mj .

4 Algorithm of localization of invariant sets of

dynamical systems

The main task of the symbolic image construction is the construction of a cell
image. This procedure is implemented using the library of interval functions.
Symbolic image gives more and more accurate approximation of the system’s
behavior at subsequent subdivision. That is why the algorithm implies the con-
struction of a sequence of symbolic images. Note that we do not construct a
graph according to the algorithm suggested, but work with a set containing cells
that participate in the forming of the symbolic image.

Let f : M̆ → M̆ be a homeomorphism on compact M̆ ⊆ IRq.Let C0 =
{

M̆1, . . . , M̆n

}

be a covering of the compact M̆ with cells M̆i ⊆ IRq; i =

1, . . . , n. Compute the set R̆i for each cell M̆i and construct the set-representation
of G corresponding to the symbolic image G of f relating to C0, to be more
exact, GC0

=
⋃

i∈[1,n]
R̆i. This set contains all the cells that correspond to the

vertices of G. The next step is to apply subdivision to the elements of GC0
and

obtain a graph G1 and its set-representation GC1
. At k-step we consider the

subdivision
Ck =

{

M̆j1, . . . , M̆jm|M̆ji ⊂ Gk−1

}

and construct the corresponding set-representation GCk
.

3
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4.1 Cell representation

Taking into account geometrical interpretation of interval vectors, it is reason-
able to consider the cells of a phase space as interval vectors of an appropriate
dimension. The image of an interval vector is an interval vector as well, thus
we always deal with n-dimensional parallelepipeds in phase space of dimension
n. There is a metric on the space of interval vectors, but in our problem it
is more suitable to use the Hausdorf distance between sets. In the algorithm
implementation the cells have the same size and integer system of coordinates,
where a unit of distance represents cell size. This allows us to present a cell
by the coordinate of its left upper corner and thereby to decrease the memory
capacity required for data storage.

4.2 Time complexity

Main operations are the calculation of sets Ri, adding them to the set GCk
and

the computation of the value of function on the interval vector. The adding op-
eration requires O(m) steps, where m is the cardinality of GCk

. Calculation of

Ri may be reduced to the calculation of the function f(M̆i) and to the location
of intersection of the image obtained with C0. As the integer system of coordi-
nates is used, the intersection operation is reduced to the comparison of integer
numbers. Thus, the calculation of Ri takes O(m1 + m2), where O(m1) is the
function calculation time, O(m2) is intersection location time. These operations
are performed for each of n coverage cells. As a result, the algorithm operation
time is estimated as O((m1 + m2)n) = O(n).

5 Implementation

The algorithm of localization of invariant sets of dynamical systems is imple-
mented in C++ language with using a development tool kit cygwin [10]. Owing
to implementation of ”mixed computation” support [2], performance of the
tool implemented has essentially increased. Vizualizing results are implemented
with the aid of GNUPLOT technology [8]. Implementation of interval arith-
metic from BOOST library [12] was applied. The tool has been developed
for Windows-based platform, it being transportable into Unix-like systems at
the source code level. Mixed computations had been implemented by Antlr
technology [11] and a development tool kit MinGW [9].

5.1 User Interface

Interaction between the user and the application is implemented by means of
command line. The user enters a command specifying a configuration file and
receives both the text file with the computation results and GIF-file containing
graphical representation of the computational result. The command format is :
-I configuration-file-ot output.txt.-oi output.gif. The configuration file contains
the system description in the following format:

4
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Dimension = d ∈ N
Decomposition {n1, . . . , nd|ni ∈ N}

Bounds {[l1, u1], . . . , [ld, ud]|li, Ui ∈ R}

Cells Covering = ”file-path”
System variables x1 = v1, . . . , xd = vd, vi ∈ N
Approximations a ∈ N
User definitions
d1(x1, . . . , xd) = expression
...
dk(x1, . . . , xd) = expression
System
f1(x1, . . . , xd) = expression
...
fd(x1, . . . , xd) = expression

Dimension parameter describes the system dimension. Decomposition pa-
rameter defines the subdivision of current covering. Bounds parameter specifies
the area in the phase space. User definitions parameter specifies user functions
to be used in describing the system with a view to simplification of arithmetical
functions. Cells covering parameter specifies file name containing the results
of computation of covering cells in subsequent subdivision. If file name is not
specified, C0 is used as the covering. System variable specifies axis designation.
Approximations parameter specifies the number of approximation. System pa-
rameter s pecifies a dynamical system. Symbol # points at the beginning of
one-line comment. Symbol { points at the beginning of multi-line comment.
Symbol } points at the end of multi-line comment.

5.2 Mixed computations

The term “mixed computations” has been introduced to specify the optimization
technique for computer programs. Its principle consists in the following. Let
Pg be the program that inputs any data from the data set I and outputs data
from the data set O. Let Pl be the program that inputs any data from the data
set Il, Il ⊂ I and outputs data from the data set Ol, Ol ⊂ O. When doing
this, the programs output similar results on similar input data. The Pl program
structure being essentially simpler than the structure of Pg, the data processing
rate with Pl program is higher than the same characteristic for Pg program.
Assuming that data from Il are always the input for Pg program, we can use Pl

for their processing [2].
When creating REFAL-compiler routine (“super-compiler”), V.F. Turchin

and S.A. Romanenko used a similar optimization technique for computer pro-
grams: Super-compiler receives the program source code and returns a new one,
performing its task more quickly [3].

The present algorithm being implemented, a library containing the means
for creating object approximation of the source system in the form of some
class instance created dynamically and storing fundamental system properties

5
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(dimension and phase space boundaries, etc.) and allowing for effective ma-
nipulations, e.g. efficient operation with the system function. Using such an
approach, the dynamical system (DS) description is derived from the configura-
tion file and is the input to the special analyzer [4]. The analyzer criticizes the
description and builds a pars tree. Further, correlation between functions and
variables included into the system description, and their definitions is made.
Semantic pars tree is constructed and in accordance with it a special generator
[4] generates a file containing the code of a class that is an abstract model of the
source system. After that compiling and feeding the class into the addressing
space of the tool run is performed.

6 Examples

6.1 Henon map

x1 = 1 − 1.4x2 + y, x2 = 0.3y

M̆ = [−1.5, 1.5] × [−5, 5]

Figure 1: Attractor of Henon map

Technique Time
Linear 24 047 ms
Point 40 656 ms
Interval 18 000 ms

6
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Figure 2: Invariant set for Ikeda map

6.2 Ikeda map

x1 = 2−0.9(xcosτ(x, y)−ysinτ(x, y)), x2 = 0.9(xsinτ(x, y)+ycosτ(x, y)), τ(x, y) =
0.4 −

6

1+x2+y2

M̆ = [−10, 10] × [−10, 10]

Technique Time
Linear 172 484 ms
Point 112 359 ms
Interval 34 000 ms

6.3 Delayed map

x = y, y = ay(1 − x),,a=2.27

M̆ = [0, 1] × [0, 1]

Technique Time
Linear 17 297 ms
Point 28 406 ms
Interval 15 000 ms
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Abstract

In the introduction of this paper is presented the definition of the
spline functions as solutions of a variational problem and are shown some
theorems regarding to the existence and uniqueness. The main result of
this article consist in a necessary and sufficient condition for characteri-
zation of spline functions based on the properties of the spaces, operator
and interpolatory set involved.

Keywords: spline functions, best approximation, characterization of
the solution.

1 Introduction

Definition 1 Let X1 be a real linear space, (X2, ‖.‖2) a normed real linear
space, T : X1 → X2 an operator and U ⊆ X1 a non-empty set. The problem of
finding the elements s ∈ U which satisfy

‖T (s)‖2 = inf
u∈U

‖T (u)‖2, (1)

is called the general spline interpolation problem, corresponding to the set U .
A solution of this problem, provided that exists, is named general spline

interpolation element, corresponding to the set U .
The set U is called interpolatory set.

In the sequel we assume that X1 is a real linear space, (X2, (. , .)2, ‖.‖2) is a
real Hilbert space, T : X1 → X2 is a linear operator and U ⊆ X1 is a non-empty
set.

Theorem 1 (Existence Theorem) If U is a convex set and T (U) is a closed
set, then the general spline interpolation problem (1) (corresponding to U) has
at least a solution.

1
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The proof is shown in the papers [2, 4].
For every element s ∈ U we define the set

U(s) := U − s. (2)

Lemma 1 For every element s ∈ U the set U(s) is non-empty (0X1
∈ U(s)).

The result follows directly from the relation (2).

Theorem 2 (Uniqueness Theorem) If U is a convex set, T (U) is a closed set
and exists an element s ∈ U solution of the general spline interpolation problem
(1) (corresponding to U), such that U(s) is linear subspace of X1, then the
following statements are true

i) For any elements s1, s2 ∈ U solutions of the general spline interpolation
problem (1) (corresponding to U) we have

s1 − s2 ∈ Ker(T ) ∩ U(s); (3)

ii) The element s ∈ U is the unique solution of the general spline interpolation
problem (1) (corresponding to U) if and only if

Ker(T ) ∩ U(s) = {0X1
}. (4)

For a proof see the papers [2, 3].
Further we define the set

V := T (U) (5)

and for every element s ∈ U we consider the set

V (s) := T (U(s)). (6)

Lemma 2 For every element s ∈ U the following statements are true

i) V (s) is non-empty set (0X2
∈ V (s));

ii) V = T(s) + V(s);

iii) If U(s) is linear subspace of X1, then V (s) is linear subspace of X2.

A proof is presented in the paper [2].
In the sequel for every element s ∈ U we define the set

W (s) := {w ∈ T (X1) | (w, ṽ)2 = 0, (∀) ṽ ∈ V (s)}. (7)

Lemma 3 For every element s ∈ U the set W (s) has the following properties

i) W (s) is non-empty set (0X2
∈ W (s));

ii) W (s) is linear subspace of X2.

A proof is shown in the paper [2].

2
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2 Main result

Theorem 3 An element s ∈ U , such that U(s) is linear subspace of X1, is
solution of the general spline interpolation problem (1) (corresponding to U) if
and only if the following equality is true

{T (s)} = V ∩ W (s). (8)

Proof. Let s ∈ U be an element, such that U(s) is linear subspace of X1.
1) Suppose that s is solution of the general spline interpolation problem (1)
(corresponding to U) and show that the equality (8) is true.

Since s ∈ U it is obvious that

T (s) ∈ V. (9)

Let λ ∈ [0, 1] be an arbitrary number and v1, v2 ∈ V be arbitrary elements.
From Lemma 2 ii) results that there are the elements ṽ1, ṽ2 ∈ V (s) so that
v1 = T (s) + ṽ1, v2 = T (s) + ṽ2. Consequently, we have

(1 − λ)v1 + λv2 = (1 − λ)(T (s) + ṽ1) + λ(T (s) + ṽ2) =

= T (s) + ((1 − λ)ṽ1 + λṽ2).

Because U(s) is linear subspace of X1, applying Lemma 2 iii), results that V (s)
is linear subspace of X2, hence (1 − λ)ṽ1 + λṽ2 ∈ V (s). Therefore, we have
(1 − λ)v1 + λv2 ∈ T (s) + V (s) and using Lemma 2 ii) we obtain

(1 − λ)v1 + λv2 ∈ V,

i.e. V is a convex set.
Since s ∈ U is solution of the general spline interpolation problem (1) (cor-

responding to U) it follows that

‖T (s)‖2 = inf
u∈U

‖T (u)‖2

and seeing the equality {T (u) | u ∈ U} = {t | t ∈ V } it obtains

‖T (s)‖2 = inf
v∈V

‖v‖2. (10)

Let ṽ ∈ V (s) be an arbitrary element.
Applying Lemma 2 ii) it follows that there is an element v ∈ V so that

ṽ = v − T (s). (11)

We consider a certain α ∈ (0, 1) and define the element

v′ = (1 − α)T (s) + αv. (12)

Because α ∈ (0, 1), T (s), v ∈ V and taking into account that V is a convex set,
from the relation (12) results

v′

∈ V. (13)

3

A. Branga / Ovidius University Annals Series: Civil Engineering 11, 2009                                    233 
 _________________________________________________________________________________



Therefore, from the relations (10), (13) we deduce

‖T (s)‖2 ≤ ‖v′

‖2

and considering the equality (12) we find

‖T (s)‖2 ≤ ‖(1 − α)T (s) + αv‖2,

which is equivalent to

‖T (s)‖2
2 ≤ ‖(1 − α)T (s) + αv‖2

2. (14)

Using the relation (11) and the properties of the inner product it obtains

‖(1 − α)T (s) + αv‖2
2 = (15)

= ‖T (s) + α(v − T (s))‖2
2 = ‖T (s) + αṽ‖2

2 =

= ‖T (s)‖2
2 + 2α(T (s), ṽ)2 + α2

‖ṽ‖2
2.

Substituting the equality (15) in the relation (14) it follows that

‖T (s)‖2
2 ≤ ‖T (s)‖2

2 + 2α(T (s), ṽ)2 + α2
‖ṽ‖2

2,

i.e.
2α(T (s), ṽ)2 + α2

‖ṽ‖2
2 ≥ 0

and dividing by 2α ∈ (0, 2) we obtain

(T (s), ṽ)2 +
α

2
‖ṽ‖2

2 ≥ 0. (16)

Because α ∈ (0, 1) was chosen arbitrarily it follows that the inequality (16)
holds (∀) α ∈ (0, 1) and passing to the limit for α → 0 it obtains

(T (s), ṽ)2 ≥ 0.

As the element ṽ ∈ V (s) was chosen arbitrarily we deduce that the previous
relation is true (∀) ṽ ∈ V (s), i.e.

(T (s), ṽ)2 ≥ 0, (∀) ṽ ∈ V (s). (17)

Let show that in the relation (17) we have only equality. Suppose that
(∃) ṽ0 ∈ V (s) such that

(T (s), ṽ0)2 > 0. (18)

Using the properties of the inner product, from the relation (18) we find

(T (s),−ṽ0)2 < 0. (19)

Because ṽ0 ∈ V (s) it results that −ṽ0 ∈ −V (s). But, U(s) being linear subspace
of X1, applying Lemma 2 iii) we deduce that V (s) is linear subspace of X2, hence
−V (s) = V (s). Consequently, −ṽ0 ∈ V (s), i.e.

(∃) ṽ1 ∈ V (s) such that − ṽ0 = ṽ1. (20)

4
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From the relations (19) and (20) it follows that there is an element ṽ1 ∈ V (s)
so that (T (s), ṽ1)2 < 0, which is in contradiction with the relation (17).

Therefore, the relation (17) is equivalent to

(T (s), ṽ)2 = 0, (∀) ṽ ∈ V (s), (21)

i.e.
T (s) ∈ W (s). (22)

Consequently, from the relations (9) and (22) it follows that

T (s) ∈ V ∩ W (s). (23)

Let show that T (s) is the unique element from V ∩ W (s). Suppose that
(∃) y ∈ V ∩ W (s), with y 6= T (s). Using the properties of the inner product it
obtains

‖y − T (s)‖2
2 = (y − T (s), y − T (s))2 = (y, y − T (s))2 − (T (s), y − T (s))2. (24)

Because y ∈ V we deduce that y − T (s) ∈ V − T (s) and applying Lemma 2 ii)
we find y − T (s) ∈ V (s). Taking into account that y ∈ W (s), T (s) ∈ W (s) it
results

(y, y − T (s))2 = 0 (25)

respectively
(T (s), y − T (s))2 = 0. (26)

Substituting the equalities (25), (26) in the relation (24) we obtain

‖y − T (s)‖2
2 = 0,

i.e. y = T (s), which is in contradiction with the assumption made before.
Therefore, T (s) is the unique element from V ∩ W (s), hence

{T (s)} = V ∩ W (s).

2) Suppose that the equality (8) is true and show that s is solution of the general
spline interpolation problem (1) (corresponding to U).

Let v ∈ V be an arbitrary element.
Applying Lemma 2 ii) we deduce that there is an element ṽ ∈ V (s) such

that v = T (s) + ṽ. Taking into account that T (s) ∈ W (s) we find

(T (s), ṽ)2 = 0. (27)

Using the properties of the inner product, considering the relation (27) and
taking into account the properties of the norm, it follows that

‖v‖2
2 = ‖T (s) + ṽ‖2

2 =

= ‖T (s)‖2
2 + 2(T (s), ṽ)2 + ‖ṽ‖2

2 =
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= ‖T (s)‖2
2 + ‖ṽ‖2

2 ≥ ‖T (s)‖2
2,

with equality if and only if ‖ṽ‖2
2 = 0, which is equivalent to ṽ = 0X2

, i.e.
v = T (s).

The previous relation implies

‖T (s)‖2 ≤ ‖v‖2,

with equality if and only if v = T (s).
As the element v ∈ V was chosen arbitrarily we obtain that the previous

inequality is true (∀) v ∈ V , i.e.

‖T (s)‖2 ≤ ‖v‖2, (∀) v ∈ V (28)

and the equality is attained in the element v = T (s), which is equivalent to

‖T (s)‖2 = inf
v∈V

‖v‖2.

Consequently, s is solution of the general spline interpolation problem (1)
(corresponding to U). ¤
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[4] Gh. Micula, S. Micula, Handbook of splines, Kluwer Acad. Publ.,
Dordrecht-Boston-London, 1999.

6

236                      A Necessary.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



Pre-interpolating Type Quadrature Formulas

Eugen Constantinescu

“Lucian Blaga” University, Department of Mathematics,

Sibiu, Romania

E-mail: egnconst68@yahoo.com

Abstract

The purpose of this paper is to give a more general presentation of
the quadrature formulas of preinterpolating type, these problems having
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Let E = {x0, x1, . . . , xn} be a set of n + 1 distinct points in the real interval
[a, b]. To such a system we attach the polynomials

ω(x) =

n
∏

j=0

(x − xj) the polynomial of knots

lk(x) =
ω(x)

(x − xk)ω′(xk)
, 0 ≤ k ≤ n − fundamental interpolating polynomials.

We denote by F the linear space of all functions defined in E → R. We
define in this space the metric ρ(f, g) = max

xk∈E
|f(xk) − g(xk)|, f, g ∈ F .

The interpolating polynomial of Lagrange (Lnf)(x) := Ln(x0, x1, . . . , xn; f |·)
can be defined as being the only one polynomial of degree ≤ n for which
δ(f ;Lnf) = min

k∈Πn

ρ(f, h), f ∈ F , where Πn is the space of polynomials of

degree at most n. Let f : [a, b] → R a Riemann-integrable functions and
w : (a, b) → [0,∞] a weight. The quadrature formulas of interpolating type have,
as starting-point, the approximative equality: f(x) ≈ Ln(x0, x1, . . . xn; f |x).

Hence:

(*)

∫ b

a

w(x)f(x)dx ≈

∫ b

a

w(x)Ln(x0, x1, . . . xn; f |x)dx.

Similarly , the quadrature formulas of interpolating type of the form

∫ b

a

w(x)f(x)dx =

n
∑

k=1

ckf(xk) + R(f)

1

             Proceedings of the 5th International Conference “Dynamical Systems and Applications” 
 Ovidius University Annals Series: Civil Engineering                Volume 1, Special Issue 11, June 2009 
 _________________________________________________________________________________

ISSN-1584-5990                                                                                   © 2000 Ovidius University Press



where R(f) represents the remainder, are characterized by the fact that the
“exactedness-degree” is less equal to n − 1.

Considering the above-mentioned facts, A.Lupaş[1] studied the possibility of
introducing some quadratures of the form: (to be compared (**) with (*))

(∗∗)

∫ b

a

w(x)f(x)dx ≈

∫ b

a

w(x)Ln−1(E; f |x)dx

where (Ln−1f)(x) := Ln−1(E; f |x) is the polynomial, of degree n−1 of the best
approximation of the function f , considered as an element of the space F ; that
is

ρ(f ;Ln−1f) = min
p∈Πn−1

ρ(f, p); p ∈ Πn−1

Definition 1 The quadrature formulas of the form:

∫ b

a

w(x)f(x)dx =

∫ b

a

w(x)Ln−1(E; f |x)dx + R[f ]

where R[f ] is the remainder, are known as quadratures of interpolating-type.

The paper [1] contains this problem for the particular case of the weight w(x) =
1 and for equidistant knots.

The aim of this paper is to deal with a more general form of this problem
by considering that both the weight and the set E are arbitrary chosen.

In what follows, we need the next auxiliary result.

Lemma 1 For k ∈ {0, 1, . . . n}, the following equalities hold:

Ln−1(x0, . . . , xk−1, xk+1, . . . , xn; f |x) =

= Ln(x0, x1, . . . , xn; f |x) − ω(x)

x−zk

[x0, x1, . . . xn; f ]
(1)

Proof. Because
Ln−1(x0, . . . , xk−1xk+1, . . . , xn; f |x) = [x0, x1, . . . , xk−1, xk+1, . . . , xn; f ] ·
· xn−1 + . . . + Ln(x0, x1, . . . , xn; f |x) = [x0, x1, . . . , xn; f ]xn + . . .
it is easy to see that in the both sides of (1) we have polynomials of degree
≤ n − 1. On the other side, then two polynomials take the same values in n
distinct points, that means in the set {x0, . . . , xk−1, xk+1, . . . , xn}.

By using the paper [2], A. Lupaş suggested that L(E; f |x) is in fact a convex
combination of the interpolating polynomials

Ln−1(x0, . . . , xk+1, xk+1, . . . , xn; f |x), k ∈ {0, 1, . . . n}

Theorem 1 The preinterpolating polynomial Ln−1(E; f |x) of a function f :
E → R admits the representation:

Ln−1(E; f |x) =

∑n

k=0
ck(E)Ln−1(x0, . . . , xk−1, xk+1, . . . , xn; f |x)

∑n

k=0
ck(E)

(2)

where xk(E) = 1

|ω′(xk)|

Remark 1 Although this representation follows also from the paper of T.S.
Matzkin and A.Sharma [2], we will give a more simpler proof.

2

238                Pre-interpolating Type.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



Proof. Let O(x) be the polynomial in the right-hand side of the equality (2).
We have Q(x) ∈ Πn−1, and from (1) we find:

Q(x) = Ln(x0, x1, . . . , xn; f |x) −
[x0, x1, . . . , xn; f ]

∑n

k=0
ck(E)

n
∑

k=0

ω′(xk)

|ω′(xk)|
lk(x)

If we denote δ =
|[x0, x1, . . . , xn; f ]|

n
∑

k=0

ck(E)

, we have

Q(xj) = f(xj) −
ω′(xj)

|ω′(xj)|
· δ,

hence
|Q(xj) − f(xj)| = δ, j ∈ {0, 1, . . . , n}

(Q(xi) − f(xi))(Q(xi+1) − f(xi+1)) = ω′(xi)ω
′(xi+1·

δ2

|ω′(xi)ω′(xi + 1)|
) < 0 i ∈ {0, 1, . . . , n − 1},

the last inequality being justified by the fact that, the point in E being dis-
tinct, we have ω′(xi)ω

′(xi+1) < 0. But, based on the theorem of alternance of
Cheb̂ışev, we know that the conditions:

{

|Q(xj) − f(xj)| = δ, 0 ≤ j ≤ n
(Q(xi) − f(xi))(Q(xi+1 − f(xi+1))) < 0, 0 ≤ i ≤ n − 1

assure that Q(x) = Ln1
(E; f |x).

From these facts, we keep in mind also the following result:

Corollary 1 The following equalities hold:

Ln−1(E; f |x) = Ln(x0, x1, . . . , xn; f |x) −
[x0, x1, . . . , xn; f ]

∑n

k=0
ck(E)

·

n
∑

k=0

ω′(xk)

|ω′(xk)|
lk(x)

f(xj) − Ln−1(E; f |xj) =
[x0, x1, . . . , xn; f ]

n
∑

k=0

ck(E)

·

ω′(xj)

|ω′(xj)|
, xj ∈ E

f(x) − Ln−1(E; f |x) = ω(x)[x, x0, x1, . . . , xn; f ]+

+
[x0, x1, . . . , xn; f ]

n
∑

k=0

ck(E)

n
∑

k=0

ω′(xk)

|ω′(xk)|
lk(x), x 6∈ E (3)

3
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With the above notations, the following result holds:

Theorem 2 Let E = {x0, x1, . . . , xn} a system of distinct points in the interval
[a, b], and w : (a, b) → R a weight.
If

w(x) =
n

∏

j=0

(x − xj), and for 0 ≤ k, ν ≤ n

we denote

dk =
1

ω′(xk)

∫ b

a

w(x)
ω(x)

(x − xk)
dx,

cν(E) =
1

|ω′(xν)|
, δk(E) =

ck(E)
∑n

j=0
cj(E)

then the quadrature formulas of pre-interpolating type, can be represented under
the form:

∫ b

a

w(x)f(x)dx =
n

∑

k=0

c(k)f(xk) + R[f ] (4)

where

c(k) = dk −

1

ω′(xk)

n
∑

k=0

ω′(xJ)δj(E)dj (5)

The remainder in formula (4) has the form

R[f ] =

∫ b

a

w(x)ω(x)[x, x0, x1, . . . , xn; f ]dx+[x0, x1, . . . , xn; f ]

n
∑

j=0

ω′(xj)δj(E)dj

Proof. The form of the coefficients follows by integration from Corollary 1.
The form of the remainder is obtained from the equalities presented in the same
corollary.
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Abstract

The paper proposes an improvement to the classical Adomian Decom-
position Method (ADM). The time interval, where we search the solution,
is splitted into subintervals. The solution given by ADM in first subinter-
val is extended for the next one only if an error criterion is carried out.
If this is not true, then the value for the approximate solution at the first
subinterval’s end is taken as initial condition for the second subinterval.
The process continues till the end of the time interval. In this way, the
difference between the approximate solution and the exact one decreases
significantly. The procedure is verified through test examples.

Keywords: Adomian decomposition method, approximate solutions,
improved results

1 Introduction

In recent years, much attention has been given to develop some analytical me-
thods for solving differential or integral equations including the perturbation
methods and decomposition methods. The Adomian Decomposition Method
(ADM), which accurately computes the series solution, is of great interest to
applied sciences. The main advantage of the method is that it can be applied
directly for all types of differential and integral equations, linear or nonlinear,
homogeneous or non-homogeneous, with constant coefficients or with variable
coefficients. Another advantage is that it provides a direct scheme for solving the
problem, without the need of linearization, perturbation, massive computation
or any other transformation and, for many cases, the resulting series converge
to the exact solution. In other cases, the approximate solution is close to the
exact ones when time and space variables are small but far from exact ones
when these variables are big enough.

The method consists of splitting the given equation into a linear and non-
linear operator on both sides, identifying the initial and/or boundary conditions
and the term involving the independent variables alone as initial approximation,

1
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decomposing the unknown functions into a series whose components are to be
determined, decomposing the nonlinear function in terms of special polynomials
called Adomian’s polynomials, and finding the succesive terms of the series
solution by recurrent relation using Adomian polynomials.

Over the last twenty years, the ADM has been applied to obtain formal
solutions to a wide class of both deterministic and stochastic ODEs and PDEs.
Guellal and Cheruault (1995) used Adomian’s technique for solving an elliptic
boundary value problem with an auxiliary condition. Adomian et al. (1996)
solved mathematical models of the dynamic interaction of immune response
with a population of bacteria, viruses, antigens or tremor cells. Laffez and
Abbaoui (1996) studied a model of thermic exchanges in a drilling well. Abbaoui
and Cherruault (1999) used the decomposition method for solving the Cauchy
problem. They also gave a proof of convergence by using a new formulation of
the Adomian polynomials. Sanchez et al. (2000) investigated the weaknesses of
the thin-sheet approximation method and proposed a higher-order development
allowing increase in the range of convergence. Lesnic (2002) investigated the
convergence of ADM to periodic temperature fields in heat conductors.

Present paper proposes an improvement to the classical ADM. The paper is
organized as follows. In Section 2, we give a brief description of the ADM while
in Section 3 we present the basic idea for the improvement the results of the
method. In the next section we’re considered numerical results to demonstrate
the efficiency of our idea through two test examples. Conclusion remarks are
presented in Section 5.

2 Adomian Decomposition Method

Consider the general equation
Fu = g (2.1)

where F represents a general nonlinear differential operator involving both linear
and nonlinear terms. The linear term is decomposed into L+R, where L is easily
invertible and R is the remainder of the linear operator. In most of the cases,
L may be taken as the highest order derivative to avoid difficult integration
involving Green’s functions. The equation (2.1) may be written as

Lu + Ru + Nu = g (2.2)

where Nu represents the nonlinear terms. Solving Lu from (2.2) and operating
next with L−1 yields

u = Φ + L−1g − L−1Ru− L−1Nu (2.3)

where Φ is the integration constant (LΦ = 0). In the case of an initial value
problem, the integral operator L−1 may be regarded as definite integrals from
to to t. The decomposition method represents the solution of (2.2) as a series

u(t) =
∞∑

n=0

un(t) (2.4)

2
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whereas the nonlinear operator is decomposed as

Nu =
∞∑

n=0

An (2.5)

From (2.3) - (2.5) we obtain

∞∑
n=0

un = u0 − L−1R

( ∞∑
n=0

un

)
− L−1

( ∞∑
n=0

An

)
(2.7)

where
u0 = Φ + L−1g
u1 = −L−1Ru0 − L−1A0

u2 = −L−1Ru1 − L−1A1

. . .
un = −L−1Run−1 − L−1An−1

(2.8)

and An, n = 0, 1, 2, .., are Adomian’s polynomials of u0, u1, .., un. They are
obtained from

A0 = Nu0

A1 = u1
dN

du
(u0)

A2 = u2
dN

du
(u0) +

u2
1

2!
d2N

du2
(u0)

· · · · · ·

An =
n∑

j=1

c(j, n) · djN

duj
(u0)

(2.9)

where c(j, n) are products or sums of products of j components of u whose sub-
scripts sums to n, divided by the factorial of the number of repeated subscripts.
Because the series (2.4) converges rapidly enough we can take the partial sum

Sn =
n−1∑
k=1

uk as an approximation for the exact solution.

3 How to improve the results given by ADM?

Suppose we search an approximate solution in time interval [t0, T ] in the form

u ∼= Sn =
n−1∑
k=1

uk. We divide [t0, T ] into subintervals [ti−1, ti] , i = 1, 2, .. with

∆t = ti − ti−1 constant. The n-term partial sum Sn is considered as a good
approximation of the exact solution on the subinterval [ti−1, ti] only if the last
term un−1(ti) ≤ error (*), where error is a chosen accurate degree. If this
is true, then we extend Sn as a feasible approximation in subinterval [ti, ti+1].
If the condition (*) is not true, we regard Sn(ti) like an initial condition in
the subinterval [ti, ti+1] and apply Adomian method to obtain the new series
solution. The procedure is repeated until t ≥ T .

3
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4 Test examples

Example 1: Let us consider the first differential order equation involving a
nonlinear term

dy

dt
= y2 − y, y(0) = 2 (4.1)

with the exact solution

yexact(t) =
2

2− et
, t ∈ (0, ln 2).

We then have

Ly =
dy

dt
, L−1y(t) =

∫ t

0

y(ξ) dξ, Ry = y, Ny = −y2, g = 0 (4.2)

and
A0 = −y2

0 , A1 = −2y1y0, A2 = −2y2y0 − y2
1 ,

A3 = −2y3y0 − 2y2y1, A4 = −2y4y0 − 2y3y1 − y2
2 ,

A5 = −2y5y0 − 2y4y1 − 2y3y2

(4.3)

Consequently, we obtain the following approximants

y0(t) = 2 , y1(t) = 2t , y2(t) = 3t2 , y3(t) =
13
3

t3,

y4 =
25
4

t4 , y5(t) =
541
60

t5 , y6(t) =
1561
120

t6 (4.4)

The series solution with four terms is given by

y(t) ∼= y(3)(t) = 2 + 2t + 3t2 +
13
3

t3 (4.5)

whereas the series solution with seven terms is

y(t) ∼= y(6)(t) = 2 + 2t + 3t2 +
13
3

t3 +
25
4

t4 +
541
60

t5 +
1561
120

t6 (4.6)

If we search the solution with variational iteration method (VIM), after three
iterations, we find that

yV IM (t) =
2
3

+ 2et − 2e2t +
4
3
e3t (4.7)

Table 4.1 exhibits some representative values for the exact solution, the series
solution obtained by VIM and for the series solution given by ADM (after three
steps and six steps, respectively). It is obvious that the results obtained with
VIM are better than those offered by ADM (at the same number of steps) and
that the errors can be reduced further and higher accuracy can be obtained by
evaluating more components of y(t).

4
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t Exact VIM ADM ADM

solution (three iterations) (three iterations) (six iterations)

0.00 2.0000 2.0000 2.0000 2.0000
0.05 2.1081 2.1080 2.1080 2.1081
0.10 2.2351 2.2340 2.2343 2.2351
0.15 2.3862 2.3817 2.3821 2.3861
0.20 2.5687 2.5553 2.5547 2.5684
0.25 2.7934 2.7599 2.7552 2.7916
0.30 3.0763 3.0016 2.9870 3.0690
0.35 3.4427 3.2875 3.2533 3.4184
0.40 3.9356 3.6261 3.5573 3.8624
0.45 4.6330 4.0273 3.9024 4.4331
0.50 5.6935 4.5031 4.2917 5.1673

Table 4.1. Representative values obtained with ADM and VIM

The value listed in Table 4.1 shows us clearly that for t enough big the errors
become unacceptable. If we follow the algorithm presented in Section 3 with
n = 3, error = 10−3, ∆t = 0.01 and T = 0.19 we get

y
(3)
ADMm(t) =


2 + 2t + 3t2 + 4.333333t3, t ∈ [0, 0.06)
1.999812 + 2.007366t + 2.816606t2 + 6.222551t3, t ∈ [0.06, 0.11)
1.998186 + 2.063827t + 2.186327t2 + 8.649088t3, t ∈ [0.11, 0.15)
1.991596 + 2.211636t + 1.067514t2 + 11.491049t3, t ∈ [0.15, 0.19]

(4.8)
Table 4.2 shows the comparison between exact solution and the series solu-

tion (4.5) and (4.8), respectively.

t y
(3)
ADM y

(3)
ADM yexact − y

(3)
ADM yexact − y

(3)
ADM

initial modified initial modified
0.11 2.2620677 2.2631734 0.0010800 0.0000179
0.15 2.3821255 2.3861431 0.0041200 0.0000191
0.19 2.5180233 2.5291616 0.0112200 0.0000815

Table 4.2. Comparison of numerical errors (three steps), error = 0.001

For error = 10−3, ∆t = 0.01 and n = 6 we get:

t ∈ [0; 0.2) : y
(6)
ADMm = 2 + 2t + 3t2 + 4.333333t3 + 6.25t4 + 9.016667t5+

+13.008333t6

t ∈ [0.2; 0.33) : y
(6)
ADMm = 2.002432 + 1.912246t + 4.238069t2 − 5.256412t3+

49.291638t4 − 99.523358t5 + 140.814510t6

When t = 0.33, we have:

yexact(0.33) = 3.283900 , y
(6)
ADMm(0.33) = 3.268634 , y

(6)
ADMm = 3.283029

5
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Obviously, y
(6)
ADMm is much closer by yexact than y

(6)
ADMm. Improvement of ac-

curacy requires smaller value for error.
If we choose error = 10−4 and ∆t = 0.05 we get the following approximate
solutions (see Table 4.3):

y
(3)
ADMm =


2 + 2t + 3t2 + 4.333333t3, t ∈ [0; 0.015)
1.999995 + 2.000044t + 2.973485t2 + 5.018989t3, t ∈ [0.025; 0.05)
1.999942 + 2.004125t + 2.879461t2 + 5.845817t3, t ∈ [0.05; 0.075)
1.999679 + 2.016199t + 2.689872t2 + 6.850176t3, t ∈ [0.075; 0.1]

t yexact y
(3)
ADMm y

(3)
ADM

0.025 2.0519432 2.0519427 2.0519427
0.050 2.1080838 2.1080781 2.1080417
0.075 2.1689249 2.1689149 2.1687031
0.100 2.2350637 2.2350483 2.2343333

Table 4.3: Comparison of numerical errors (three steps), error = 0.0001

Finally, for n = 6 and error = 10−4, we have:

t ∈ [0; 0.14) : y
(6)
ADMm = 2 + 2t + 3t2 + 4.333333t3 + 6.25t4 + 9.016667t5+

+13.008333t6

t ∈ [0.14; 0.24] : y
(6)
ADMm = 2.000081 + 2.154248t + 3.096002t2 + 3.247667t3+

+13.427342t4 − 18.101732t5 + 63.106224t6

t yexact y
(6)
ADMm y

(6)
ADM

0.24 2.744422 2.7443709 2.7440224

Table 4.4: Comparison of numerical errors (six steps), error = 0.0001

Example 2. In the second example, we solve the following non-linear system
of differential equations:

dy1

dt
= 2y2

2 , y1(0) = 1
dy2

dt
= e−ty1, y2(0) = 1

dy3

dt
= y2 + y3, y3(0) = 0

(4.9)

with the exact solution y1(t) = e2t , y2(t) = et, y3(t) = tet.
Applying the Adomian method, we have

y
(0)
1 = 1

y
(0)
2 = 1

y
(0)
3 = 0

;
y
(1)
1 = 2t

y
(1)
2 = 1− e−t

y
(1)
3 = t

;

y
(2)
1 = 4(t + et − 1)

y
(2)
2 = 2− (2t + 2)e−t

y
(2)
3 = t +

t2

2
+ e−t − 1

6
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y
(3)
1 = 10t− 19− e−2t + (8t + 20)e−t

y
(3)
2 = 2− 4te−t − 2e−2t

y
(3)
3 = t +

t2

2
+

t3

6
+ e−t(2t + 3)− 3

Combining all these terms, we get

y1
∼= −22 + 16t + (8t + 24)e−t − e−2t

y2
∼= 6− (6t + 3)e−t − 2e−2t

y3
∼= −4 + 3t + t2 +

t3

6
+ (2t + 4)e−t

(4.10)

Table 4.5 exhibits a comparison between the exact solution and the series
solution given by ADM. Higher accuracy can be obtained by evaluating more
terms.

t Exact solution Approximate solution
y1 y2 y3 y1 y2 y3

0.1 1.2214 1.1052 0.1105 1.2212 1.1051 0.1105
0.2 1.4918 1.2240 0.2448 1.4892 1.2207 0.2437
0.3 1.8221 1.3498 0.4049 1.8088 1.3485 0.4023
0.4 2.2255 1.4918 0.5967 2.1834 1.4816 0.5882
0.5 2.7183 1.6487 0.8244 2.6150 1.6251 0.8035

Table 4.5: Comparison between ADM and exact solution

By taking error = 10−3, n = 3, ∆t = 0.01 we found that solution (4.10)
is valid for t ∈ [0.00, 0.10). For brevity, we present only the next form of
approximate solutions (see Table 4.6).

t ∈ [0.10; 0.18] :
y1(t) = −32.40666 + 21.62018t− 1.82152e−2t + e−t(11.93231t + 35.23001)
y2(t) = 7.46789− 3.29667e−2t − e−t(8.66529t + 3.18248)
y3(t) = −5.12808 + 3.41932t + 1.16352t2 + 0.2026t3 + e−t(2.69938t + 5.12882)

5 Conclusions

In this paper, we proposed an improvement to the classical ADM. The main
conclusions of the study are:

t Exact solution Approximate solution
y1 y2 y3 y1 y2 y3

0.18 1.4333 1.1972 0.2155 1.4337 1.1976 0.2158

Table 4.6: Comparison between ADM modified solution and

exact solution (three steps), error = 0.001

7
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a) The Adomian procedure is quite efficient to determine solution in closed
form by using only initial condition;

b) Comparison with VIM reveals that the approximate solutions obtained by
the ADM converge to their exact solution lower than these of VIM. For
the same accuracy it was necessary a higher order of approximation for
the ADM compared with VIM;

c) The improvement introduces by our idea permits us to obtain more precise
values for the approximate solutions. For a high accuracy we can choose
between decreasing the size of interval where the approximate solution is
valid or increasing the number of terms in series solution;

d) The next step is to mechanize the computer process by means of high-level
soft like Maple package
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Abstract

This study is motivated by the desire to investigate the approximate
solutions of weakly nonlinear Van der Pol equation in non-resonant case
by the implementation of a relatively new analytical method, called Vari-
ational Iteration Method (VIM). It is demonstrated that VIM yields a
bifurcation equation as an integral part of the procedure. This equation
shows that a family of quasi-periodic motions bifurcates from a family of
periodic motions at a critical value of the parameters. Numerical results
agree very well with the approximate one.

Keywords: Variational iteration method, Van der Pol oscillator

1 Introduction

Mathematical modeling of real-life problems usually results in functional equa-
tions, like ordinary or partial differential equations, integral and integral -
differential equations or stochastic equations.

In most of cases these equations are difficult to solve analytically so it is
required to obtain an efficient approximate solution. There are some valuable
efforts that focus on solving the differential equations arising in engineering
scientific applications. Among these solution methods we’ll mention the vari-
ational iteration method (VIM), Adomian Decomposition Method (ADM) and
Homotopy Perturbation Method (HPM).

The VIM was developed by Chinese mathematician Ji-Huan He. Over the
years, VIM was applied to Klein-Gordon equation, to Helmholtz equation, to
differential algebraic equations, to epidemic and prey-predator models, to non-
linear boundary value problems and other fields [1,2,5].

VIM provides the solution is a rapid convergent series which may lead the
solution to a closed form. In this technique, the correction functional is de-
veloped and the Lagrange multipliers are calculated optimally via variational
theory. The use of Lagrange multipliers reduces the successive application of

1
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the integral operator and the cumbersome of huge computational work while
still maintaining a very high level of accuracy. The initial approximation can
be freely chosen.

This study is organized as follows: in Section 2 we’ll review the basic concepts
of variational iteration method. In Section 3 we’ll discuss a little about the Van
der Pol’s equation. Application of the proposed method to determine the first
order approximation for the steady-state solution of weakly non-linear Van der
Pol’s equation in the non-resonant case will be given (analitically and numerical)
in Sections 4 and 5 and a conclusion will be drawn in Section 6.

2 Variational Iteration Method. Basic Ideas

Let us consider the differential equation

Lx(t) + Nx(t) = g(t), t ∈ I, (2.1)

where L and N are linear and nonlinear operator, respectively and g(t) is a
given function defined for all t ∈ I. According to VIM, we utilize the correction
functional:

x(n+1)(t) = x(n)(t) +

t∫
0

λ(ξ)
[
Lx(n)(ξ) + Nx̄(n)(ξ)− g(ξ)

]
dξ (2.2)

where λ is the Lagrange multiplier which can be identified optimally via the
variational theory. The superscript (n) indicates the n-th approximation and
x̄(n) is considered as a restricted variation, i.e., δx̄(n) = 0. x(t) will be obtained
using λ and any initial approximation x(0). Consequently, the solution is found
from

x(t) = lim
n→∞

x(n)(t) (2.3)

3 The Van der Pol’s equation

Van der Pol’s equation provides an example of an oscillator with non-linear
damping, energy being dissipated at larger amplitudes and generated at low
amplitudes. Such systems typically possess limit cycles, sustained oscillations
around a state at which energy generation and dissipation balance.

The original application described by engineer Van der Pol, in 1927, models
an electrical circuit with a triode valve, the restrictive properties of which change
with current, negative resistance becoming positive as current increases.

Limit cycle oscillations, similar to the Van der Pol’s system, also occur in
models of wind-induced oscillations of building due to vortex shedding, in ge-
neral aero-elastic flutter problems, in stability studies of both tracked and rubber
tired vehicles, as well as in certain models of chemical reactions.
In our study the form chosen for Van der Pol’s equation is

ẍ + ω2
cx− ε(η − x2)ẋ = F sinΩt (3.1)

2
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where ωc is the natural frequency, Ω the external frequency, F the amplitude of
the external excitation, η the damping coefficient and ε > 0 is a small parameter.
That is the case of weakly non-linear oscillator. Obviously, F = 0 gives the
corresponding autonomous system and x = 0 is the equilibrium position. System
(3.1) with F = 0 exhibits a Hopf bifurcation as ξ passes through zero [3].

4 Variational iteration method for the
non-resonant case of Van der Pol’s equation

It is assumed that natural frequency ωc and external frequency Ω satisfy the
non-resonance relationship k1ωc 6= k2Ω, where k1, k2 are any positive integers.

In the equation (3.1) the following form of the L operator is used

L =
d2

dt2
+ ω2

c (4.1)

Consequently, the correction functional of equation (3.1) can be written as

x(n+1)(t) = x(n)(t) +

t∫
0

λ

(
d2x(n)

dξ2
+ ω2

cx(n) + Nx̄(n) − g

)
dξ (4.2)

Making the above correction functional stationary and noticing that δx(n) = 0,
we find that:

δx(n+1)(t) = δx(n)(t) + λ(ξ)δx′(n)(ξ) |ξ=t − λ′(ξ)δx(n)(ξ) |ξ=t +

+

t∫
0

(
λ′′(ξ) + ω2

cλ(ξ)
)
δx(n)(ξ) dξ = 0

(4.3)

which yields the following stationary conditions

λ′′ + ω2
cλ = 0, 1− λ′ |ξ=t = 0 , λ |ξ=t = 0 (4.4)

From (4.4), the Lagrange multiplier can be identified as

λ(ξ) =
1
ωc

sinωc(ξ − t) (4.5)

We start with the initial approximation

x(0)(t) = A1,0 sinωct + B1,0 cos ωct +
F

ω2
c − Ω2

sinΩt (4.6)

obtained for ε = 0. After the first iteration we obtain that

x(1)(t) = x(0)(t) +
1
ωc

t∫
0

sinωc(ξ − t)
{

ẍ(0)(ξ) + ω2
cx(0)(ξ) −

3
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−F sinΩt− ε
(
η − x(0)2(ξ)

)
ẋ(0)(ξ)

}
dξ = x(0)(t)− ε

ωc
·

·
t∫

0

sinωc(ξ − t) ·
[
η − x(0)2(ξ)

]
· ẋ(0)(ξ)dξ = A1,0 sinωct+

+B1,0 cos ωct +
F

ω2
c − Ω2

sinΩt + ε {B0,1 cos Ωt +

+A2,−1 sin (2ωc − Ω)t + B2,−1 cos (2ωc − Ω)t + A−1,2 sin (−ωc + 2Ω)t+ (4.7)

+B−1,2 cos (−ωc + 2Ω)t + A2,1 sin (2ωc + Ω)t + B2,1 cos (2ωc + Ω)t+

+A1,2 sin (ωc + 2Ω)t + B1,2 cos (ωc + 2Ω)t + A3,0 sin 3ωct+

+B3,0 cos 3ωct + B0,3 cos 3Ωt}

where

B0,1 =
ηΩF

(ω2
c − Ω2)2

− ΩF

2(ω2
c − Ω2)2

(
A2

1,0 + B2
1,0

)
− ΩF 3

4(ω2
c − Ω2)4

A2,−1 =
(Ω− 2ωc)F

2(ω2
c − Ω2)(3ω2

c − 4ωcΩ + Ω2)
A1,0B1,0

B2,−1 =
(2ωc − Ω)F

4(ω2
c − Ω2)(3ω2

c − 4ωcΩ + Ω2)
(A2

1,0 −B2
1,0)

A−1,2 =
(ωc − 2Ω)F 2

16(ω2
c − Ω2)2(ωcΩ− Ω2)

B1,0; B−1,2 =
(ωc − 2Ω)F 2

16(ω2
c − Ω2)2(ωcΩ− Ω2)

A1,0

A2,1 =
(Ω + 2ωc)F

2(ω2
c − Ω2)(3ω2

c + 4ωcΩ + Ω2)
A1,0B1,0 (4.8)

A2,1 =
(Ω + 2ωc)F

2(ω2
c − Ω2)(3ω2

c + 4ωcΩ + Ω2)
A1,0B1,0

B2,1 =
(Ω + 2ωc)F

4(ω2
c − Ω2)(3ω2

c + 4ωcΩ + Ω2)
(B2

1,0 −A2
1,0)

A1,2 =
(ωc + 2Ω)F 2

16(ω2
c − Ω2)(ωcΩ + Ω2)

B1,0; B1,2 = − (ωc + 2Ω)F 2

16(ω2
c − Ω2)(ωcΩ + Ω2)

A1,0

A3,0 =
1

32ωc
(3A2

1,0 −B2
1,0)B1,0; B3,0 =

1
32ωc

(3B2
1,0 −A2

1,0)A1,0

B0,3 =
ΩF 3

4
(ω2

c − Ω2)3(ω2
c − 9Ω2

In order to avoid secular terms in x(1) we need to eliminate coefficients of
t sinωct and t cos ωct:

t sinωct :
A1,0

2

[
η −

A2
1,0 + B2

1,0

4
− F 2

2(ω2
c − Ω2)2

]
= 0

4
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t cos ωct :
B1,0

2

[
η −

A2
1,0 + B2

1,0

4
− F 2

2(ω2
c − Ω2)2

]
= 0 (4.9)

Equations (4.9) yields two distinct, steady state solutions:
Solutions I: If

η 6=
A2

1,0 + B2
1,0

4
+

F 2

2(ω2
c − Ω2)2

,

then A1,0 = B1,0 = 0. It was obtained a periodic solution with frequency Ω,
described by

x(t) =
F

ω2
c − Ω2

sinΩt + ε
{
B̄0,1 cos Ωt + B0,3 cos 3Ωt

}
+ O(ε2) (4.10)

where B̄0,1 is B0,1 with A1,0 = B1,0 = 0.
Solution II: It corresponds to

η =
A2

1,0 + B2
1,0

4
+

F 2

2(ω2
c − Ω2)2

(4.11)

and represents a quasi - periodic motion with frequencies ωc and Ω
(now A1,0 6= 0, B1,0 6= 0).

The solution bifurcates from solution (I) at the critical point (see figure 1)

ηc =
F 2

2(ω2
c − Ω2)2

(4.12)

Figure 1: Plot of damping coefficient η versus amplitude a

5 Numerical results

In order to demonstrate the accuracy of our approximate results we have con-
sidered some numerical simulations which cover the entire spectrum of possi-
bilities. Thus, if F = 0 the system (3.1) exhibits Hopf bifurcation as η passes
through zero. For η < 0, x(t) = 0 is a stable solution (see figure 2a) and for
η > 0 the motion becomes periodic of period T = 2π/ωc and amplitude a = 2

√
µ

(see figure 2b).
In considering the external harmonic excitation (F 6= 0), we have been

chosen the next two set of values:

(1) F = 4, ωc = 1, Ω = 0.37, η = 1, ε = 0.005;
(2) F = 1, ωc = 1, Ω = 0.37, η = 2, ε = 0.005.

5
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In first case we get η < ηc = 10.739, then it is expected to obtain a periodic
solution described by (4.10), with periodic T = 2π/Ω = 16.973 (see figure 2c).
In the second case, η > ηc = 1.061 and (4.7) may be used to approximate the
real quasi-periodic motion with frequencies ωc and Ω (see figure 2d). In figure
3, the results predicted by the first order VIM are compared with the numerical
results. The two graphs are almost identical.

Figure 2: The time histories of system (3.1)
a) F = 0, η < 0; b) F = 0, η > 0; c) F 6= 0, η < ηcr; d) F 6= 0, η > ηcr

We focused then on the accuracy of solution (I) in the neighborhood of the
third super harmonic resonance (ωc : Ω = 3 : 1).

A comparison between amplitudes obtained by direct numerical integration
of equation (3.1) and the approximate amplitudes given by (4.10) is shown
in figure 4. It clearly show that outside the strong resonance region Ω/ωc ∈
[0.32 ÷ 0.34], the non-resonant theory is valid and the predicted response is in
excellent agreement with the numerical response. Within the resonance region,
the B0,3 term becomes huge and the relation (4.10) fails to give an accurate
response. Here, we must consider another approximation.

Finally, it is worth noting that the consistency of solutions (I) and (II) up
to O(ε2) has been verified by substituting these results into equation (3.1).

6 Conclusions

The variational iteration method has been applied successfully to many non-
linear differential equations. In this paper, it was utilized to investigate the
weakly Van der Pol oscillator under harmonic forcing, in non-resonant condition.
The main conclusions of this study are:

a) The VIM yields a bifurcation equation as an integral part of the procedure.
This equation shows that a family of quasi-periodic motions bifurcates
from a family of periodic motions at a critical value of the parameters;

b) The external harmonic excitation results in a shift of the bifurcation point
along the parameter axis, compared to the Hopf bifurcation associated
with the corresponding autonomous system;

c) Numerical results agree very well with the approximate results. For com-
putational and plots has been used Matlab;

d) VIM can be seen as a powerful tool for solving non-linear differential equa-
tions. Only one iteration it was sufficient to obtain precious information.

6
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Figure 3: Comparison between VIM first order results and numerical results

Figure 4: The steady-state amplitude-frequency relation in the neighborhood
of the third super harmonic resonance (anum-numerical amplitudes, aapx - ap-
proximate amplitudes)
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Abstract

Let S be the class of analytic functions of the form

f (z) = z + a2 z2 + · · · , f(0) = 0, f ′(0) = 1

defined on the unit disk |z| < 1. Petru T. Mocanu [2] raised the question
of determination max

f∈S

| f(z) | which satisfies the conditions |f ′(z)| =

1, |z| = r, f ∈ S, 0 ≤ r < 1, r given. For solving the problem we shall
use the variational method of Schiffer-Goluzin [1].

Keywords: holomorphic function, variational method, extremal func-
tion.

1. Let S be the class of functions f (z) = z+a2 z
2+· · · , f (0) = 0, f ′(0) =

1 which are regular and univalent in the unit disk |z| < 1. In [1] Petru T.
Mocanu raised the issue of determination

max
f∈S

| f(z) | (1)

which satisfies the conditions

| f ′(z) | = 1, |z| = r, f ∈ S , 0 ≤ r < 1, r given. (2)

Since S is a compact class (1) is attained. The aim of this paper is to solve the
problem by using the variational method of Schiffer-Goluzin [2] .

2. Let f ∈ S the extremal function for which (1) is attained in conditions
(2) . In order to solve this problem let us consider a variation f ∗(z) of the
function f (z) given by the Schiffer-Goluzin’s formula :

f ∗(z) = f (z) + λV (z; ζ;ψ) +O (λ2) , |ζ| < 1, λ > 0, ψ real (3)

where


























V (z; ζ;ψ) = eiψ
f2(z)

f(z) − f(ζ)
− eiψf(z)

[

f(ζ)

ζf ′ (ζ)

]2

−

−eiψ
z f ′(z)

z − ζ
ζ

[

f(ζ)

ζ f ′(z)

]2

+ e−iψ
z2 f ′(z)

1 − ζz
ζ

[

f(ζ)

ζf ′ (ζ)

]2

(4)
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It is known that if λ is small enough, the function f ∗(z) belongs to S class.
Let us consider a variation z∗ of z:

z∗ = z + λh+O(λ2) , h =
∂z∗

∂λ
|λ=0

which satisfies the conditions:

| z∗ | = r and
∣

∣

∣
f∗

′

(z∗)
∣

∣

∣
= 1 (5)

We notice that

| z∗ |

2
= |z|

2
+ 2λRe(zh) +O(λ2) = r2.

Since |z| = r from the relation above we obtain Re(zh) = 0. Replacing z with
z∗ in relation (3) we have

f∗
′

(z∗) = f
′

(z∗) + λV ′(z∗; ζ;ψ) +O(λ2).

The condition | f ′(z) | = 1 becomes:

2Re
{

f ′(z)
[

hf
′′

(z) + V ′(z; ζ;ψ)
]}

= 0 (6)

Since f(z) is extremal |f ∗(z ∗)| ≤ | f(z) | which is equivalent with:

|f(z) + λh f ′(z) + · · · + λV (z; ζ;ψ) + · · · | ≤ | f(z) | . (7)

By squaring in (7) and using the equality uu = |u|
2
:

{f(z) + λ [h f ′(z) + V (z; ζ;ψ)] + · · · }×

×

{

f(z) + λ
[

h f ′(z) + V (z; ζ;ψ)
]

+ · · ·

}

≤ f(z)f(z). (8)

From relation (8) we obtain the condition:

2Re
{

f(z) [h f ′(z) + V (z; ζ;ψ)]
}

≤ 0. (9)

From Re(zh) = 0 we note that overlineh = −

z
z
h ; having this the relation (6)

can also be written as it follows :

f ′(z) [hf ′′(z) + V ′(z; ζ;ψ)] + f ′(z)

[

−

z

z
hf ′′(z) + V ′(z; ζ;ψ)

]

= 0

where

h =
z f ′(z)V ′(z; ζ;ψ) + z f ′(z)V ′(z; ζ;ψ)

zf ′(z)f ′′(z) − zf ′(z)f ′′(z)
(10)

Next we use the following notations

f = f(z), w = f(ζ), l = f ′(z),m = f ′′(z), V = V (z; ζ;ψ), V ′ = V ′

z (z; ζ;ψ).

2
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By using the notations above and h from relation (10) relation (9) can be
written as it follows: ]

Re
[

f (plV ′ + V )
]

≤ 0 (11)

where

p =
zl − zl

zlm− zlm
, p real.

1◦.We assume that Im(zlm) 6= 0 (zlm − zlm 6= 0). From relation (4) we
obtain:

V = eiψ
f2

f − w
− eiψf

(

w

ζw′

)2

− eiψ
zl

z − ζ
ζ

(

w

ζw′

)2

+ e−iψ
z2l

1 − ζz
ζ

(

w

ζw′

)2

and

V ′ = eiψ
fl(f − 2w)

(f − w)
2

− eiψl

(

w

ζw′

)2

− eiψ
z(z − ζ)m− ζl

(z − ζ)
2

ζ

(

w

ζw′

)2

+

+e−iψ
z2(1 − ζz)m+ zl(2 − ζz)

(

1 − ζz
)2

ζ

(

w

ζw′

)2

.

By replacing the expresions of V and V ′ in (11) we obtain the relation

Re
[

eiψ (E −GF )
]

≤ 0 (12)

where

E =
ff

[(

−2pl2 − f
)

w + pl2f + f2
]

(f − w)
2

, F =

(

w

ζw′

)2

and

G = pl2f +
plf [z (z − ζ)m− ζl]

(z − ζ)
2

ζ −
plf

[

z2 (1 − ζz)m+ zl (2 − ζz)
]

(1 − ζz)
2

ζ +

+ff +
zlf

z − ζ
ζ −

z2lf

1 − ζz
ζ.

Since ψ is arbitrary, from relation (12) it results that the extremal function
w = f(ζ) must satisfy the following differential equation:

(

ζw′

w

)2 ff
[

(

−2pl2 − f
)

w + pl2f + f
2

]

(f − w)
2

=

4
∑

s=0

tsζ
s

(z − ζ)
2
(1 − ζz)

2
(13)
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where the coefficients ts , s ∈ {0, 1, 2, 3, 4} have the following expressions

t0 = z2f
(

pl2 + f
)

;

t1 = −2ffz
(

1 + 2r2
)

− lfz2
− lfr4 − 2pl2fz

(

1 + r2
)

−

−plfmz2
− plf

(

z2m+ 2lzr2
)

;

t2 = f f
(

r4 + 4r2 + 1
)

− 2zlf
(

2r2 + 1
)

+ zlfr2
(

r2 + 2
)

+

+pl2f
(

r4 + 4r2 + 1
)

− plf
[

2mz
(

r2 + 1
)

+ l
]

− 2r2
(

mz + 2l
)

;

t3 = −z
(

2r2 + 1
) (

2f f + lzf + 2pl2f
)

+ lfr2
(

r2 + 2
)

+

+plf
(

mr4 + 2mr2 + 2lz
)

;

t4 = f fz2
− lzfr2 + lfz3 + pl2fz2

− plfz2 (mz + l) + plfz2mz + l.

The extremal function turns the unit disk into a domain without exterior points.
In order to justify this it is sufficient to assume that the domain transformed
by an extremal function w = f(ζ) has an exterior point w0 and to consider the
function of variation:

f∗(z) = f(z) + λeiψ
f 2(z)

f(z) − w0

, λ > 0, ψ real

which belongs to class S.

3. It is known that the extremal function w = f(ζ) transforms the unit
disk |ζ| < 1,onto the entire plane, slit along a finite number of analytic arcs.

Let q = eiθ be the point on the circle |ζ| = 1 which corresponds to the
extremity of such slits in which w ′(q) = 0 and ζ = q double root for the

polynomial
4
∑

s=0

tsζ
s.

Since ζ = q is a double root for this polynomial, we can write:

4
∑

s=0

tsζ
s = (1 − qζ)

2
(

a0 + a1ζ + a2ζ
2
)

.

From the expressions of the coefficients ts , s ∈ {0, 1, 2, 3, 4} it results that we
can consider
a0 = t0, a1 = −2kq, k real and a2 = q2t4.

The differential equation (13) can also be written as it follows:

(

ζw′

w

)2 ff
[(

−2pl2 − f
)

w + pl2f + f2
]

(f − w)
2

= (14)

=
(1 − qζ)

2
(

t0 − 2kqζ + q2t4ζ
2
)

(z − ζ)
2
(1 − zζ)

2

4
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4. From the differential equation (14) we obtain:

√

ff [(−2pl2 − f)w + pl2f + f2]

w (f − w)
dw =

(1 − qζ)
√

t0 − 2kqζ + q2t4ζ2

ζ (z − ζ) (1 − zζ)
dζ

where
w

∫

0

√

ff [(−2pl2 − f)w + pl2f + f2]

w (f − w)
dw = (15)

=

ζ
∫

0

(1 − qζ)
√

t0 − 2kqζ + q2t4ζ2

ζ (z − ζ) (1 − zζ)
dζ

For the computation of the integral on the left of the relation (15) we note

I1 =

w
∫

0

√

ff [(−2pl2 − f)w + pl2f + f2]

w (f − w)
dw.

We can write

I1 =

√

ff (−2pl2 − f)

∫

√

w + α2

w (f − w)
dw where α2 =

pl2f + f2

−2pl2 − f
.

We notice that w + α2 = u2 ; I1 becomes:

I1 =

√

ff (−2pl2 − f)

∫

−2u2du

(u2
− α2) (u2

− β2)

(

dw = 2udu , β2 = α2 + f
)

We notice that

−2u2

(u2
− α2) (u2

− β2)
=

2α2

β2
− α2

1

u2
− α2

−

2β2

β2
− α2

1

u2
− β2

, β2
−α2 = f

and the integral above becomes:

I1 =

√

ff (−2pl2 − f)

f

(

α ln
u− α

u+ α
− β ln

u− β

u+ β

)

or

I1 =

√

ff (−2pl2 − f)

f
ln

[

(

u− α

u+ α

)α (

u+ β

u− β

)β
]

(16)

In order to compute the integral on the right of the relation (15) we note

I2 =

∫

(1 − qζ)
√

t0 − 2kqζ + q2t4ζ2

ζ (z − ζ) (1 − zζ)
dζ .

5
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We notice that t0 − 2kqζ + q2t4ζ
2 = q2t4 (ζ − ζ1) (ζ − ζ2) where ζ1,2 = =

k ±
√

k2
− t0t4

t4
q.If we note k −

√

k2
− t0t4 = ρ, we notice that ζ1 = ρ

t4
q and

ζ2 = t0
ρ
q. Using the above notations, we can write:

√

t0 − 2kqζ + q2t4ζ2 =

=
√

q2t4

√

(

ζ −
ρ

t4
q

) (

ζ −
t0
ρ
q

)

.

In order to compute integral I2 we make the following substitution:

√

(

ζ −
ρ

t4
q

)(

ζ −
t0
ρ
q

)

= v

(

ζ −
ρ

t4
q

)

. (17)

From (17) we obtain:

ζ = σ
v2

− a2

v2
− 1

where σ =
ρ

t4
q and a2 =

t0t4
ρ2

(18)

Next,














dζ =
2σ

(

a2
− 1

)

(v2
− 1)2

dv,

z − ζ = (z − σ)
v2

− b2

v2
− 1

with b2 =
σa2

− z

σ − z
,

(19)

and






























1 − zζ = (1 − zσ)
v2

− c2

v2
− 1

with c2 =
1 − zσa2

1 − zσ

1 − qζ = (1 − qσ)
v2

− d2

v2
− 1

with d2 =
1 − qσa2

1 − qσ
,

√

(

ζ −
ρ

t4
q

) (

ζ −
t0
ρ
q

)

=
σ

(

1 − a2
)

v

v2
− 1

.

(20)

By using the relations above we obtain:

I2 =
2σq (1 − qσ)

(

1 − a2
)2 √

t4

(σ − z) (1 − zσ)

∫

P (v)dv, where (21)

P (v) =
v2

(

v2
− d2

)

(v2
− 1) (v2

− a2) (v2
− b2) (v2

− c2)
.We are looking for an expansion as

it follows:

P (v) =
A1

v − 1
+

A2

v + 1
+

A3

v − a
+

A4

v + a
+

A5

v − b
+

A6

v + b
+

A7

v − c
+

A8

v + c
(22)

For the coefficients Ak , k ∈ {1, 2, 3, 4, 5, 6, 7, 8} which occur in the relation (22)

6
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we find the following values:















































A1 = −A2 =
1 − d2

2 (1 − a2) (1 − b2) (1 − c2)

note
= τ1

A3 = −A4 =
a

(

a2
− d2

)

2 (a2
− 1) (a2

− b2) (a2
− c2)

note
= τ2

A5 = −A6 =
b
(

b2 − d2
)

2 (b2 − 1) (b2 − a2) (b2 − c2)

note
= τ3

A7 = −A8 =
c
(

c2 − d2
)

2 (c2 − 1) (c2 − a2) (c2 − b2)

note
= τ4

(23)

If we note µ =
2σq (1 − qσ)

(

1 − a2
)2 √

t4

(σ − z) (1 − zσ)
, for I2 we obtain the expression:

I2 = µ

(

τ1 ln
v − 1

v + 1
+ τ2 ln

v − a

v + a
+ τ3 ln

v − b

v + b
+ τ4 ln

v − c

v + c

)

(24)

From relation (17) we note that

v (ζ) =

√

√

√

√

√

√

ζ −
t0
ρ
q

ζ −
ρ

t4
q

(25)

and from the notation made for the computation of I1 ,

u2 (ζ) = w (ζ) + α2 (26)

By using the relations (16) and (24) relation (15) becomes:

I1
∣

∣

w
0 = I2

∣

∣

∣

ζ
0 (15′)

For ζ = 0 (16) , (24) and (15′) we obtain the constant which results from the

two factors of relations (16) and (24)

(

corresponding to
u− α

u+ α
and

v − a

v + a

)

:

ln (−1)

α
√

ff (−2pl2 − f)

f
+µτ2

.

7
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Thus (15′) will be written as it follows:























































































√

f f (−2pl2 − f)

f
ln

[

(

u (ζ) − α

u (ζ) + α

)α (

u (ζ) + β

u (ζ) − β

)β
]

+

√

f f (−2pl2 − f)

f
ln

(

α+ β

α− β

)β

+

+ ln (−1)

α
√

ff (−2pl2 − f)

f
+µτ2

=

= µ

[

ln

(

v (ζ) − 1

v (ζ) + 1

)τ1

+ ln

(

v (ζ) − a

v (ζ) + a

)τ2

+ ln

(

v (ζ) − b

v (ζ) + b

)τ3

+ ln

(

v (ζ) − c

v (ζ) + c

)τ4]

−

−µ ln

[(

a− 1

a+ 1

)τ1 (

a− b

a+ b

)τ3 (

a− c

a+ c

)τ4]

(15”)
After restrictions and convenient grouping the equation above is written as

it follows:































































































[

(

u (ζ) − α

u (ζ) + α

)α (

u (ζ) + β

u (ζ) − β

α+ β

α− β

)β
]

√

ff (−2pl2 − f)

f
×

× (−1)

α
√

ff (−2pl2 − f)

f
+µτ2

=

=











(

v (ζ) − 1

v (ζ) + 1

a+ 1

a− 1

)
τ1 (

v (ζ) − a

v (ζ) + a

)τ2

×

×

(

v (ζ) − b

v (ζ) + b

a+ b

a− b

)
τ3 (

v (ζ) − c

v (ζ) + c

a+ c

a− c

)τ4











µ

(27)

Relation (27) implicitly represents the equation verified by the extremal
function w = w (ζ) which performs max

f∈S
|f(z)| .

2◦. Let us now assume that Im
(

zlm
)

= 0. In this case from the expressin

of p there must be zl − zl = 0. From the conditions
zlm−zlm = 0, zl−zl = 0, |f ′(z)| = 1 and |z| = r we obtain m = m and

from the expression of p it results that p is complex, which is a contradiction!
Therefore this case cannot happen.

5. Next we will show how θ and k can be determined. In relation (14) we
perform ζ → z; and we obtain:

−pz2l2f
(

1 − r2
)2

= (1 − qz)
2
(

t0 − 2kqζ + q2t4ζ
2
)

8
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and by multiplying the resulting equality by z2l
2
f we obtain (|z| = r) :

−pz2z2l2l
2
f.f

(

1 − r2
)2

=
(

z − qr2
)2 (

t0 − 2kqζ + q2t4ζ
2
)

f l
2

(28)

Since the expression on the left of the equality (28) is real, we obtain a
system with two equations from which we obtain θ and k :























Re
[

(

z − qr2
)2 (

t0 − 2kqζ + q2t4ζ
2
)

f l
2
]

+

+pz2z2l2l
2
f.f

(

1 − r2
)2

= 0
and

Im
[

(

z − qr2
)2 (

t0 − 2kqζ + q2t4ζ
2
)

f l
2
]

= 0

(29)

With θ and k determined in this way the extremal function w = w (ζ) from
equation (27) is well determined; with its help we find max

f∈S
|f(z)| in conditions

|f ′(z)| = 1, |z| = r, f ∈ S, 0 ≤ r < 1, r given.
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University, Faculty of Mathematics, Cluj-Napoca, 1986.

9

M. Iovanov / Ovidius University Annals Series: Civil Engineering 11, 2009                               265 
 _________________________________________________________________________________



 



A Modifies Spline for an Approximation of

Singular Integrals of Cauchy Type

Mostefa Nadir

Laboratory of Pure and Applied Mathematics

Department of Mathematics University of M’sila Algeria

E-mail: mostefanadir@yahoo.fr

Abstract

In this work we present an approximation for singular integrals of
Cauchy type using a small modification of the splines functions in order
to eliminate the singularity. This approximation is destined to resolve
numerically the singular integral equations with Cauchy type kernel on a
smooth oriented contour.

Keywords: Singular integral, interpolation, Hőlder space and Hőlder con-
dition

1 Introduction

The main considerations of the present work concern the construction and foun-
dation of some numerical schemes which are destined for numerical solution of
singular integral equations with Cauchy type kernel.

a(t0)ϕ(t0) +
b(t0)

πi

∫

Γ

ϕ(t)

t − t0
dt +

∫

Γ

k(t, t0)ϕ(t)dt = f(t0) (1)

where under Γ we designate a smooth contour oriented, t and t0 are points
on Γ, a(t), b(t), k(t, t0) and f(t) are functions given on Γ.

Let F (t0) be a singular integral defined by

F (t0) =
1

πi

∫

Γ

ϕ(t)

t − t0
dt, t, t0 ∈ Γ. (2)

For the existence of the principal value of this integral for a given density
ϕ(t), we will need more than mere continuity, in other words, the density ϕ(t)
has to satisfy the Hölder condition H(µ)[2].

1
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2 The Quadrature

Let t = t(s) = x(s)+ iy(s) where s ∈ [a, b] be the parametric complex equation
of the curve Γ with the respect to some parameter s. Consider that N is an
arbitrary natural number, generally we take it large enough, and divide the
interval [a, b] into N equal subintervals of [a, b]

[a, b] = {a = s0 < s1 < ..... < sN = b},

be called I1 to IN , so that, we have Iσ+1 = [sσ, sσ+1].

sσ = a + σ
l

N
, l = b − a , σ = 0, 1, 2, ...., N.

Further, fixing a natural number m, and divide each of segments [sσ, sσ+1[
by points

sσk = sσ + hxk, h =
l

N
, k = 0, 1, ...,m ,

where the points {xk} represent the increasing sequence belongs to the in-
terval [0, 1[.

Denoting by

tσ = t(sσ), tσk = t(sσk); σ = 0, 1, 2, ..., N ; k = 0, 1, ....,m.

Assuming that for the indices σ, ν = 0, 1, 2, ...., N − 1 the points t and t0

belong respectively to the arcs
⌢

tσtσ+1 and
⌢

tνtν+1 where
⌢

tαtα+1 designate the
smallest arc with ends tα and tα+1 [3], [5] and [6].

For an arbitrary numbers σ, ν from 0, 1, 2, ..., N − 1, we define the function
βσν(ϕ; t, t0) dependents of ϕ, t and t0 by

βσν(ϕ; t, t0) = U(ϕ; t, σ) − V (ϕ; t0, ν), (3)

where the expression U(ϕ; t, σ), V (ϕ; t0, ν) designates the approximation of
the function density ϕ(t), ϕ(t0) on the subinterval [tσ, tσ+1[, [tν , tν+1[ respec-
tively of the curve Γ, given by the following formula

U(ϕ; t, σ) =
tσ(k+1) − t

tσ(k+1) − tσk

ϕ(tσk)
t − t0

tσk − t0
+

t − tσk

tσ(k+1) − tσk

ϕ(tσ(k+1))
t − t0

tσ(k+1) − t0
,

V (ϕ; t0, ν) = S1(ϕ; t0, ν)
t − t0

tσ(k+1) − tσk

(
tσ(k+1) − t

tσk − t0
+

t − tσk

tσ(k+1) − t0
),

where S1(ϕ; t0, ν) represents the spline function on the subinterval [tν , tν+1[
on the curve Γ given by

S1(ϕ; t0, ν) =
tν(k+1) − t0

tν(k+1) − tνk

ϕ(tνk) +
t0 − tνk

tν(k+1) − tνk

ϕ(tν(k+1)),

2
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with t ∈
⌢

tσtσ+1 and t0 ∈

⌢

tνtν+1,σ, ν = 0, 1, ...N − 1 and k = 0, 1, ....m − 1.

Theorem 1

The function βσν(ϕ; t, t0) constructed above is continuous on the curve Γ
and has a definite sense for the values t0 = tσk or t0 = tσ(k+1).

Proof
Seeing that, the equality tσk − t0 = 0 or tσ(k+1) − t0 = 0 is possible only

when σ = ν, in this case, we can take to the function βσσ(ϕ; t, t0) the following
form

βσσ(ϕ; t, t0) = U(ϕ; t, σ) − V (ϕ; t0, σ).

Therefore,

βσσ(ϕ; t, t0) =
(tσ(k+1) − t)(t − t0)

(tσ(k+1) − tσk)(tσk − t0)
(ϕ(tσk) − S1(ϕ; t0, σ))

+
(t − tσk)(t − t0)

(tσ(k+1) − tσk)(tσ(k+1) − t0)
(ϕ(tσ(k+1)) − S1(ϕ; t0, σ)).

It’s easily to see that

βσσ(ϕ; t, t0) = (t − t0)Q(ϕ; t, t0),

with
lim

t0→tσk

Q(ϕ; t, t0) = Q(ϕ; t, tσk),

and
lim

t0→tσ(k+1)

Q(ϕ; t, t0) = Q(ϕ; t, tσ(k+1)).

Putting now the function

ψσν(ϕ; t, t0) =

{

ϕ(t0) + βσν(ϕ; t, t0), t ∈
⌢

tσtσ+1 ; t0 ∈

⌢

tνtν+1

σ = 0, 1, ..., N − 1 ; ν = 0, 1, ..., N − 1
. (4)

After this construction, one replaces the singular integral (2)

F (t0) =
1

πi

∫

Γ

ϕ(t)

t − t0
dt

by the following ones

S(ϕ; t0) =
1

πi

∫

Γ

ψσν(ϕ; t, t0)

t − t0
dt = ϕ(t0) +

1

πi

∫

Γ

βσν(ϕ; t, t0)

t − t0
dt. (5)

Theorem 2

Let Γ be a smooth contour oriented and let ϕ be a density satisfies the Hölder
condition H(µ) then, the following estimation

| F (t0) − S(ϕ; t0) |≤ max(
C ln(mN)

(mN)µ
,

C

Nµ
) N, m > 1

3
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holds, where the constant C depends only of the contour Γ.
Proof

For any t ∈
⌢

tσtσ+1 and t0 ∈

⌢

tνtν+1, with σ 6= ν, we can write

ϕ(t) − ψσν(ϕ; t, t0) = ϕ(t) − ϕ(t0) − βσν(ϕ; t, t0) (1)

= ϕ(t) − ϕ(t0) − U(ϕ; t, σ) + V (ϕ; t0, ν)

If σ = ν, we can easily put our expression in the form

ϕ(t) − ψσσ(ϕ; t, t0) = ϕ(t) − ϕ(t0) − βσσ(ϕ; t, t0) (2)

= ϕ(t) − ϕ(t0) − U(ϕ; t, σ) + V (ϕ; t0, σ)

Taking into account expressions (7), (8) above, we have

1

πi

∫

Γ

ϕ(t) − ψσν(ϕ; t, t0)

t − t0
dt =

1

πi

N−1
∑

σ=0

∫

tσtσ+1

ϕ(t) − ϕ(t0)

t − t0
(3)

−

U(ϕ; t, σ) − V (ϕ; t0, σ)

t − t0
dt.

Passing now to the estimation of the expression (8), we have for t0 ∈

⌢

tνtν+1

and σ 6= ν, the relation

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑N−1

σ=0
σ 6=ν

∑m−1

k=0

∫ tσ(k+1)

tσk

ϕ(t) − ϕ(t0)

t − t0

−{

tσ(k+1) − t

tσ(k+1) − tσk

ϕ(tσk)
t − t0

tσk − t0
+

t − tσk

tσ(k+1) − tσk

ϕ(tσ(k+1))
t − t0

tσ(k+1) − t0

−

t − t0
tσ(k+1) − tσk

(
tσ(k+1) − t

tσk − t0
+

t − tσk

tσ(k+1) − t0
)S1(ϕ; t0, ν)}

1

t − t0
dt.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= O(
ln mN

mµNµ
).

Naturally, the estimation given above is obtained with the help of which
using expressions

| tσ(k+1) − t |

| tσ(k+1) − tσk |

| ≃

| t − tσk |

| tσ(k+1) − tσk |

= O(1),

| t0 − tνk |

| tν(k+1) − tνk |

| ≃

| tν(k+1) − t0 |

| tν(k+1) − tνk |

= O(1), 9 (4)

and the density ϕ as an element of the Hölder space H(µ)[2].
Besides, it is easy to see that

max
t0∈

⌢

tνtν+1

|

N−1
∑

σ=0
σ 6=ν

m−1
∑

k=0

∫ tσ(k+1)

tσk

ϕ(t) − ϕ(t0)

t − t0
|= O(

ln mN

mµNµ
)

4

270              A Modifies Spline.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



and also, one can estimate the expression

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ΣN−1

σ=0
σ 6=ν

∫ tσ+1

tσ

∑m−1

k=0
−{

tσ(k+1) − t

tσ(k+1) − tσk

ϕ(tσk)
t − t0

tσk − t0
+

t − tσk

tσ(k+1) − tσk

ϕ(tσ(k+1))
t − t0

tσ(k+1) − t0
−

t − t0
tσ(k+1) − tσk

(
tσ(k+1) − t

tσk − t0
+

t − tσk

tσ(k+1) − t0
)

S1(ϕ; t0, ν)}
1

t − t0
dt.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≃

∣

∣

∣

∣

∣

∣

∣

N−1
∑

σ=0
σ 6=ν

m−1
∑

k=0

∫ tσ(k+1)

tσk

ϕ(tνk) − ϕ(tσk)

tνk − tσk

+
ϕ(tν(k+1)) − ϕ(tσ(k+1))

tν(k+1) − tσ(k+1)

dt

∣

∣

∣

∣

∣

∣

∣

= O(
lnmN

mµNµ
).

Further, for the case where σ = ν, using again the condition ϕ ∈ H(µ) and
the condition of smoothness of Γ, we obtain

|

∫

tνtν+1

ϕ(t) − ϕ(t0)

t − t0
dt |≤ A

∫ sν+1

sν

| s − s0 |

µ−1 ds = O(N−µ)

3 Numerical experiments

Using our approximation, we apply the algorithms to singular integrals and we
present results concerning the accuracy of the calculations, in this numerical
experiments each table I represents the exact principal value of the singular
integral and ˜I corresponds to the approximate calculation produced by our
approximation at points values interpolation.

Example

Consider the singular integral,

I = F (t0) =
1

πi

∫

Γ

ϕ(t)

t − t0
dt,

where the curve Γ designate the unit circle and the function density ϕ is
given by the following expression

ϕ(t) =
−2t2 + 8t + 12

4t(t2 − t − 6)
.

N ‖ I −
˜I ‖1 ‖ I −

˜I ‖2 ‖ I −
˜I ‖∞

20 1.8246599E - 02 9.1665657E - 03 5.0822943E - 03
40 3.6852972E - 03 1.9270432E - 03 1.5697196E - 03
60 2.3687426E - 03 1.1880117E - 03 6.6070486E - 04

Note Many examples confirm the efficiency of this approximation.

5
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Abstract

We consider different forms of functional differential equations and
provide stability definitions and conditions for the solution of the respec-
tive equations and discuses an approach to the problem of stability and
asymptotic behavior of retarded differential equations
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1 Introduction and Definitions

Differential equations are used to model the movement of a certain physical
system or experiment. If the behavior of a system or experiment is stable, then
a small change in initial data will result in a small change in the behavior for
future time. Therefore, by the a statement that ”a solution φ of a differential
equation is stable” we mean that other solutions with initial data close to the
solution φ will remain close to φ for future time.

Stability properties for the linear differential equations considerably simpler
than nonlinear differential equations. In the theory of ordinary differential equa-
tions the stability by Lyapunov means the continuous (in the matric of space C
or Chebyshev metric ) dependence of the solution to the Cauchy problem [3]

Lx = f, x(a) = α (1.1)

in the space Dloc which is the linear space of the functions x : [a,∞) → <n(space
of real column vectors), absolutely continuous on every finite interval, i.e. when
x is locally absolutely continuous, ẋ is locally summable, for every f ∈ Lloc

which is a linear space of the classes of the equivalence of the measurable and
locally summable functions z : [a,∞) → <n and every α ∈ <n. Under these
assumptions there exists a n× n matrix X whose columns are the solutions of
semi homogeneous problems

Lx = 0, x(a) = Ei

1
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where the vectors E1, E2, . . . , En form the columns of the identity matrix E.
For a wide class of equations

(Lx)(t) = f(t), t ≥ a (1.2)

the Cauchy operator is an integral Volterra operator

(Cf)(t) =
∫ t

a

C(t, s)f(s)ds

The kernel C(t, s) in this representation of the Cauchy operator is called the
Cauchy matrix of equation (1.1). The Cauchy formula implies that all asymp-
totic properties of the solutions to the linear equation, particularly the stability
properties, are determined by the properties of the Cauchy matrix C(t, s) and of
the fundamental matrix X(t). Generally speaking, differential equations Lx = f
may have similar fundamental matrices, and different Cauchy matrices, or sim-
ilar Cauchy matrices but different fundamental matrices.

In order to formulate the conditions ensuring unique solvability of problem
(1.1) and integral representation of the Cauchy operator introducing the Banach
space L[a, b] of measurable and summable by Lebesgue functions z : [a, b] → <n

with the norm

‖z‖L[a,b]
def=

∫ t

a

|z(s)|ds,

and D[a, b] is the Banach space of the absolutely continuous functions x : [a, b] →
<n with the norm

‖x‖D[a,b]
def= ‖ẋ‖L[a,b] + |x(a)|

The solvability of equation (problem) means the existence of at least one
solution to the equation. The operator L : Dloc → Lloc is a linear Volterra
operator, a natural definition of the solution to the equation Lx = f on the
segment [a, b] defined as Lb : D[a, b] → L[a, b] for the operator L. For an
arbitrary function x ∈ D[a, b] setting

(Lbx)(t) def= (Lyx)(t)

almost everywhere on [a, b], where yx ∈ Dloc and yx(t) = x(t) everywhere on
[a, b]. The function x ∈ D[a, b] for which (Lyx)(t) = f(t) is called a solution of
equation Lx = f almost everywhere on [a, b] . The operator L : Dloc → Lloc

is Volterra and x : [a, b] → <n. The solutions of various functional differential
equations sometimes have similar properties, and vise versa equations of similar
form sometimes possess solutions with different properties. This is because
of specific features of the operator L. Thus, under the condition of unique
solvability of problem (1.1), and by virtue of linearity of the operator L, the
general solution of the equation (1.2) has the form

x(t) = (Cf)(t) + X(t)x(a)

2
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This representation is called the Cauchy formula , the matrix X is the funda-
mental matrix and the operator C : Lloc → Dloc is the Cauchy operator of the
equation (1.2).

Theorem 1.1 [3] Let for every b > a the operator Lb : D[a, b] → L[a, b] be
bounded and the problem

Lbx = f,
x(a) = α

be uniquely solvable for ever pair {f, α} ∈ L[a, b]×<n. Then the general solution
of the equation (1.2) has the representation

x(t) = x(a) +
∫ t

a

C(t, s)f(s)ds

The study of stabilities for nonlinear differential equations is difficult because
formulas of solutions and eigenvalues are generally not available or applicable.
Dealing with the stability of nonlinear differential equation Liapunov method
is one of the important and useful tool. The study of stability properties of
autonomous differential equations in <2 can be extend to general differential
equations in <n .

Consider differential equation

ẋ(t) = f(t, x(t)), (1.3)

in the space D = [0,∞) × Q where Q ⊂ <n is a domain containing the zero
vector. For any (t0, x0) ∈ D = [0,∞) × Q, equation has a unique solution
x(t, t0, x0) existing on [t0,∞) with x(t0) = x0.

First to guarantee existence and uniqueness of solutions. Therefore in <2

Liapunov functions can be define in the form

V (t) =
1
2
[x2

1(t) + x2
2(t)] (1.4)

The function V is related to the norm r(x) =
√

x2
1 + x2

2 of a solution (x1(t), x2(t)),
that is the difference from (x1(t), x2(t)) to the origin (0, 0). Consequently

V ′(t) ≤ αV (t) = −[−αV (t)], α < 0

which enables us to verify that V (t) → 0, t →∞.
Regarding stabilities in the sense of Liapunov we have following definitions

and theorems.

Definition 1. Let Q ⊂ <n be a domain containing the zero vector. A con-
tinuous function V : Q → [0,∞) is called positive definite if V (x) > 0, for
x 6= 0.

Definition 2. Let Q ⊂ <n be domain containing the zero vector. A function V :
Q → [0,∞) is called a Liapunov function if V (0) = 0, V is called positive definite
and has continuous first partial derivatives. The solutions go to the origin (0, 0)

3
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or the origin φ = (0, 0) is asymptotically stable [4]. The most important aspect
of this approach is that it is done without solving the differential equations
explicitly. The method is introduced by Liapunov (1892) and Poincare (1892).
Their ideas continue to inspire new research in the area of differential equations
and other related areas.

Definition 3 [4]. Let φ(t) = φ(t, tφ) be a solution of Equation (1.3) on the
interval [tφ,∞), tφ ≥ 0. Then;

(i). φ(t) = φ(t, tφ) is said to be stable if for any t0 ≥ tφ and any ε > 0 there
exist a δ = δ(ε, t0) > 0, typically δ(ε, t0) ≤ ε , such that |x0−φ(t0)| ≤ δ implies
|x(t, t0, x0)− φ(t)| ≤ ε for t ≥ t0.

(ii). φ(t, tφ) is said to be uniformly stable if it is stable and δ in the definition
of ”stable” can be chosen to be independent of t0 ≥ tφ. That is for any ε > 0
, there exists a δ = δ(ε) > 0, δ(ε) ≤ ε) such that t0 ≥ tφ and |x0 − φ(t0)| ≤ δ
imply x(t, t0, x0)− φ(t)| ≤ ε for t ≥ t0.

(iii ). φ(t, tφ) is said to be asymptotically stable if it is stable and in addition,
for any t0 ≥ tφ , there exists an r(t0) > 0 such that |x0 − φ(t0)| ≤ r(t0) implies
limt→∞ |x(t, t0, x0)− φ(t)| = 0.

(iv). φ(t, tφ) is said to be uniformly asymptotically stable if it is uniformally
stable and in addition, there exists an r > 0 independent of t0 ≥ tφ, such that
|x0 − φ(t0)| ≤ r implies limt→∞ |x(t, t0, x0) − φ(t)| = 0 uniformly for t0 ≥ tφ
in the following sense: For any ε > 0 , there exist a T = T (ε) > 0 such that
{t0 ≥ tφ, |x0 − φ(t0)| ≤ r, t ≥ t0 + T} imply |x(t, t0, x0)− φ(t)| ≤ ε.

(v). φ(t, tφ) is said to be unstable if it is not stable.
(vi). In particular, if φ(t) = 0, t ≥ 0, is a solution of Equation (1.1) , or

equivalently when f(t, 0) = 0, t ≥ 0, then the above given the corresponding
definitions concerning stability properties for the zero solution φ = 0.

Theorem 1.2 [4] Let Q ⊂ <n be a domain containing the zero vector. Consider
equation

x′(t) = f(x(t)), or x′ = f(x)

on [0,∞) × Q with f(0) = 0 so that φ = 0 is a solution of equation. Assume
that V is a Liapunov function. Then

(i). If V ′(x) ≤ 0, then φ = 0 is uniformly stable.
(ii). If V ′(x) < 0, x 6= 0, or −V ′(x) is positive definite, then φ = 0 is

uniformly asymptotically stable.
(iii). If V ′(x) > 0, x 6= 0, then φ = 0 is unstable.
This theorem presents a brief coverage of the Liapunov theory concerning

stability properties for autonomous differential equations. Roughly speaking, it
reduces the study of stability properties to the problem of constructing appro-
priate Liapunov functions. However, constructing these functions is not an easy
task; it requires a great deal of experience and skill.

Consider general linear differential equations of the form

ẋ(t) = A(t)x(t) + f(t), x(t0) = x0, t ≥ t0 ≥ 0, x ∈ <n, (1.5)

4
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where A(t) and f(t) are continuous on <+ = [0,∞). The unique solution of
equation (1.5) is

x(t) = U(t, t0)x0 +
∫ t

t0

U(t, s)f(s)ds, t ≥ t0 (1.6)

where the matrix U(t, t0) is the fundamental matrix solution of Equation
(1.5) when f = 0.

Theorem 1.3 [4] Assume that A(t) is continuous on <n and let U be the
fundamental matrix solution of

ẋ(t) = A(t)x(t) (1.7)

where the unique solution is given by x(t) = U(t, t0)x0 . The zero solution
ϕ = 0 of Equation (1.7) is
(i). Stable if and only if there is an (independent or generic) constant C > 1
such that

|U(t, 0)| ≤ C, 0 ≤ t < ∞
(ii). Uniformly stable if and only if there is an (independent or generic) constant
C > 1 such that

|U(t, s)| ≤ C, 0 ≤ s ≤ t < ∞
(iii). Asymptotically stable if and only if

|U(t, 0)| → 0, t →∞

(iv). Uniformly asymptotically ( also called exponentially ) stable if and only
if there are ( independent or generic) constants C > 1 and α > 0 such that

|U(t, s)| ≤ Ce−α(t−s), 0 ≤ s ≤ t < ∞

Theorem 1.4 [4] Assume that A(t) and f(t) are continuous on <+. The zero
solution of Equation x′(t) = A(t)x(t) is stable if and only if every solution
of Equation (1.5) is stable. The same statement is true for uniform stability,
asymptotic stability, and uniform asymptotic stability [4].

Theorem 1.5 [4] Assume that A(t) is continuous on <+. If the zero solution
of equation (1.7) is uniformly stable, and if the n×n continuous matrix function
B(t) satisfies

∫∞
0
‖B(t)‖dt < ∞, then the zero solution of

x′(t) = A(t)x(t) + B(t)x(t) =
[
A(t) + B(t)

]
x(t) (1.8)

is also uniformly stable.

Theorem 1.6 Assume that A(t) is continuous on <+. If the zero solution of
equation (1.7) is uniformly asymptotically stable, and if the n × n continuous
matrix function B(t) satisfies∫ t

t0

∣∣B(s)
∣∣ds ≤ m(t− t0) + r, t ≥ t0 ≥ 0 (1.9)

5
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for some positive constants m and r, then there is an m0 > 0 such that if
m ≤ m0, the zero solution of equation (1.8) is also uniformly asymptotically
stable [4].

2 Main Results, A New Conception of Stability

The modern theory of functional differential equations [1] − [2] are devoted to
the modern theory of the equation

ẋ = Fx (2.1)

with the operator F defined on a set of absolutely continuous functions. This
equation is a natural generalization of the differential equation of the form:

(Fx)(t) = f(t, x(t))

We will discuss an approach to the problem of stability and asymptotic behavior
of solutions of differential and delay differential equations. Consider the equation

(Lx)(t) def= ẋ(t)−
∫ t

0

x(s)R(t, s)ds = f(t), x(t) ∈ <n (2.2)

Under natural assumptions the ”Cauchy formula”

x(t) =
∫ t

0

C(t, s)f(s)d(s) + C(t, 0)x(0) (2.3)

describes the general solution of this equation. In the case of the differential
equation

ẋ(t)− P (t)x(t) = f(t)

the well known equality

C(t, s) = X(t)X−1(s) = C(t, τ)C(τ, s), (s ≤ τ ≤ t)

where X is the fundamental matrix of solutions of the homogeneous equation.
The Cauchy formula (2.3) directly follows from the fact that there is a one-to-one
mapping

x(t) =
∫ t

0

z(s)d(s), z = ẋ,

between the solutions x of the Cauchy problem Lx = f, x(0) = 0 and the
solutions z of the classical Volterra integral equation

z(t) =
∫ t

0

R(t, s)z(s)d(s) + f(t) (2.4)

namely,

C(t, s) = E +
∫ t

s

H(τ, s)dτ,

6
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where E is the identity n×n matrix, H(τ, s) is the kernel at the representation

z(t) = f(t) +
∫ t

0

H(t, s)f(s)ds

of the solution (2.4). Let B be a fixed linear space of (locally summable) func-
tions and z : [0,∞) → <n. Then all the solutions

x(t) =
∫ t

0

C(t, s)f(s)ds + C(t, 0)α, {f, α} ∈ B ×<n

of the equation Lx = f, f ∈ B constitute a linear space D(L, B). Let B be
Banach space, then D(L, B) is also Banach under the norm

‖x‖D = ‖Lx‖B + ‖x(0)‖<n .

It is relevant to point out that the space D(L, B) is one and the same for wide
class of equations in the case of B is fixed.

Let L0x = z be a ”model” equation with the Cauchy matrix C0(t, s) in
explicite form. Then we know some asymptotic property of the elements of
D(L0, B). For instance, if B = L∞ (the space of measurable and bounded) and
z : [0,∞) → <n, ‖z‖L∞ = vraisupt>0‖z(t)‖<n . Then

(L0x)(t) = ẋ(t) + Ex(t) = f(t)

Thus x ∈ D(L0, L∞) has the representation

x(t) =
∫ t

0

e−(t−s)z(s)ds + e−tα, {z, α} ∈ L∞ ×<n

and consequently
sup
t>0

‖x(t)‖<n < ∞

In the case of

B = Lγ
∞, 0 < γ < 1, z ∈ Lγ

∞ : z(t) = y(t)e−γt, y ∈ L∞)

each x ∈ D(ẋ + x, Lγ
∞) has the property

‖x(t)‖<n ≤ Nze
−γt

If we let B = L∞, the systems of equations

(L0x)(t) def=
{

ẋ1(t)
ẋ2(t)

}
+

{
ν 0
0 µ

} {
x1(t)
x2(t)

}
=

{
z1(t)
z2(t)

}
(2.5)

has solutions in the form

x1(t) =
∫ t

0

e−ν(t−s)z1(s)ds + α1e
−νt

7
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x2(t) =
∫ t

0

e−µ(t−s)z2(s)ds + α1e
−µt

where |x1(t)| < ∞ if ν > 0, |x2(t)| < ∞ if µ < 0. Now let try to rewrite
delay differential equation in the form Lx = f . To make matter explicit, it is
sufficient to consider following simple example

ẋ(t) + p(t)x[h(t)] = v(t), h(t) ≤ t, t ≥ 0
x(ξ) = ϕ(ξ), if ξ < 0 (2.6)

Since we consider the unknown x on the interval [0,∞). The ”initial func-
tion” ϕ defines the value of the superposition of x[h(t)] for h(t) < 0 . Denoting
the linear operator Sh by

Sh(x) =
{

x[h(t)], if h(t) ≥ 0,
0, if h(t) < 0,

(2.7)

Let

ϕh =
{

0, if h(t) ≥ 0,
ϕ [x(t)] , if h(t) < 0,

(2.8)

Then using these definitions (2.6) takes the form

(Lx)(t) def= ẋ(t) +
∫ t

0

x(s)R(t, s)ds = f(t),

where R(t, s) = −p(t)X(t, s), where X(t, s) is the characteristic function of the
point set {t, s} such that 0 ≤ s ≤ h(t) .

Let L0x = z be a model equation. Denote

(Wz)(t) =
∫ t

0

C0(t, s)z(s)ds

and let Lx = f be an equation with unknown C(t, s).Then the following asser-
tion gives a criterion of coincidence of the known set D(L0, B) and unknown
one D(L, B) .

Theorem 2.1 Let L : D(L0, B) → B be bounded. The equality

D(L0, B) = D(L, B)

holds if and only if there exists bounded inverse [LW ]−1 : B → B.
Define the ”Cauchy operator” C : B → D(L0, B) by

(Cf)(t) =
∫ t

0

C(t, s)f(s)ds

and the finite dimensional X : <n → D(L0, B) by (Xα)(t) = C(t, 0)α . Because
of the assumptions of the theorem these operators are bounded. From the
definition of the equation there exists a special case in the form:

B = L∞, (L0x)(t) def= ẋ + Eωx(t), ω > 0

8
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The inevertibility of LW : L∞ → L∞ guarantees the bound of each solution x
by virtue of the theorem for the equation

Lx = f, f ∈ L∞, (sup
t>0

‖x(t)‖<n < ∞)

As an example consider

Lx(t) def= ẋ(t) + P (t)x(t)

the columns of P belong to L∞ . Since

ẋ + Px ≡ ẋ + Eωx + Px− Eωx

LWz = z − (P − Eω)Wz
def= z − Ωz

The estimation ‖Ω‖L∞ < 1 guarantees the invertibility of LW : L∞ → L∞ .
Thus the inequality

‖Ω‖L∞→L∞ ≤ vrai sup
t>0

‖P (t)− Eω‖<n

1
ω

< 1

where there exist a ω > 0 such that

vrai lim
t→∞

‖P (t)− Eω‖<n < ω

which is guarantees exponential stability of Lx = f and the estimate

‖C(t, s)‖<n ≤ Neγ(t−s)

as a result of Bohl-Perron Theorem, assuming B = L∞ and L0 be defined by
(2.5) then the invertibility of LW : L∞ → L∞ guarantees the stability of the
system Lx = f in respect to the first component of x1 .

Example 2.1 Let B = L∞,

(L0x)(t) def= ẋ(t)− 2t

t2 + 1
x(t)

The invertibility of LW : L∞ → L∞ guarantees the estimate
‖x(t)‖<n < N(t2 + 1) for x ∈ D(L, L∞) .
In particular if n = 1 we have

(Lx)(t) def=
{

ẋ(t)− 2t
t2+1x(t)− p(t)x[h(t)]

x(ξ) = 0, if ξ < 0

where p(t) ≥ 0, p(t)σ(t)[h2(t) + 1] arctan h(t) < 0 and

σ(t) =
{

1, if h(t) ≥ 0
0, if h(t) < 0

9
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guarantees the invertibility of LW . We can point as a conclusion that the
operator LW has explicit form and the invertibility of LW is sufficient and
necessary for D(L0, B) = D(L, B).

Sometimes it can be useful to replace L∞ by the ”weighted ” space Lγ
∞ in

such away that z ∈ Lγ
∞ if z(t) = eγty(t), y ∈ L∞ .

Now next let consider quasi-linear equation Lx = Fx with nonlinear Volterra
form F .

Theorem 2.2 Assume that D(L0, B) = D(L, B) and L : D(L0, B) → B be
bounded. Let further F (0) = 0 and for each k > 0 there exists δ > 0 such that

‖Fx2 − Fx1‖B ≤ k‖x2 − x1‖D(L0,B)

for all x1, x2 ∈ D(L0, B) such that ‖xi‖D(L0,B) < δ, i = 1, 2. Then the
solution of the Cauchy problem Lx = Fx, x(0) = α belongs to D(L0, B) for
some small ‖α‖<n .
Example 2.2 Following equations are exponentially stable if ν > 0.

ẋ + νx = sin ẋ2{
ẋ(t) + νx(t) = a(t)ẋ2(t− τ1)) + b(t)ẋ(t− τ2(t))x(t− τ3(t)) + c(t)x2(t− τ4(t)),
ẋ(ξ) = 0 if ξ < 0

where a, b, c ∈ L∞, τi > 0, constant , i = 1, 2, 3, 4
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Abstract

The initial-value problem for the hyperbolic equation d
2
u(t)

dt2
+A(t)u(t) =

f(t) (0 ≤ t ≤ T ), u(0) = ϕ, u′(0) = ψ in a Hilbert space H with the self-
adjoint positive definite operators A(t) is considered. A new second order
accurate absolutely stable difference scheme generated by A(t) for ap-
proximately solving this abstract initial-value problem is developed. The
stability estimates for the solution of this difference scheme and its first
and second order difference derivatives are presented.

Keywords: Abstract hyperbolic equation; Initial-value problem; Dif-
ference scheme; Stability.

1 Introduction

We consider the difference scheme for the initial value problem

{

d2u(t)

dt2
+ A(t)u(t) = f(t) (0 ≤ t ≤ T ),

u(0) = ϕ, u′(0) = ψ
(1)

where A(t) is the self-adjoint positive definite operator in a Hilbert space H
with a t-independent domain D = D(A(t)) : A (t) ≥ δI > 0.

There are many researches on the stability of difference schemes (see [1, 1-8])
for the approximate solution of the problem (1). As a rule, they are based on
the assumption that the magnitudes of the grid steps τ and h with respect to
the time and space variables are connected.
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Without using any assumptions with respect to the grid steps τ and h, there
are some researches (see [9, 9-14]) on the stability of difference schemes for the
approximately solving (1).

For the approximately solving (1), the first order accurate difference scheme























τ−2(uk+1 − 2uk + uk−1) + Akuk+1 = fk,

Ak = A(tk), fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = 1,

τ−1(u1 − u0) = ψ, u0 = ϕ

generated by the integer power of A (t) was considered in [9].
In the case A (t) = A, the first and two types of the second order accurate

difference schemes, generated by integer powers of A were considered in [10]. The
stability estimates for the solutions of these difference schemes were established.
After this, for the approximately solving (1), the second order accurate difference
schemes were investigated in [13, 14]. Unfortunately, these difference schemes
are generated by the square root of A (t) . For the practical realization of these
difference schemes, the operator A1/2 (t) is not used. Though the theoretical
results are correct, the good results can not be obtained everytime. Therefore,
we prefer to study the difference scheme generated by integer powers of A(t).

In the present paper, a new second-order accurate difference scheme gener-
ated by integer power of A(t) for approximately solving problem (1) is developed.
The stability estimates for the solution of this difference scheme and for the first
and second-order difference derivatives are presented.

2 Difference scheme, Stability estimates

Applying the formulas

u (tk+1) − 2u (tk) + u (tk−1)

τ2
− u′′ (tk) = o(τ2),

u (tk) −
u (tk+1) + 2u (tk) + u (tk−1)

4
= o(τ2)

and equation
u′′ (tk) = −A (tk) u (tk) + f (tk) ,

we obtain

u (tk+1) − 2u (tk) + u (tk−1)

τ2
+

1

4
A (tk) (u (tk+1) + 2u (tk) + u (tk−1))

= f (tk) + o(τ2).

Moreover, we have that

(I + τ2A (0))
u (τ) − u (0)

τ
=

τ

2
(−A (0)u (0) + f (0)) + ψ + o(τ2).

2
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Neglecting small terms o(τ2), we obtain the following difference scheme























uk+1−2uk+uk−1

τ2 + 1

2
Akuk + 1

4
Ak (uk+1 + uk−1) = fk,

Ak = A (tk) , fk = f(tk), tk = kτ, 1 ≤ k ≤ N − 1, Nτ = T,

(I + τ2A0)τ
−1(u1 − u0) = τ

2
(f0 − A0u0) + ψ, f0 = f(0), u0 = ϕ.

(2)

Theorem 2.1. Let u(0) ∈ D(A
1

2 (0)) . Then, for the solution of the difference
scheme (2.1), the stability estimate

max
0≤k≤N−1

∥

∥

∥

∥

uk+1 − uk

τ

∥

∥

∥

∥

H

+ max
0≤k≤N−1

∥

∥

∥

∥

τAk

uk+1 + uk

2

∥

∥

∥

∥

H

+ max
0≤k≤N

‖uk‖H

≤ C1

[

||A
1

2 (0)u0||H + ||u′

0||H +
N−1
∑

s=0

||fs||Hτ

]

(3)

holds, where C1 does not depend on u0, u
′

0, fs (0 ≤ s ≤ N − 1) and τ .

Theorem 2.2. Let u(0) ∈ D(A(0)), u′(0) ∈ D(A1/2(0)) . Then, for the solution
of the difference scheme (2.1), the stability estimate

max
1≤k≤N−1

∥

∥τ−2 (uk+1 − 2uk + uk−1)
∥

∥

H
+ max

1≤k≤N−1
||4−1Ak (uk+1 + 2uk + uk−1) ||H

≤ C2

[

||A(0)u0||H + ||A
1

2 (0)u′

0||H + max
0≤s≤k

‖fs‖H +

N
∑

s=0

||fs+1 − fs||H

]

(4)

holds, where C2 does not depend on u0, u
′

0, fs (0 ≤ s ≤ N) , and τ .
The proof of these theorems are based on the discrete analogies of integral

inequality and on the following formula

uk+1 = 4−1
{

[P+

k (k)B+ + P−

k (k)B−]u0 + [P+

k (k)C+ + P−

k (k)C−]u′

0

+[P+

k (k)D+ + P−

k (k)D−]f0

+

k−1
∑

s=0

[

B+
s (k)τ

(

I −

iτ

2
A

1/2

k−s

)

−1

− B−

s (k)τ

(

I +
iτ

2
A

1/2

k−s

)

−1
]

ψk−s

}

for the solution of the difference scheme (2) and on the estimates
∥

∥

∥
ταA

α/2

k

(

I + τ2Ak

)

−1
∥

∥

∥

H→H

≤ 1, α = 0, 2,
∥

∥

∥
τA

1/2

k

(

I + τ2Ak

)

−1
∥

∥

∥

H→H

≤ 1/2,

∥

∥

∥

∥

(

I ∓ iτA1/2
s

)

−1
∥

∥

∥

∥

H→H

≤ 1,

∥

∥

∥

∥

∥

(

I ∓

iτ

2
A1/2

s

)

−1 (

I ±

iτ

2
A1/2

s

)

∥

∥

∥

∥

∥

H→H

≤ 1,

∥

∥

∥

∥

∥

τA1/2
s

(

I ±

iτ

2
A1/2

s

)

−1
∥

∥

∥

∥

∥

H→H

≤ 2,
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and
∥

∥Aρ(t)A−ρ(s)
∥

∥

H→H
≤ Mρ.

Here

B± =
(

I + τ2A0

)

−1

(

I −

τ2

2
A0 ± iτA

1/2

0

)

, C± =
(

I + τ2A0

)

−1
(

τ ∓ iA
−1/2

0

)

,

D± =
(

I + τ2A0

)

−1

(

τ2

2
∓ iτA

−1/2

0

)

,

ψk + ψk−1 = −2iA
−1/2

k fk

+2i
(

A
−1/2

k−1
− A

−1/2

k

) uk − uk−1

τ2
+ 2−1i

(

A
1/2

k − A
1/2

k−1

)

(uk + uk−1) ,

and
P±

k (k) = X±

k X±

k−1
· · · X±

0 , R±

m(k) = X±

k X±

k−1
· · · X±

m+1,

X±

k+1
=

(

I ∓

iτ

2
A

1/2

k

)

−1 (

I ±

iτ

2
A

1/2

k

)

,

B±

s (k) = X±

k X±

k−1
· · · X±

k−s+1
, B±

0 (k) = I.

Let us denote

ψp = −iA
−1/2

k fk − 2iA
−1/2

k

(

A
1/2

k − A1/2
p

)

A−1/2
p

uk − uk−1

τ2

+i
(

A
1/2

k − A1/2
p

) uk + uk−1

2
, for p = k − 1, k.

Note that we have different formulas for ψk and ψk−1; nevertheless, we have the
same estimate for their norms. Actually,

∥

∥

∥
A

1/2

k ψk

∥

∥

∥

H
≤ M1/2 ‖fk‖H

≤ M1/2 ‖fk‖H + 2M2

1/2

∥

∥

∥

∥

uk − uk−1

τ

∥

∥

∥

∥

H

+ M1/2

∥

∥

∥

∥

τAk−1

uk + uk−1

2

∥

∥

∥

∥

H

,

∥

∥

∥
A

1/2

k ψk−1

∥

∥

∥

H
≤ M1/2 ‖fk‖H+2M2

1/2

∥

∥

∥

∥

uk − uk−1

τ

∥

∥

∥

∥

H

+M1/2

∥

∥

∥

∥

τAk−1

uk + uk−1

2

∥

∥

∥

∥

H

.
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Gronwall Type Integral Inequalities via Picard
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Abstract

In this paper we will use the Picard operators technique presented by
I. A. Rus in papers [10], [11], [12] and the Abstract Gronwall lemma, to
obtain some integral inequalities regarding to the solution of the integral
equation

x(t) =

∫

b

a

K(t, s, x(s), x(a), x(b))ds + f(t), t ∈ [a, b].

An example is also given here.

Keywords: integral equation, modified argument, subsolution, Picard
operator, integral inequality.

1 Introduction

In the study of some problems from turbo-reactors industry, in the ’70, a Fred-
holm integral equation with modified argument appears, having the following
form

x(t) =

∫ b

a

K(t, s, x(s), x(a), x(b))ds + f(t), t ∈ [a, b]. (1)

where K : [a, b] × [a, b] × B
3
→ B, f : [a, b] → B and (B, +, R, |·|) is a

Banach space.
This integral equation is a mathematical model from physics, reference with

to the turbo-reactors working.
The results obtained by the author regarding to the existence and unique-

ness, the existence, the data dependence and an approximation method of the
solution of the integral equation (1) have been published in the papers [1], [3],
[4], [5], [6] and [7].

The integral inequalities have been studied both by the classical theory and
using the abstract Gronwall lemma. We mention several articles which contains

1
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Gronwall integral inequalities: A. Buică [2], I. A. Rus [13], V. Mureşan [8], A.
Petruşel and I. A. Rus [9], M. A. Şerban [14], M. Zima [15].

In this paper we will use the Picard operators technique, presented by I.
A. Rus in the papers [10], [11] and [12], the Abstract Gronwall lemma and the
Abstract Comparison lemma in order to obtain some integral inequalities and
comparison results regarding to the solution of the integral equation (1). These
integral inequalities are new properties of the solution of this integral equation.

In the last section, an example is given.

2 Notations and preliminaries

Let X be a nonempty set, d a metric on X and A : X → X an operator. In
this paper we shall use the following notations:

FA : = {x ∈ X| A(x) = x} - the fixed points set of A

An+1 : = A ◦ An, A0 := 1X , A1 := A, n ∈ N

C([a, b], B) : = {x : [a, b] → B / x continuous function}

Definition (I. A. Rus [10] or [11]) Let (X, d) be a metric space. An operator
A : X → X is Picard operator (PO) if there exists x∗

∈ X such that:

(a) FA = {x∗
};

(b) the sequence (An(x0))n∈N converges to x∗, for all x0 ∈ X.

Definition (I. A. Rus [10] or [11]) Let (X, d) be a metric space. An operator
A : X → X is weakly Picard operator (WPO) if the sequence (An(x0))n∈N

converges for all x0 ∈ X and the limit (which may depend on x0) is a fixed
point of A.

If A is a weakly Picard operator, then we consider the following operator

A∞ : X → X, A∞(x) = lim
n→∞

An(x)

and we observe that A∞(X) = FA.
In order to obtain the proposed integral inequalities, we will need the fol-

lowing results (see [10], [11], [12]).
Theorem (Contraction Principle) Let (X, d) be a complete metric space

andA : X → X an α-contraction (α < 1). In these conditions we have:

(i) FA = {x∗
};

(ii) x∗ = lim
n→∞

An(x0), for all x0 ∈∈ X;

(iii) d(x∗, An(x0)) ≤
αn

1−α
d(x0, A(x0)).

2
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Let ≤ be an order relation on X.
Lemma (I. A. Rus [12]) Let (X, d,≤) be an ordered metric space and A :

X → X an operator, such that:

(i) the operator A is increasing ;

(ii) A is WPO.

Then, the operator A∞ is increasing.
Lemma (Abstract Comparison lemma) Let (X, d,≤) be an ordered metric

space and A,B,C : X → X three operators, such that:

(i) A ≤ B ≤ C;

(ii) A,B,C are WPOs;

(iii) the operator B is increasing.

Then
x ≤ y ≤ z =⇒ A(x) ≤ B(y) ≤ C(z).

Remark Let A,B,C be the operators defined in the Abstract Comparison
lemma. In addition, we suppose that

FB = {x∗

B},

i.e. B is a PO. Then we have

A∞(x) ≤ x∗

B ≤ C∞(x), for all x ∈ X.

But
A∞(X) = FA,

and
C∞(X) = FC .

Therefore we have
FA ≤ x∗

B ≤ FC .

Lemma (Abstract Gronwall lemma) (see [11]) Let (X, d,≤) be an ordered
metric space and A : X → X an operator. We suppose that:

(i) A is a PO;

(ii) the operator Ais increasing.

If we denote with x∗

A the unique fixed point of the operator A, then

(a) x ≤ A(x) ⇒ x ≤ x∗

A;

(b) x ≥ A(x) ⇒ x ≥ x∗

A.

3
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3 The main results

The theorems presented in this section contain the properties of the solution of
the integral equation (1). These results are obtained applying the Picard op-
erators technique, the Abstract Gronwall lemma and the Abstract Comparison
lemma.

Let (B, +, R, |·|) be an ordered Banach space.
We consider the integral equation (1), where K : [a, b] × [a, b] × B

3
→ B,

f : [a, b] → B.

TheoremWe suppose that:

(i) K ∈ C([a, b] × [a, b] × B
3, B), f ∈ C([a, b], B) ;

(ii) K(t, s, ·, ·, ·) is increasing for all t, s ∈ [a, b];

(iii) there exists LK > 0 such that

|K(t, s, u1, u2, u3) − K(t, s, v1, v2, v3)| ≤

≤ LK(|u1 − v1| + |u2 − v2| + |u3 − v3|),

for all t, s ∈ [a, b], ui, vi ∈ B, i = 1, 3;

(iv) 3LK(b − a) < 1

and let x∗
∈ C([a, b], B) be the unique solution of the integral equation (1).

In these conditions

(a) if x ∈ C([a, b], B) is a lower subsolution of the integral equation (1) then
x ≤ x∗;

(b) if x ∈ C([a, b], B) is an upper subsolution of the integral equation (1) then
x ≥ x∗.

Proof We consider the operator A : C([a, b], B) → C([a, b], B), defined by
the relation:

A(x)(t) :=

∫ b

a

K(t, s, x(s), x(a), x(b))ds + f(t), t ∈ [a, b]. (2)

From the conditions (i), (iii) and (iv) it results that the operator A is an α-
contraction with the coefficient α = 3LK(b − a). Therefore. the operator A is
PO. From the condition (ii) it results that the operator A is increasing.

Now, the conditions of the Abstract Gronwall lemma being satisfied, it re-
sults the conclusions of the theorem, i.e.

x ≤ A(x) =⇒ x ≤ x∗

and
x ≥ A(x) =⇒ x ≥ x∗

4
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and the proof is complete.
Remark The theorem 5 holds true in particular cases B = R, B = R

m,
B = l2(R), if one replaces the conditions (i), (iii) and (iv) with conditions which
one assures the existence and uniqueness of the solution of the integral equation
(1) in C[a, b] space, in C([a, b], Rm) space and respectively in C([a, b], l2(R))
space.

Now, we consider the integral equation (1) corresponding to the functions
Ki, fi, i = 1, 2, 3, i.e.

x(t) =

∫ b

a

K1(t, s, x(s), x(a), x(b))ds + f1(t), t ∈ [a, b], (3)

x(t) =

∫ b

a

K2(t, s, x(s), x(a), x(b))ds + f2(t), t ∈ [a, b], (4)

x(t) =

∫ b

a

K3(t, s, x(s), x(a), x(b))ds + f3(t), t ∈ [a, b], (5)

where Ki : [a, b] × [a, b] × B
3
→ B, fi : [a, b] → B, i = 1, 2, 3.

Theorem We suppose that the functions Ki and fi, i = 1, 2, 3 satisfies the
following conditions:

(i) Ki ∈ C([a, b] × [a, b] × B
3, B), fi ∈ C([a, b], B), i = 1, 2, 3;

(ii) K2(t, s, ·, ·, ·) is increasing for all t, s ∈ [a, b];

(iii) K1 ≤ K2 ≤ K3 and f1 ≤ f2 ≤ f3;

(iv) there exists Li > 0, i = 1, 2, 3 such that

|Ki(t, s, u1, u2, u3) − Ki(t, s, v1, v2, v3)| ≤

≤ Li (|u1 − v1| + |u2 − v2| + |u3 − v3|) ,

for all t, s ∈ [a, b], uj , vj ∈ B, j = 1, 3;

(v) 3Li(b − a) < 1, i = 1, 2, 3.

If we denote by x∗

1, x∗

2, and respectively x∗

3 the unique solution of the integral
equation (3), (4) and respectively (5), then

x∗

1 ≤ x∗

2 ≤ x∗

3.

Proof We consider the operators Ai : C([a, b], B) → C([a, b], B), i = 1, 2, 3,
defined by the relations:

Ai(x)(t) :=

∫ b

a

Ki(t, s, x(s), x(a), x(b))ds + fi(t), t ∈ [a, b], i = 1, 2, 3. (6)

5
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From the condition (ii) it results that the operator A2 is increasing and from
the condition (iii) we have

A1 ≤ A2 ≤ A3.

From the conditions (i), (iv) and (v) it results that the operators Ai are αi-
contractions with the coefficients αi = 3Li(b − a), i = 1, 2, 3. Therefore the
operators Ai, i = 1, 2, 3 are POs. According to the Contraction Principle it
results that each of the integral equations (3), (4) and (5) has a unique solution
in C([a, b], B) space. We denote these solutions with x∗

1, x∗

2 and x∗

3.
Now, the conditions of the Abstract Comparison lemma being satisfied, it

results that

x1 ≤ x2 ≤ x3 =⇒ A∞

1 (x1) ≤ A∞

2 (x2) ≤ A∞

3 (x3),

but A1, A2, A3 are POs and then according to the remark 1 it results the
conclusion of this theorem, i.e.

x∗

1 ≤ x∗

2 ≤ x∗

3.

The proof is complete.

4 Example

In the case B = R, we consider the integral equation with modified argument

x(t) =

∫ 1

0

[

t

7
x(s) +

1

7
x(0) +

1

5
x(1)

]

ds +
13

14
t −

1

5
, t ∈ [0, 1], (7)

where

K ∈ C([0, 1] × [0, 1] × R
3), K(t, s, u1, u2, u3) =

t

7
u1 +

1

7
u2 +

1

5
u3,

f ∈ C[0, 1], f(t) =
13

14
t −

1

5
,

x ∈ C[0, 1],

and one verifies the conditions of the theorem 5.
The solution of the integral equation (7) is x∗(t) = t, t ∈ [0, 1].
We attach to this integral equation the operator A : C[0, 1] → C[0, 1], defined

by the relation:

A(x)(t) =

∫ 1

0

[

t

7
x(s) +

1

7
x(0) +

1

5
x(1)

]

ds +
13

14
t −

1

5
, t ∈ [0, 1]. (8)

The solutions set of the integral equation (7) in the C[0, 1] space, coincides
with the fixed points set of the operator A, defined above.

Since the function K satifies the Lipschitz condition with the constant 1

7
with

respect to the third and fourth argument and with the constant 1

5
with respect

6
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to the last argument, it results that the operator A is contraction with the
coefficient α = 17

35
. Therefore A is PO. According to the Contraction Principle

it results that the integral equation (7) has a unique solution x∗
∈ C[0, 1]. This

unique solution is x∗(t) = t, t ∈ [0, 1].
Since the function K(t, s, ·, ·, ·) is increasing for all t, s ∈ [0, 1], it results that

the conditions of the theorem 5 are satisfied (B = R) and therefore, we have the
following integral inequalities:

- if x ∈ C[0, 1] is a lower subsolution of the integral equation (7) then

x(t) ≤

∫ 1

0

[

t

7
x∗(s) +

1

7
x∗(0) +

1

5
x∗(1)

]

ds +
13

14
t −

1

5
, t ∈ [0, 1]; (9)

- if x ∈ C[0, 1] is a upper subsolution of the integral equation (7) then

x(t) ≥

∫ 1

0

[

t

7
x∗(s) +

1

7
x∗(0) +

1

5
x∗(1)

]

ds +
13

14
t −

1

5
, t ∈ [0, 1]. (10)
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Linear Systems with Quadratic Criteria

Dragoescu Nina

E-mail: cazanina@yahoo.com

Abstract

This paper contains an example of optimal control problem with quadratic
cost function, based on the theory of R.E. Kalman, P.L.Falb and M.A.
Arbib. Some programs in C++ and Mathematica 5.2 are used to obtain
the optimal solution.

Keywords: optimal, cost, linear, squared, trajectory, command.

Let: Σ =< (T1, T2), U,Ω, X, Y, ϕ, η > (dynamic smooth linear system). The op-
timal control problem can be resumed to the determination of the u(·) command
which minimize the cost J(t0, x0, u(·)). It will be considered the version of R.E.
Kalman(1963), based on Hamilton theory, in order to resolve the problem. Our
contribution is a numerical example for these results.

According to the theory, if a Hamilton-Iacobi solution is found, this solution
can be used in order to find the optimal command of the problem. It is proved
that p(·) is a Riccati solution; the Riccati equation is formed with the system
Σ coefficients:

ṗ(t) = −p∗(t) ·A(t) −A∗(t) · p(t) + p∗(t) · S(t) · p(t) − ρ(t) (1)

where: S(t) = B(t) · σ−1(t) ·B∗(t). Consequently,the optimal command is :

u0(t, x) = −σ−1(t) ·B∗(t) · p(t) · x(t)

with p(·) a unique solution of the Riccati equation which verifies p(t1) = Ψ(t1) ·
Ψ−1(t0), the optimal trajectory is a solution of the differential equation:

ẋ(t) = [A(t) − S(t) · p(t)] · x(t) cu x(t0) = x0, S = B · σ−1
·B∗.

the minim cost is: J(t0, x0, u
0) = 1

2
< x0, p(t0) · x0 > We consider the next

Riccati equation coefficients and the initial conditions to be verified:

A =

(

2 1
3 5

)

, B =

(

1 0
2 0

)

, A∗ =

(

2 3
1 5

)

, B∗ =

(

1 2
0 0

)

, C(t) =

I2, t0 = 0, t1 = 1, z(t) = 0, ρ(t) = 0, σ(t) = −

1

4
, σ−1(t) = −4, p(t) = p∗(t), C0 =

eA, S = B ·σ−1
·B∗ = −

(

4 8
8 16

)

, A+A∗ =

(

4 4
4 10

)

, C1 = S
2
·C0 ·e

2, x0 =

eC1

Consequently, the equation has the Bernoulli form (ρ(t) = 0):

1
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ṗ(t) +

(

4 4
4 10

)

· p(t) +

(

4 8
8 16

)

· p2(t) = 02

Dividing with p2(t):

p̂(t)

p2(t)
+

(

4 4
4 10

)

·

1

p(t)
+

(

4 8
8 16

)

= 02

Let : ṗ(t)

p2(t)
= ü(t). Consequently:

ü(t) −

(

4 4
4 10

)

· u̇(t) +

(

4 8
8 16

)

= 02

The associate characteristic equation:

I2 · r
2
−

(

4 4
4 10

)

· r +

(

4 8
8 16

)

= 02

leads us to the next result:

(

r2 − 4r + 4 −4r + 8
−4r + 8 r2 − 10r + 16

)

=

(

0 0
0 0

)

with

the solution: r=2, so that: u̇(t) = e2t
·C

′

or: u̇(t) = −

1

p(t)
⇒ p(t) = C ·e−2t. The

initial condition: p(t1) = p(1) = C ·e−2 = φ(t1, t0) = ψ(1) ·ψ−1(0) = eA
⇒ C =

e2 · eA, so that: p(t) = e2 · eA
· e−2t and p(t0) = p(0) = e2 · eA = eA+2(because

ψ(t) = eAt) As a result of the theory, the optimal command is:

u0(t, x) = −σ−1(t) ·B∗(t) · p(t) · x(t)

The optimal trajectory is a solution of the differential equation:

ẋ(t) = [A− S · p(t)] · x(t) =
(

2 + 4 · e2 · eA
· e−2t 1 + 8 · e2 · e−2t

3 + 8 · e2 · eA
· e−2t 5 + 16 · e2 · eA

· e−2t

)

· x(t) = M(t) · x(t);

M(t) =

(

2 + 4 · e2 · eA
· e−2t 1 + 8 · e2 · e−2t

3 + 8 · e2 · eA
· e−2t 5 + 16 · e2 · eA

· e−2t

)

x(t) = e
R

Adt
· e−

R

S·e2
·eA

·e−2tdt = eAt
· e−S·e2

·eA
·

R

e−2tdt = eAt
· eS·e2

·eA
·e−2t

·
1

2 =

eC1·e
−2t

+At

with the initial restriction :

x(0) = eC1 = x0

In consequence the optimal solution is:

4 ·B∗
· eA+2

· e(A−2)·t
· xe−2t

0

The minim cost J is: J(t0, x0, u
0) = 1

2
< x0, p(t0)x0 >= p(t0)

2
· x2

0 = eA+2

2
· x2

0.

Assumptions
In the ANNEX, we have reproduced the graphics made by the specialized soft.
It can be seen that the time evolutions appear near the same for the optimal
trajectory and the optimal command for every time interval; the step of the
time is equal with 0.2.The Ot-axe, which is horizontal, marks the intervals, for
each graphic.

2
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Solution of an Optimal Control Problem with

Quadratic Cost Function

Dragoescu Nina

E-mail: cazanina@yahoo.com

Abstract

This paper contains an example of Bernoulli equation which can be
used in order to determine the optimal solution for dynamic smooth linear
systems, according to R.E. Kalman, P.L.Falb and M.A. Arbib theory. The
paper also contains some assumptions in the general case of Bernoulli
equation with matrices coefficients.

Keywords: algorithm, Bernoulli, optimal, solution, trajectory, com-
mand.

Let: Σ =< (T1, T2), U,Ω, X, Y, ϕ, η > (dynamic smooth linear system)

f(x, u, t) = A(t) · x + B(t) · u (1)

η(t, x) = C(t) · x (2)

In the finite dimensional case f is a positive symmetric matrix. The optimal
control problem can be stated to the determination of the command u(t) which
minimize the quadratic cost J(t0, x0, u(·)), for any initial pair (t0, x0)ǫ(T1, T2)×
X. If p : (T1, T2) → L(X,X) is continuous differentiable then w(t, x) = 1

2
<

x, p(t)x > is also continuous differentiable. According to Kalman theory, if a
Hamilton-Iacobi solution ω(t, x) is found, then the optimal control problem can
be solved. It is proved that p(·) is a Riccati solution; the Riccati equation is
formed with the system Σ coefficients:

ṗ(t) + p∗(t) · A(t) + A∗(t) · p(t) − p∗(t) · S(t) · p(t) = ρ(t) (3)

with: S(t) = B(t) · σ−1(t) ·B∗(t). For system Σ problem with constant coeffi-
cients, the above considerations led to the following :
Proposition

For any fixed initial pair (t0, x0)ǫ(T1, t1] × X, with t1ǫ(T1, T2), the regulation
problem of the system Σ has a solution according to the state.

• The optimal command is: u0(t, x) = −σ−1(t) · B∗
· p(t) · x(t), with p(·)

the unique solution for the Riccati equation which verifies p(t1) = Ψ(t1) ·
Ψ−1(t0)

• The optimal trajectory is a solution of the differential equation: ẋ(t) =
[A − S(t) · p(t)] · x(t), with: x(t0) = x0, S(t) = B · σ−1(t) · B∗.

1
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I. Consider the following Riccati equation coefficients and the initial condi-
tions:

A =

(

−2 0
0 5

)

, B =

(

1 0
0 2

)

, A∗ =

(

−2 0
0 5

)

, B∗ =

(

1 0
0 2

)

, A,B,Cǫ

M2(R), C(t) = I2, X = Y, t0 = 0, t1 = 1, (t0, t1) ⊂ (T1, T2) ⊂ R, ρ(t) =
0, σ(t) = −

1

4
, σ−1(t) = −4, x0 = 1, p(t) = p∗(t), C0 = eA, S = B · σ−1

· B∗ =
(

−4 0
0 −16

)

, A + A∗ =

(

−4 0
0 10

)

Consequently, we have to solve a Bernoulli equation: (ρ(t) = 0):

ṗ(t) +

(

−4 0
0 10

)

· p(t) +

(

4 0
0 16

)

· p2(t) = 02

with: p(t1) = p(1) = Ψ(t1)·Ψ
−1(t0) = eA = C0 (because Ψ(t) = eAt), where p(t)

is a self adjoint operator and continuous differentiable on (t0, t1). If det p(t) 6= 0
and detA 6= 0, we multiply with [p(t)]−2

⇔ [(p(t))2]−1:

ṗ(t) · [p(t)]−2 +

(

−4 0
0 10

)

· [p(t)]−1 +

(

4 0
0 16

)

= 02

Let : v̇(t) = ṗ(t) · [p(t)]−2.

v̇(t) −

(

−4 0
0 10

)

· v(t) +

(

4 0
0 16

)

= 02

v̇(t) − (A + A∗) · v(t) = S (4)

v(t) = e
∫

(A+A∗

)·dt
· [C2 +

∫

S ·e−
∫

(A+A∗

)·dtdt] = e(A+A∗

)·t
·C2−S ·(A+A∗)−1 =

e(A+A∗

)·t
· C2 − C1, , with: C1 = S · (A + A∗)−1. According to the restriction

p(1) = eA it can be calculated C2, because v(1) = −[p(1)]−1 = −e−A :

C2 = −e−2·A−A∗

+ e−A−A∗

· S · (A + A∗)−1

Consequently:
v(t) = e(A+A∗

)·t
· C2 − C1 ⇒ p(t) = [C1 − e(A+A∗

)·t
· C2]

−1 with: C1 = S · (A +
A∗)−1 and: C2 = −e−2·A−A∗

+ e−A−A∗

· S · (A + A∗)−1.

II. As a result of the above proposition, the optimal command is:

u0(t, x) = −σ−1(t) · B∗
· p(t) · x(t)

The optimal trajectory is the solution for the differential equation:

ẋ(t) = [A − S · p(t)] · x(t) = M(t) · x(t);x(t) = E · e
∫

t

0
M(ν)dν

The optimal trajectory is:
with the initial restriction :

2
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00.20.40.60.8
1. ´ 1013
1. ´ 1028
1. ´ 1043
1. ´ 1058
1. ´ 1073

1 1.21.41.61.8 2

2

4

6

8

10

x(0) = E = x0 → E = x0 ⇒ x(t) = x0 · e
∫

t

0
M(ν)dν ,

M(ν) = A − S · p(ν) = A − S · [C1 − e(A+A∗

)·ν
· C2]

−1

Consequently, the optimal solution is:

u0(t, x) = −σ−1(t) · B∗
· [C1 − e(A+A∗

)·t
· C2]

−1
· x0 · e

∫

t

0
M(ν)dν

The optimal command is:

0 0.20.40.60.80.1
1. ´ 1014
1. ´ 1029
1. ´ 1044
1. ´ 1059
1. ´ 1074

1 1.21.41.61.8 2

2

4

6

8

10

III. Closing remark

The algorithm does not depend on choice of the A and B matrices. For every
pair of diagonal (symmetric) matrices, A and B, and for any initial inputs,
with respect to the restrictions in the theory, this algorithm can be used. If
v : (T1, T2) → L(X,X) is continuous differentiable and the matrices R, S are
depending on t, let us try to use together, the classic analytic and numerical
technics, in order to solve the following equation:(X = Rn)




v̇11(t).. v̇1n(t)
.. ..

v̇n1(t).. v̇nn(t)



 =





r11(t).. r1n(t)
.. ..

rn1(t).. rnn(t)





·





v11(t).. v1n(t)
.. ..

vn1(t).. vnn(t)





±

±





s11(t).. s1n(t)
.. ..

sn1(t).. snn(t)



.

3
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This equation is equivalent with n linear differential systems, each of them
with the system matrix equal with R(t):




v̇i1(t)
...

v̇in(t)



 =





r11(t).. r1n(t)
.. ..

rn1(t).. rnn(t)





·





vi1(t)
...

vin(t)





±





si1(t)
...

sin(t)



 , i = 1, ..., n

which are to be solved in the usual way: the homogenous systems, by using the
eigenvalues which are the same for each system and the linear systems, using
the variation of constants method.
It can be demonstrated, using the definition of the differential in every point of
interest t0, that A(t) · B(t), U−1(t), Uk(t) are also differentiable:

A(t), B(t), U(t)ǫMn(R),∀tǫ[T1, T2], kǫN.

According to Kalman theory, we have to solve a Bernoulli equation (case ρ(t) =
0) :

ṗ(t) + R(t) · p(t) − S(t) · pk(t) = 0n, (R(t) = A(t) + A∗(t))

We can determine numerically the inverse matrix [p(t0)
k]−1 in every t0 of inter-

est. We multiply with [p(t)k]−1,∀tǫ[T1, T2] :

ṗ(t) · [p(t)]−k + R(t) · [p(t)]−(k−1)
− S(t) · In = 0n

Let : v̇(t) = ṗ(t) · [p(t)]−k and we have the same equation in the last paragraph:

v̇(t) − (k − 1) · R(t) · v(t) − S(t) = 0n (5)

which can be solved according to the above considerations. Consequently, we can
generally use this algorithm in order to solve Bernoulli equations with matrices
coefficients and determine, according to the theory, the optimal solution of the
control problem with quadratic cost. For k=n=2 and constant matrices A, B,
S, we are led to the equation (4) from the first paragraph.
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Some generalizations of hyperbolic A-properness
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Abstract

We are concerned with the approximation-solvability of the semilinear
operator equation Lu+Su = f , where L is a noninvertible linear operator
and S is a nonlinear perturbation, whose assumptions interact topolog-
ical and spectral properties of L. This leads to the so called Fredholm
factorization associated with L, due to W. Krawcewitz [2]. By Mawhin’s
L-convergence [3], the class of nonlinear mappings of type (SL) and (SL)+
for which L + S is AL-proper, extends the monotone-like operators and
verifies conditions for the L-approximation solvability. We generalize this
class with an adjoint Fredholm factorization and we obtain solution exis-
tence results.

Key Words: Approximation solvability, hyperbolic A-property, Fred-
holm factorization, L-convergence, mappings of modified type (SL) and
(SL)+

1 Introduction

W.V. Petryshyn [8] studied the elliptic case when dimKerL < ∞. D. Pascali
[5] introduced an A-proper technique for almost selfadjoint operators in a real
Hilbert space H, which covers also the case when N(L) = KerL is infinite-
dimensional. This is called the hyperbolic A-properness because L involved
inherits the properties of the generalized d’Alembertian with periodic boundary
value conditions.

Let R(L) be the range of L and suppose that L : H → H is almost selfadjoint,

that means, L is closed, densely defined and such that R(L) = (N(L))
⊥

. In
other words, H = N(L) + R(L) and let P be the orthogonal projection onto
N(L).

J. Mawhin [3] said that a sequence {un} is L-convergent and write un
L
→ u

if Pun → Pu and (I − P )un ⇀ (I − P )u.
Let {Xn} be a filtration of N(L), i.e., a sequence of increasing finite - di-

mensional subspaces of N(L) such that their reunion is dense in N(L) and let
Pn be the orthogonal projection onto Xn.

1
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We consider now the sequence {Hn} of subspaces in H, finite - dimensional in
the first component, of the form Hn = Xn +R(L) and the associated orthogonal
projections Jn = Pn + (I − P ) : H → Hn.

The double sequence γ0 = {Hn, Jn} is an admissible approximation scheme
for Hilbert spaces, that is, Pun → Pu for each u ∈ N(L).

The idea of L-approximation solvability is to replace the initial equation

Lu + Su = f (1)

by a sequence of approximate equations

Lun + Sun = Jnf (2)

in Hn, to which more classical methods of resolution can be applied, and to
extract a solution of the equation (1) from a aequence of solutions of equations
(2).

D. Pascali[5] extended the A-properness by

Definition 1 A mapping T : H → H is AL-proper at a point g ∈ H with
respect to γ0 if the restrictions Tn : Hn → Hn are continuous for every n and
whenever {m} is a sequence of natural numbers and {um} is a corresponding
bounded sequence such that Tmum → g, it follows that {um} is L-convergent to
u ∈ H, at last on a subsequence, and Tu = g.

The L-approximation solvability of the equation (1) involves two steps:
a) Finite-dimensional solvability of (2), i.e., there exists a solution un ∈

D(L) ∩ Hn ∩ Ω), Ω a bounded open set in H, of the equation Lun + Sun = 0
for n large enough;

b) Prove that L + S is an AL-proper mapping.
The first step respresents actually an apriori estimate and consists in finding

operator assumptions equivalent with an infinity non-vanishing conditions

Lnun+(1−λ)Pnun+λSnun 6= 0,∀un ∈ D(L)∩∂(Ω∩Hn), λ ∈ (0, 1), n ≥ n0 (3)

Since the restriction L|D(L)∩R(L) is one-to-one we may define the right inverse

of L associated with P , K =
(

L|D(L)∩R(L)

)

−1
(I − P ), which is a continuous

operator, by the closed graph theorem.
Regarding the second step, we introduce a large class of nonlinear perturba-

tions, than demicontinuous pseudomonotone operators is stated in the following:

Definition 2 A mapping S : Ω → H is said to be L-pseudomonotone if for

every sequence {un} ⊂ Ω such that un
L
→ u and limsup(Sun, un − u) = 0 it

follows that Sun ⇀ Su in H.

S. Sburlan [10] pointed out the relationship between hyperbolic A-properness
and alternative methods while T. Kaczinski and W. Krawcewitz [1] used it to
study hyperbolic inclusions. W. Krawcewitz [2] extended the above theory when
L and S are mappings between two real Banach spaces.

2
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2 Fredholm factorization

We shall detail now these generalization following up the ideas in reports of D.
Pascali [6], [7].

Let X and Y be real Banach spaces and D(L) a dense subspace of X. As-
sume that L : D(L) → Y is a linear operator satisfying the following hypotheses:

(L1) L is closed operator;

(L2) N(L) and R(L) are closed and there are two closed subspaces X0 ⊂ X
and Y0 ⊂ Y such that X = N(L) + X0 and Y = Y0 + R(L);

(L3) dimN(L) = codim R(L) = ∞.

Let P : X → X0 and Q : Y → R(L) be the linear projections associated
with the direct splittings in (L2).

Denote by {Y ′

n} a filtration of Y0, that is, for every n ∈ N , {Y ′

n} is a finite-
dimensional subspace of Y0 such that Y ′

n ⊂ Y ′

n+1 and the union
⋃

Y ′

n is dense in
Y0 . Consider also a filtration {X ′

n} in N(L) such that dimX ′

n = dim Y ′

n, which
is always possible by virtue of (L3).

There are P ′

n : N(L) → X ′

n and Q′

n : Y0 → Y ′

n linear projections such that

P ′

nx → x , ∀x ∈ N(L), n → ∞ and Q′

ny → y, ∀y ∈ Y0 , n → ∞.

For each n, we put Xn = X ′

n + X0 and Yn = Y ′

n + R(L) and define

Pn = P + P ′

n(I − P ) : X → Xn , Qn = Q + Q′

n(I − Q) : Y → Yn,

the linear projections over Xn and Yn, respectively, and note that

Pnx → x, ∀x ∈ X , Qny → y, ∀y ∈ Y.

If Ln : Xn ∩ D(L) → Yn is the restriction L |X∩D(L) to Xn it can easily
show that Ln is a Fredholm operator of index zero. This is the reason why
the special admissible approximation scheme Γ = ({Xn} , {Pn}, {Yn}, {Qn})
designed above is called the Fredholm factorization associated with L, in the
W.Krawcewicz’s sense.

For Ω an open set in X and S : Ω → Y a nonlinear mapping we denote

Ωn = Ω ∩ Xn and Sn : Ωn → Yn where Sn(x) = QnS(x), ∀x ∈ Ωn

and suppose that Ωn 6= ∅,∀n ∈ N .
We say S to be an A-proper mapping (weakly A-proper) if the sequence of

solutions of the approximant equations

Lnun + Snun = fn → f

containes at least a subsequence converging (weakly) to a solution of the original
equation

Lu + Su = f.

3
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The restriction L |X0
: X0 ∩ D(L) → R(L) being injective, we may consider its

inverse K : R(L) → X0, which is a bounded linear operator by virtue of the
closed graph theorem.

We recall [2] that a couple
{

Xn, P̃n

}

is called a Πα-approximation scheme

for a separable Banach space X, if
∥

∥

∥
P̃n

∥

∥

∥
≤ α,∀n ∈ N and P̃nP̃j = P̃j for j ≥ n.

3 Mappings of type (SL) and (SL)+

We consider a reflexive Banach space X and consider an operator L : D(L) ⊆
X → X∗ satisfying hypotheses (L1),(L2),(L3). We have Q := P ∗ and Y0 :=
R(P ∗) and there exists a Fredholm factorization ({Xn} , {Pn} , {X∗

n} , {P ∗

n}) as-
sociated with the operator L, so that X∗

n = R(P ∗

n) and Pn = P + P ′

n(I − P ) :
X → Xn, P ′

n : N(L) → X ′

n where {X ′

n, P ′

n} is just an Πα - approximation
scheme for N(L).

An intermediate step in the relationship between the A-properness and L-
pseudomonotonicity of S is established in the following

Theorem 1 Assume that the Banach space X is reflexive and the linear oper-
ator L : X → X∗ satisfies the hypotheses (L1), (L2), (L3). Let S : X → X∗

be a bounded mapping for which KQS is compact. Then any sequence {un},
un ∈ Xn ∩ D(L) with the properties un ⇀ u and Lun + P ∗

nSun → f contains a
subsequence {un′} such that

un′

L
→ u and (Sun′ , un′ − u) → 0. (4)

The theorem show that, in the case of bounded perturbations, the L -
pseudomonotonicity of S is also a necessary assumption for the approximation-
solvability of equation (2).

For L-pseudomonotone mappings, it can be easily prove:

Corollary 1 Let L : X → X∗ a bounded mapping such that KQS is compact
and S is L-pseudomonotone mapping. Then L + S is weakly AL-proper.

Remark Replacing the L - pseudomonotonicity of S with the strong L -
monotonicity, that,

(Su − Sv, u − v) ≥ β ‖(I − P ) (u − v)‖ ,

with β : R+
→ R+ a continuous function such that β(0) = 0 and β(t) → 0 as

t → 0, we have a further consequence,

Corollary 2 Let L : X → X∗ a bounded mapping such that KQS is compact
and S is a demicontinuous strong L-monotone mapping. Then L + S is AL-
proper.

We introduce now classes of nonlinear mappings for which, the sum L + S is an
AL-proper mapping, generalizing some results of W.V.Petryshyn [9].

4
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Definition 3 A mapping S : X → X∗ is said to be of type (SL) if for every

sequence {un} ⊂ X such that un
L
→ u and lim (Sun, un − u) → 0 it follows that

un → u.
Likewise, a mapping S : X → X∗ is said to be of type (SL)

+
if for every sequence

{un} ⊂ X such that un
L
→ u and lim sup (Sun − Su, un − u) ≤ 0 it follows that

un → u.

The definitions generalize the mappings of type (S) and of type (S)
+
, re-

spectively.
A criterium of L-aproperness of the sum is given by

Theorem 2 Let X be a reflexive Banach space and L : X → X∗ a linear
operator that satisfies the hypotheses (L1), (L2), (L3). If S : X → X∗ is a
bounded demicontinuous mapping of type (SL) (or (SL)

+
) such that KQS is

compact then L + S is AL-proper.

4 A generalization of mappings of type (SL) and

(SL)+

We consider now the adjoint mapping L∗ : D (L∗) → X∗ where D (L∗) ⊂ Y ∗.

Since N (L∗) = R (L)
⊥

and R (L∗) = N (L)
⊥

, we can put X∗

0 = R(P ∗) and
Y ∗

0 = R(Q∗). Hence L∗ satisfies the hypotheses (L1) , (L2) , (L3) and Γ∗ =
({Y ∗

n } , {Q∗

n} , {X∗

n} , {P ∗

n}) is a Fredholm factorization associated to L∗, where
X∗

n = R (P ∗

n) and Y ∗

n = R (Q∗

n), the so-called adjoint Fredholm factorization.
For what follows, we need first

Definition 4 A mapping k : X → Y ∗ is called L − continuous at u ∈ X if

un
L
→ u implies k (un)

L∗

→ k (u).

We are ready to introduce now,

Definition 5 Let k : X → Y ∗ a L - continuous mapping with k(0) = 0. S
is said to be of modified type (SL) if for every sequence {un} ⊂ Xn such that

un
L
→ u and

(Sun − SPnu, k (un − Pnu)) → 0

it follows that un → u.

Similarly,

Definition 6 A mapping S : X → Y is said to be of modified type (SL)
+

if for

every sequence {un} ⊂ Xn such that un
L
→ u and

lim sup (Sun − SPnu, k (un − Pnu)) ≤ 0

it follows that un → u.

5
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Let kn = Q∗

nk |Xn
and we suppose that k : X → Y ∗ satisfies for every

u ∈ Xn, f ∈ Y the condition (Qnf, knu) = (f, ku) , ∀n ∈ N .
In this conditions, the L - pseudomonicity has the the following generaliza-

tion:

Definition 7 A continuous mapping S : X → Y is said to be k − L - pseu-

domonotone if for every sequence {un} ⊂ Xn such that un
L
→ u and

lim sup (Sun − SPnu, k (un − Pnu)) ≤ 0

it follows that (Sun − SPnu, k (un − Pnu)) → 0 and Sun ⇀ Su.

A variant of Theorem 1 is,

Theorem 3 Let S : X → Y be a bounded continuous mapping for which KQS
is compact. Then any sequence {un}, un ∈ Xn ∩ D(L) with the properties
un ⇀ u and Lun + QnSun → f contains a subsequence {uj} such that

uj
L
→ u and (Suj − SPju, k (uj − u)) → 0. (5)

Proof. We prove that uj
L
→ u. With respect to the complete projection

scheme ({Xn} , {Pn} ; {Yn} , {Qn}), project Lun + QnSun → f and obtain

Luj + QSuj → Qf and Q′

jSuj → (I − Q)f. (6)

Since K : R(L) → X0 is continuous, we have Puj + KQSuj → KQf . By the
hypothesis of compactness of KQS the set {KQSuj} contains a subsequence
converging to KQf − Pu , because Puj ⇀ Pu. Hence Puj → Pu and Pu ∈

D(L). As (I − P )uj ⇀ (I − P )u, we conclude that uj
L
→ u.

By the L-continuity of k in zero, kj − Pju
L
→ 0 implies k (uj − Pju)

L∗

→ 0.
We prove that (Suj − SPju, k (uj − u)) → 0. We derive

|(Suj − SPju, k (uj − Pju))| = |(QjSuj − QjSPju, kj (ui − Pju))| ≤

≤ |(QSuj − QSPju, kj (uj − Pju))| +
∣

∣

(

Q′

jSuj − Q′

jSPju, kj (uj − Pju)
)∣

∣ =

=
∣

∣(QSuj − QSPju,Q∗k (uj − Pju)) +
(

Q′

jSuj − Q′

jSPju, kj (uj − Pju)
)
∣

∣ .

Since k (uj − Pju)
L∗

→ 0 then Q∗k (uj − Pju) → 0. Since S is bounded, there is
M ≥ 0 such that ‖QSuj − QSPju‖ ≤ M for every n. Consequently,

(QSuj − QSPju,Q∗k (uj − Pju)) → 0.

On the other side, Q′

jSuj = Q′

jLuj + Q′

jSuj = Q′

jfj → (I − Q) f implies
Q′

jSPju → (I − Q) Su because S is continuous and Pju → u.
Hence , Q′

jSuj − Q′

jSPju → (I − Q) f − (I − Q) Su that implies

(

Q′

jSuj − Q′

jSPju, kj (uj − Pju)
)

→ 0

and furthermore, (Suj − SPju, k (uj − Pju)) → 0 as j → ∞.¤
To Theorem 2 corresponds the following:

6
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Theorem 4 Let X and Y be reflexive Banach spaces and the linear operator
L : D(L) → Y satisfies the hypotheses (L1), (L2), (L3). If S : X → Y is a
bounded continuous mapping of type (SL) (or (SL)

+
) such that KQS is compact

then L + S is AL-proper

Proof. It is analogous with the proof of Theorem 2. ¤

For k − L− pseudomonotone it can be easily proved:

Corollary 3 Let X and Y be reflexive Banach spaces and the linear operator
L : D(L) → Y satisfies the hypotheses (L1), (L2), (L3). If S : X → Y is a
k−L− pesudomonotone bounded continuous mapping such that KQS is compact
then L + S is weak AL − proper.

5 Existence theorems

In this section we apply the AL-proper mappings theory to obtain existence
results of solution for the semilinear operator equation Lu + Su = f .

Let X be a reflexive Banach space and L : D(L) ⊆ X → X∗ is a self-
adjoint mapping satisfying hypotheses (L1),(L2),(L3). We suppose that X∗ is
a uniformly convex space, that is, for any sequence {un} ⊂ X with un ⇀ u and
‖un‖ → ‖u‖ follows un → u. Denote by J : X → X∗, the duality mapping

J(u) :=
{

f ∈ X∗; (f, u) = ‖u‖
2
and ‖f‖ = ‖u‖

}

.

We put M := J(I − P ) : X → X∗. It can be easily proved that M is a
mapping of type (SL)

+
.

For now on, U ⊂ X is a bounded neighborhood of zero.

Theorem 5 Let S : X → X∗ is a bounded L - pseudomonotone mapping for
which KQS is compact. If for every u ∈ ∂U ∩ D(L) and t ∈ [0, 1) we have

Lu + (1 − t)Mu + tSu 6= 0, (7)

then for every λ ∈ (0, 1), there is n0 such that

Lu + (1 − t)Mnu + tSnu 6= 0. (8)

for all n ≥ n0, u ∈ (∂U)n ∩ D(L) and t ∈ [0, 1 − λ).

A further consequence of this theorem is given by

Theorem 6 Let U ⊂ X a bounded neighbourhood about 0 and S : X → X∗ is
a bounded L-pseudomonotone mapping for which KQS is compact. If for every
u ∈ ∂U ∩ D(L) and t ∈ [0, 1) we have

Lu + (1 − t)Mu + tSu = 0,

then there is u ∈ Conv(U) ∩ D(L) such that

Lu + Su = 0.

7
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We are interested now to obtain existence theorems for mappings of modified
type (SL). For this, we suppose that X and Y are Banach reflexive spaces and
the mapping k : X → Y ∗ is antisymmetric, i.e. k(−u) = −ku for every u ∈ X.
First we need the following results

Theorem 7 Let S : X → Y a continuous mapping of modified type (SL). We
suppose that there is a compact mapping C : X → Y and a functional l : X → R

such that for any sequence {un} ⊂ Xn, un
L
→ u we have l (un) → 0. If

(Su − Sv, k(u − v)) + (Cu − Cv, k(u − v)) + l(u − v) ≥ 0,∀u, v ∈ X, (9)

then the mapping

ht(u) :=
1

1 + t
Su +

t

|t|
S(−u), u ∈ X, t ∈ [0, 1],

is of modified type (SL).

Proof. Let {un} ⊂ Xn with un
L
→ u. Hence, we have

at
n := (ht (un) − ht (Pnu) , k (un − Pnu)) → 0, n → ∞

and we put k′

n = −kn, u′ = −u, α =
1

1 + t
. Then

at
n := α (Sun − SPnu, k (un − Pnu)) + tα (SPnu′

− Su′

n, k (Pnu′

− u′

n)) .

Since un
L
→ u and Pnu → u it follows that un − Pnu

L
→ u and u′

n − Pnu′
L
→

0. From the compactness of C there are the subsequences {uj} ⊂ {un} and
{

u′

j

}

⊂ {u′

n} such that C (uj) → y ∈ Y and C
(

u′

j

)

→ z ∈ Y . So, we obtain

that Cj (uj) → y and Cj

(

u′

j

)

→ z. This implies

Cj := (C (uj) − CPju, k (uj − Pju)) → 0
C ′

j :=
(

C (Pju
′) − Cu′

j , k
(

Pju
′
− u′

j

))

→ 0, j → ∞

Likewise, lj := l (uj − Pju) → 0 and l′j :=
(

Pju
′
− u′

j

)

→ 0. We put

rj := (Suj − SPju, k (uj − Pju)) and r′j :=
(

SPju
′

− Su′

j , k
(

Pju
′

− u′

j

))

.

Hence, we have

gt
j : = at

j + αcj + αlj + tαc′j + tαl′j

: = α (rj + cj + lj) + tα
(

r′j + c′j + l′j
)

→ 0, j → ∞.

From (9) it follows that

pj := rj + cj + lj ≥ 0 and p′j := r′j + c′j + l′j ≥ 0, ∀j.

Since gt
j = αpj + tαp′j → 0 as j → ∞ this implies pj → 0 and p′j → 0 as j → ∞.

8
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Because cj → 0 and lj → 0 we derive

(Suj − SPju, k (uj − Pju)) = rj = pj − cj − lj → 0, j → ∞.

Likewise, we prove
(

SPju
′
− Su′

j , k
(

Pj − u′

ju
))

→ 0, j → ∞.
This implies that uj → u (respectively, Suj ⇀ Su and Su′

j ⇀ Su′ , and so
ht (uj) ⇀ htu ).¤

A further consequence says

Theorem 8 Let S : X → Y a continuous mapping. We suppose that there is
a compact mapping C : X → Y and a functional l : X → R such that l(0) = 0

and for any sequence {un} ⊂ Xn, un
L
→ 0 we have lim sup l (un) ≤ l(0) = 0. If

(Su − Sv, k(u − v)) + (Cu − Cv, k(u − v)) + l(u − v) ≥
≥ d (‖(I − P ) (u − v)‖) ,∀u, v ∈ X

(10)

where d : R+
→ R+ is a continuous function such that d(t) → 0 implies t → 0,

then the mapping

ht(u) :=
1

1 + t
Su −

t

1 + t
S(−u), u ∈ X, t ∈ [0, 1],

is of modified type (SL).

Proof. We consider the case t = 0. Let {un} ⊂ Xn with un
L
→ u. In this

case h0(u) = Su. We suppose that

a0
n := (Sun − SPnu, k (un − Pnu)) → 0, n → ∞

We can suppose like in the theorem 7 that Cun → g ∈ Y . Since un − Pnu
L
→ 0

we derive

d (‖(I − P ) (un − Pnu)‖) ≤ (Sun − SPnu, k (un − Pnu)) +

+ (Cun − CPnu, k (un − Pnu)) + l (un − Pnu)

Passing to a limit we have

lim sup d (‖(I − P ) (un − Pnu)‖) ≤ lim sup l (un − Pnu) ≤ S(0) = 0,

and we obtain limd (‖(I − P ) (un − Pnu)‖) = 0.

The hypotheses of d implies (I − P )un → (I − P )u and , since un
L
→ u, it

follows un → u.

Furthermore, we consider the case 0 < t ≤ 1. Let {un} ⊂ Xn with un
L
→ u

and
at

n := (ht (un) − ht (Pnu) , k (un − Pnu)) → 0, n → ∞.

Like in the proof of the Theorem 7, we derive,

at
j + αcj + αlj + tαl′j = α (rj + cj + lj) + tα

(

r′j + c′j + l′j
)

≥ αd (‖(I − P ) ·

· (uj − Pju)‖) + tαd
(
∥

∥(I − P )
(

u′

j − Pju
′

)
∥

∥

)

= d (‖(I − P ) (uj − Pju)‖) .

Since at
j → 0, cj → 0 and uj −Pju

L
→ 0, u′

j −Pju
′

L
→ 0, we can conclude like in

the proof of the Theorem 7 that ‖uj − Pju‖ → 0 and, furthermore, un → u.¤

9
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Theorem 9 Let S : X → Y a bounded continuous mapping of modified type
(SL) for which KQS is compact. If there is r > 0 such that for every u ∈ [0, 1]
and u ∈ D(L), ‖u‖ = r we have

(L + S)u 6= t (L + S) (−u) .

and S satisfies (9) then there exists u ∈ B (0, r)∩D(L) such that Lu + Su = 0.

Proof. It obviously follows from the Theorems 2, 6 and 7¤
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Abstract

This article establishes a link between the approximations schemes
and an abstract difference method in the study of the Dirichlet problem
for a generalized divergence equation. We define a class of A-proper-like
operators including the finite difference schemes for divergence equations
of 2m order. In this matter, we will develop ideas of R. Schumann and E.
Zeidler [3]. More precisely, we are concerned with the following problem:

−
N
∑

i=1

(

Di |Diu|
p−2 Diu

)

+ su = f on G, p ≥ 2

u = 0 on ∂G

Defining an abstract approximation scheme feasible for finite difference
methods, we investigate this problem with the corresponding difference
equations. With the aid of Galerkin method, the main result prove the
existence and the uniqueness of the solution for equation to whom con-
verges in the discrete sense the sequence solutions of difference equations.

Keywords: External approximation schemes, A-properness, discrete
Sobolev spaces, difference equations, Galerkin theorem

1 External approximation scheme

Let us consider the initial problem:

Tu = f, u ∈ X (1)

with the corresponding discretized problem:

Tnun = fn, un ∈ Xn (2)

and the approximation scheme:

Definition 1 The approximation scheme Γ = ({Xn} , {Pn} , {X∗

n} , {En}) is
called an external admissible approximation scheme if the following hold:

1
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1) X, F , Xn are real spaces with dim Xn < ∞,∀n ∈ N , F reflexive

2) The operator ω : X → F is linear, continuous, and injective

3) The operators Pn : X → Xn and En : Xn → F are linear and continuous
such that sup

n

‖Pn‖ < ∞ and sup
n

‖En‖ < ∞

4) ∀u ∈ X, EnPnu → ω(u) in F, n → ∞, (compatibility condition)

5) If Enun ⇀ g in F , n → ∞ then g ∈ ω(X) (synchronization condition)

The Petrysyn approximation scheme arises as a special case when F = X and
ω is the identity.

To describe the convergence of the difference method we use the following
discrete convergences.

Definition 2 (a) The sequence {un} ⊂ Xn converges discretely to u ∈ X,

i.e., un
d
→ u if lim

n→∞

‖un − Pnu‖Xn

= 0.

(b) The sequence of functionals {u∗

n} ⊂ X∗

n converges discretely ∗ to u∗
∈ X∗,

i.e., u∗

n

d∗

→ u∗, if lim
n→∞

〈u∗

n, un〉Xn

= 〈u∗, u〉X for all sequences {un} ⊂ Xn

with sup
n

‖un‖Xn

< ∞ and Enun ⇀ ω(u) in F , n → ∞.

If there is a strictly monotone increasing and continuous function c : R+
→ R

with c(0) = 0 and c(r) → ∞ as r → ∞ such that

‖Tnu − Tnv‖X∗

n

≥ c
(

‖u − v‖Xn

)

,∀u, v ∈ Xn,∀n ≥ n0, (3)

we say that T satisfies the stability condition with respect to (w.r.t.) Γ.
Likewise, we say that T satisfies the weak consistency condition w.r.t. Γ if

TnPnu
d∗

→ Tu , ∀u ∈ X. (4)

In what follows we suppose that for each f ∈ X∗, there exists a sequence
{fn} ⊂ X∗

n which converges discretely∗ to f , for all n ≥ n0.We prove a variant
of Petryshyn’s theorem:

2
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Theorem 1 Let T : X → X∗ be a stable and weak consistent mapping w.r.t. an
admissible approximation scheme Γ whose approximants operators Tn : Xn →

X∗

n are continuous. Then equation Tu = f, u ∈ X is uniquely approximation
solvable for each f ∈ X∗ if and only if T is A-proper w.r.t. Γ and one-to-one.

To prove this theorem we need the following:

Lemma 1 The following hold for an admissible external approximation scheme
as n → ∞:

(i) un
d
→ u implies Enun → ω(u) in F ;

(ii) u∗

n

d∗

→ u∗ implies sup
n

‖u∗

n‖X∗

n

< ∞;

(iii) u∗

n

d∗

→ 0 implies ‖u∗

n‖X∗

n

→ 0;

(iv) EnPnu → ω(u), ∀u ∈ U implies EnPnu → ω(u), ∀u ∈ X, U dense in X.

Proof of Theorem 1. Let us suppose that T is A-proper w.r.t. Γ and one-
to-one. We prove first that the equation (2) has exactly one solution. By (3),
Tn is an one-to-one continuous mapping of Xn into X∗

n, ∀n ≥ N , and hence, by
topological degree theorem of invariance of domain, the image R (Tn) is an open
set of X∗

n . Meantime, the inequality (3) also implies that this image is closed
in X∗

n. Indeed, for any sequence {fk} ⊂ R (Tn) with fk → f there is a sequence
{uk} in Xn such that Tnuk = fk. Then ‖Tnuj − Tnuk‖ → 0 as j, k → ∞, and
by (3) and the properties of the function c , we derive that ‖uk − uj‖ → 0 as
k, j → ∞, i.e.{un} is a Cauchy sequence in Xn. Being finite-dimensional, Xn is
complete, it follows that uk → u and, by the continuity of Tn, Tnuk → Tnu = f ,
hence f lies in R (Tn). Since R (Tn) is both open and closed in X∗

n(as well
as being nonempty), it follows that R (Tn) = X∗

n. Thus Tn is a bicontinuous
mapping of Xn onto X∗

n, and ∀n ≥ N , the equation (2) has a unique solution
un ∈ Xn , say, for any f ∈ X∗.

We show now that for fixed f ∈ X∗, equation (1) has at most one solution
u ∈ X. Let Tu = Tv. It follows from the stability condition that

c (‖Pnu − Pnv‖) ≤ ‖TnPnu − TnPnv‖ , ∀n.

By (4), TnPnu − TnPnv
d∗

→ 0. Lemma 1(iii) yields ‖TnPnu − TnPnv‖ → 0.
Therefore, (4) implies ‖Pnu − Pnv‖ → 0 as n → ∞. Hence

‖EnPnu − EnPnv‖ ≤

(

sup
n

‖En‖

)

‖Pnu − Pnv‖ → 0 , n → ∞.

The compatibility condition yields ω(u − v) = 0; therefore, u = v.
We show that, for each f ∈ X∗, the equation (1) has exactly one solution

u ∈ X. To this end, we choose a sequence fn
d∗

→ f and un with Tnun = fn. By

3
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(4), it follows from TnPn(0)
d∗

→ T (0) and Lemma 1(ii) that sup
n

‖TnPn(0)‖ < ∞.

Because Pn(0) = 0, the following holds for all n:

‖fn‖ = ‖Tnun‖ ≥ ‖Tnun − Tn(0)‖ − ‖TnPn(0)‖ ≥ c (‖un‖) − ‖TnPn(0)‖ .

Therefore, sup
n

c (‖un‖) < ∞ and hence sup
n

‖un‖ < ∞. The A-properness of

the operator T ensures the existence of a subsequence {un′} with un′

d
→ u and

Tu = f .

We show now that fn
d∗

→ f and Tnun = fn imply un
d
→ u and Enun → ω(u) in

F . We just proved that each subsequence {un′} of {un} has another subsequence

{un′′} with un′′

d
→ u and Tu = f . The limit u is the same for all subsequences

since Tu = f has exactly one solution u. This implies the convergence of

the entire sequence, i.e., we get un
d
→ u. By lemma 1(i), un

d
→ u implies

Enun → ω(u).

Converse. For brevity, we write n instead n′. Let Tnun
d∗

→ f with

sup
n

‖un‖ < ∞. Let u with Tu = f . We want to show that un
d
→ u. Then

the operator T is A-proper w.r.t. Γ. By (4), TnPnu
d∗

→ Tu. This implies

Tnun − TnPnu
d∗

→ 0. Lemma 1(iii) yields ‖Tnun − TnPnu‖ → 0 as n → ∞.
By (3), c (‖un − Pnu‖) ≤ ‖Tnun − TnPnu‖ → 0 as n → ∞. This implies

‖un − Pnu‖ → 0, i.e., un
d
→ u. ¤

2 Discrete Sobolev spaces

We recall here some definitions and results about discrete Sobolev spaces useful
in next sesions.

We choose a cube lattice in RN with the grid mesh h. The coordinates of
the lattice points P are integer multiples of h. To each lattice point P we assign
a cube ch(P ) with edges parallel to the axes having edge length h and P as
midpoint. in this connection, we choose ch(P ) to be, say, half-open and in fact
so that the union of all cubes yields a disjoint decomposition of RN . Let G be
a bounded region in RN with sufficiently smooth boundary, i.e., ∂G ∈ C0,1.

Definition 3 Let Gh be the set of all lattice points P with ch(P ) ⊆ G. These
lattice points are called interior lattice points of G. The cubes belonging to Gh

approximate G from the interior.

By the set of boundary lattice points ∂Gh we understand all lattice points of
Gh that belong to the boundary cubes. These are in the natural way the cubes
whose closure does not lie entirely in the interior of the cube set belonging to
Gh.

For m = 1, 2, .. by Gh,m we understand the set of all lattice points of Gh

that have the distance from the boundary lattice points greater than or equal
to mh.

4
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A lattice function uh is a function that assigns a real number to each lattice
point of RN .

Definition 4 We define the difference quotient

∇

±

i uh(P ) =
uh(P ± hei) − uh(P )

±h
.

where ei is the unit vector in the direction of the ith coordinate.

If P has the coordinates (hg1, ..., hgN ) there the g1, ..., gN are integers, then
there results the point P ± hei if one replaces gi by gi ± 1.

The difference operator ∇

±

i corresponds to the differential operator Di =
∂/∂ξi.

Analogous to the differential operator Dα = Dα1

1 ....DαN

N , we define the dif-

ference operator ∇α
±

=
(

∇

±

1

)α1

...
(

∇

±

N

)αN

for α = (α1, ..., αN ). For brevity, we

agree to write ∇i = ∇

+

i , ∇α = ∇

α
+.

We now define discrete Lebesque spaces and Sobolev spaces parallel to Lp(G)

and
◦

W
m

p (G) , respectively. Hence, we make use of the discrete integral

∫

uh dxh
def
=

∑

p

uh(P )hN .

Here, the summation is over all lattice points P of RN . The sum always exists
since the lattice functions to be considered are different from zero only in finitely
many lattice points.

Definition 5 Let 1 ≤ p < ∞, m = 1, 2, .. A discrete Lebesque space Lp(Gh) is
the set of all lattice functions that vanish identically outside Gh. We choose the
norm to be

|uh|p =

(
∫

|uh|
p
dxh

)1/p

A discrete Sobolev space
◦

W
m

p (Gh) is the set of all lattice functions uh that
vanish identically outside Gm,h. We define

|uh|m,p =





∫

∑

|α|≤m

|∇

αuh|
p
dxh





1/p

; |uh|m,p,0 =





∫

∑

|α|=m

|∇

αuh|
p
dxh





1/p

.

Proposition 1 With the given norms, Lp(Gh) and
◦

W
m

p (Gh) are real Banach

spaces. The norms |·|m,p and |·|m,p,0 are equivalent on
◦

W
m

p (Gh).

Parallel to integration by parts there is also a formula for discrete integration
by parts:

∫

u∇α
±

v dxh = (−1)|α|

∫

(

∇

α
±

u
)

v dxh,∀u, v ∈

◦

W
m

p (Gh), |α| ≤ m.

5
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In conclusion, we mention an extension method that play an import role in the
study of boundary problem in the next section.

Definition 6 Let uh be a lattice function. By a lattice function extended to the
region G, which we shall also designed by uh, we mean:

uh =

{

uh(P ), ∀x ∈ ch(P ), P ∈ Gh,
0, otherwise.

This way uh is extended in a natural way as a constant to each cube that belongs
to an interior lattice point, i.e., uh is piecewise constant. Obviously,

∫

G

uh dx =

∫

uh dxh.

So, the integral appearing on the left-hand side of this equation is always to be
understood in this sense.

3 Quasi-eliptic equation

Now we investigate the generalized divergence problem

−

N
∑

i=1

(

Di |Diu|
p−2

Diu
)

+ su = f on G, p ≥ 2

u = 0 on ∂G
(5)

with the corresponding difference equations

−

N
∑

i=1

(

∇

−

i |∇iuh(P )|
p−2

∇iuh(P )
)

+ suh(P ) = gh(P ),∀P ∈ Gh,

uh(P ) = 0 , ∀ P ∈ ∂Gh

(6)

We suppose that G is a bounded region in RN , N ≥ 1, with sufficiently smooth
boundary, i.e., ∂G ∈ C0,1, and s is a nonnegative real number. We choose a
sufficiently small positive number h0 so that the set Gh of interior lattice points
is not empty for all h, 0 < h ≤ h0. We understand gh(P ) to be the integral
mean value of f over the cube ch(P ) belonging to P , i.e.,

gh(P ) = h−N

∫

ch(P )

g(x)dx. (7)

Definition 7 . Let X =
◦

W
1

p (G), Xh =
◦

W
1

p (Gh) , 2 ≤ p < ∞, p−1 + q−1 = 1.
The generalized problem for (5) is:

For a given g ∈ Lq(G) we seek a function u ∈ X such that

a(u, v) = f(v), ∀v ∈ X (8)

6
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with

a(u, v) =

∫

G

(

N
∑

i=1

|Diu|
p−2

DiuDiv + suv

)

dx,

f(v) =

∫

G

gv dx.

Likewise, the generalized problem for (6) is: we seek a lattice function uh ∈ Xh

such that
ah(uh, vh) = fh(vh), ∀vh ∈ Xh, (9)

with

ah(uh, vh) =

∫

(

N
∑

i=1

|∇iuh|
p−2

∇iuh∇ivh + suhvh

)

dxh,

fh(vh) =

∫

ghvh dxh.

Proposition 2 In the framework specified above we prove:

(a) The generalized problem for (5) has exactly one solution u;

(b) Difference equation. The generalized problem for (6) has exactly one so-
lution uh,∀h, 0 < h ≤ h0;

(c) Convergence. As h → +0, the sequence {uh} converges to u in the sense:

∫

G

(

N
∑

i=1

|Diu −∇iuh|
p

+ |u − uh|
p

)

dx → 0, (10)

∑

P∈Gh,1

(

N
∑

i=1

|∇iū −∇iuh|
p

+ |ū − uh|
p

)

hN
→ 0. (11)

In this connection, (10) and (11) describe the convergence of the difference
method on the region G and on the lattice, respectively. In (10), uh and ∇iuh

denote the lattice functions extended to G. In (11), for brevity, we write uh and
u instead of uh(P ) and u(P ), where u(P ) is the mean value of u at the point P
in the sense of (7). Moreover, ∇iu and ∇iuh stand for the difference quotients
∇iu(P ) and ∇iuh(P ) of the lattice functions P → u(P ) and P → uh(P ),
respectively.

Corollary 1 The difference equation (6) and the corresponding generalized pro-
blem (9) are mutually equivalent.

Proof. Multiplication of (6) by vh, discrete integration, and discrete inte-
gration by parts yields (9). Furthermore, (6) follows from (9) by a reversal of
this procedure.¤

7
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Therefore, instead of (9), we need to solve only the nonlinear system of
equations (6). This happens with the aid of the following iteration method for
k = 0, 1, ..:

u
(k+1)

h (P ) = u
(k)

h (P ) − tgP

(

u
(k)

h

)

, P ∈ Gh,1,

u
(k+1)

h (P ) = 0 , P ∈ ∂Gh,
(12)

with the starting elements u
(0)

h (P ) ≡ 0, where

gP (uh) = −

N
∑

i=1

∇

−

i

(

|∇iuh(P )|
p−2

∇iuh(P )
)

+ suh(P ) − gh(P ).

Can be easily proved that:

Corollary 2 Let 0 < h ≤ h0 and s > 0. Then, for sufficiently small t > 0, the
iteration method (12) converges as k → ∞ to the solution uh of the difference
equation (6).

We want to prove now the Proposition 2. To this end, we apply Theorem 1
for the approximation solvability of equation (1).

Proof. We construct the admissible approximation scheme from Figure
1. Let (hn) be a sequence of positive numbers with hn → 0 as n → ∞ and
0 < hn ≤ h0,∀n ∈ N . We set

X =
◦

W
1

p (G) , Xn =
◦

W
1

p (Ghn
) , F =

N
∏

i=1

Lp(G) , 2 ≤ p < ∞.

Moreover, we set un = uhn
. We equip Xn with the norm ‖·‖ = |·|

1,p,0. The
operator ω : X → F is defined by ω(u) = (u,D1u, ...,DNu). The operator
Pn : X → Xn results from forming the mean value, that is, we set k = hn and
we define

Pn(u)(P ) =











k−N

∫

ck(P )

u(x)dx , P ∈ Gk,1,

0 , P /∈ Gk,1.

The operator En : Xn → F is defined by Enun = (un,∇1un, ...,∇Nun), where
the lattice functions extended to the region G occur on the right. This way
we obtain Enun ∈ F . By Lemma 1(iv) one needs to verify the compatibility
condition EnPnu → ω(u) in F as n → ∞, ∀u ∈ C∞

0 (G) since C∞

0 (G) is dense
in X.

The synchronization condition is obtained as follows. Let Enun ⇀ g in F ,
n → ∞ with g = (u,U1, ..., UN ). From this it follows that un ⇀ u in Lp(G) and
∇iun ⇀ Ui in Lp(G) for n → ∞.

It is known the fact that the extended difference quotients converge weakly
to the generalized derivatives (cf. Temam [4]). Hence, Ui = Diu and g = ω(u).

It is also known, there exists an operator T : X → X∗ with

〈Tu, v〉 = a(u, v),∀u, v ∈ X.

8
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So, the generalized problem (8) is equivalent to Tu = f, u ∈ X.
Note that g ∈ Lq(G) with q−1 + p−1 = 1 implies f ∈ X∗. Furthermore, the

Galerkin theorem proves that equation Tu = f, u ∈ X has exactly one solution
u ∈ X. In addition, it also follows that

a(u, u− v)−a(v, u− v) ≥ c ‖u − v‖
p

1,p,0 + s

∫

G

(u− v)2 dx,∀u, v ∈ X, c > 0,fixed.

We prove now (3): from the same Galerkin theorem, there results

ahn
(v, u−v)−ahn

(v, u−v) ≥ c ‖u − v‖
p

1,p,0 +s

∫

(u−v)2dxhn
∀u, v ∈ Xn (13)

In this connection, replace the derivative Di, by the difference quotient ∇i and
the integrals by discrete integrals.

For u ∈ Xn, the mapping v → ahn
(u, v) is a linear functional on the space

Xn and, because dimXn < ∞, it is also continuous. Therefore, there exists an
operator Tn : Xn → X∗

n with 〈Tnu, v〉 = ahn
(u, v),∀u, v ∈ Xn. This implies

‖Tnu − Tnv‖ ‖u − v‖ ≥ |〈Tnu − Tnv, u − v〉| ≥ c ‖u − v‖
p
,

and hence, the stability condition

‖Tnu − Tnv‖ ≥ c ‖u − v‖
p−1

,∀u, v ∈ Xn.

The generalized discrete problem (9) is equivalent to the operator equation
Tnun = fn, un ∈ Xn, where we write fn for fhn

.

To prove (4), we must show that TnPn
d∗

→ Tu, ∀u ∈ X. By definition, this is
equivalent to

ahn
(Pnu, vn) → a(u, v), n → ∞ (14)

for all sequences {vn} with the property vn ∈ Xn, ∀n ∈ N as well as sup
n

‖vn‖ <

∞ and Envn ⇀ ω(u) in F, n → ∞.
Explicitly, relation (14) means that, as n → ∞,

∫

(

∑

i

|∇iun|
p−2

∇iun∇ivn + sunvn

)

dx → (15)

→

∫

G

(

∑

i

|Diu|
p−2

DiuDiv + suv

)

dx,

where un denotes the lattice function arising from the function u ∈ X, for all
grid points P ∈ Ghn,1, by forming the mean values according to (7). More
precisely, in (12), the symbols un, ∇iun, vn, ∇ivn denote the corresponding
extended lattice functions. Recall that un = uhn

.
Let us prove (12). From Envn ⇀ ω(u) it follows that, as n → ∞, vn ⇀ v and
∇ivn ⇀ Divn in Lp(G). The compatibility condition EnPnu → ω(u) means

9
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that, as n → ∞, un → u and ∇iun → Diu in Lp(G). Since q ≤ p, the
embedding Lp(G) ⊆ Lq(G) is continuous. This implies that, as n → ∞, un → u

and ∇iun → Diu in Lq(G). The Nemyckii operator v → |v|
p−2

v is continuous
from Lp(G) to Lq(G), since p/q = p − 1. Thus, it follows that, as n → ∞,

|∇iun|
p−2

un → |Diu|
p−2

Diu in Lq(G). We obtain (12), by the convergence
theorem 1.

Now we show that fn
d∗

→ f . Recall that f(v) =

∫

G

gvdx, ∀v ∈ X. Since we

write fn for fhn
, we have fn(vn) =

∫

G

ghn
vndx, ∀vn ∈ Xn, where gh denotes

the mean value in the sense of (7).
Now, let {vn} be a sequence with vn ∈ Xn, ∀n ∈ N with sup

n

‖vn‖ < ∞

and Envn ⇀ ω(v) in F . This implies vn ⇀ v in Lp(G), n → ∞, and hence
fn(vn) → f(v), n → ∞, by a Lemma of Schumann and Zeidler [3] and the

convergence theorem. This means that fn
d∗

→ f .
The proof of Proposition 2 The unique approximation solvability (iden-

tical with the Proposition 2) is enssured by Theorem 1. In particular, the
statements (10) and (11) follows from Enun → ω(u) in F as n → ∞, and

un
d
→ u, i.e., ‖un − Pnu‖Xn

→ 0 as n → ∞.
In fact, this implies (10) and |un − u|

1,p,0 → 0 as n → ∞, and hence we get
(11). Hence, note that u → u in Lp(G) as n → ∞ by Lemma of Schumann and
Zeidler, and hence un → u in Lp(G) as n → ∞ by (10), i.e., |un − u|p → 0 as
n → ∞.¤
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1
Let 1 < p, q < ∞ and p

−1
+ q

−1
= 1. From un → u in Lp(G) as n → ∞, and vn ⇀ v in

Lq(G) as n → ∞, it follows that
∫

G

unvndx →

∫

G

uvdx as → ∞.
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Abstract

In this paper we prove an existence and uniqueness result for the so-
lutions of a nonlinear system with generalized second-order differences
in a real Hilbert space, subject to some boundary conditions. An appli-
cation to nonlinear differential systems with monotone operators is also
presented.
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tor, differential system.

1 Introduction

Let H be a real Hilbert space with the scalar product 〈·, ·〉 and the associated
norm ‖ · ‖. We consider in the space H the nonlinear system with generalized
second-order differences

(S)

{

∆vj − ϕj∆vj−1 + cjA(uj) ∋ f0
j

−∆uj + ϕj∆uj−1 + djB(vj) ∋ g0
j , j = 1, N,

with the boundary conditions

(BC)

(

∆u0

−∆v0

)

∈ Λ1

(

v1

u1

)

,

(

−∆uN

∆vN

)

∈ Λ2

(

vN

uN

)

,

where N ∈ N, N > 1, ∆uj = uj+1 − uj , ∆vj = vj+1 − vj , for j = 0, N ,
ϕj , cj , dj , j = 1, N are positive real constants, and A, B and Λ1, Λ2 are oper-
ators on H and H2, respectively.

The system (S) and the boundary conditions (BC) can be written as
{

vj+1 − (1 + ϕj)vj + ϕjvj−1 + cjA(uj) ∋ f0
j

−uj+1 + (1 + ϕj)uj − ϕjuj−1 + djB(vj) ∋ g0
j , j = 1, N

and
(

u1 − u0

−v1 + v0

)

∈ Λ1

(

v1

u1

)

,

(

−uN+1 + uN

vN+1 − vN

)

∈ Λ2

(

vN

uN

)

.

1
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The above problem with ϕj = 1, j = 1, N has been investigated in [11]
(see also [12], [13] for some generalizations). In the last years we have studied
a few classes of systems with first- or second-order differences, with finite or
infinite numbers of equations, subject to various boundary conditions (see [8],
[9], [10], [13]), and also the associated differential systems. The operators Λ1

and Λ2 from the boundary condition (BC) are general ones, and cover various
classical conditions. For example, if H = R

2 and Λ1 = ∂l1, Λ2 = ∂l2, where
l1((u, v)T ) = au−bv, l2((u, v)T ) = −cu+dv, then the boundary conditions (BC)
become u1 − u0 = a, v1 − v0 = b, uN+1 − uN = c, vN+1 − vN = d. For other
difference equations in abstract spaces we refer the reader to the monographs
[2] and [6].

In this paper we shall prove an existence and uniqueness result for the solu-
tions of the problem (S), (BC), and then we shall briefly present an application
of the obtained theorems to the study of the existence, uniqueness and asymp-
totic behaviour of the strong and weak solutions for a differential system in the
Hilbert space H, subject to boundary conditions and initial data. In the proofs
of our results we shall use some theorems from the theory of monotone operators
(see the monographs [4], [5], [7]).

The assumptions that we shall use in the sequel are
(H1) a) The operators A : D(A) ⊂ H → H, B : D(B) ⊂ H → H are

maximal monotone, possibly multivalued.
b) There exist a0 > 0, b0 > 0 such that

i) for all u1, u2 ∈ D(A), γ1 ∈ A(u1), γ2 ∈ A(u2) we have
〈γ1 − γ2, u1 − u2〉 ≥ a0‖u1 − u2‖

2;
ii) for all v1, v2 ∈ D(B), δ1 ∈ B(v1), δ2 ∈ B(v2) we have

〈δ1 − δ2, v1 − v2〉 ≥ b0‖v1 − v2‖
2.

(H2) The operators Λ1 : D(Λ1) ⊂ H2
→ H2, Λ2 : D(Λ2) ⊂ H2

→ H2 are
maximal monotone, possibly multivalued.

(H3) One of the below assumptions is verified:
a) (intD(Λ1)) ∩ (D(B) × D(A)) 6= ∅; (intD(Λ2)) ∩ (D(B) × D(A)) 6= ∅.
b) D(Λ1)∩[(intD(B))×(intD(A))] 6= ∅; D(Λ2)∩[(intD(B))×(intD(A))] 6=

∅.
c) 0 ∈ int(D(Λ1) − (D(B) × D(A))) ∩ int(D(Λ2) − (D(B) × D(A))).

(H4) The constants ϕj > 0, for all j = 1, N .
(H5) The constants cj > 0, dj > 0, for all j = 1, N .

2 The existence and uniqueness result

We shall write the problem (S), (BC) as a first-order difference problem, by
using a similar argument as that used in [1]. For this aim, we firstly define
the positive numbers α0 = 1, αj = 1/(ϕ1ϕ2 · · ·ϕj), j = 1, N , that satisfy
the relations αjϕj = αj−1, for all j = 1, N . We introduce the Hilbert space
X = (HN

α )2(= (HN )2) with the scalar product

2
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〈(u1, . . . , uN , v1, . . . , vN )T , (ũ1, . . . , ũN , ṽ1, . . . , ṽN )T
〉X =

N
∑

j=1

αj [〈uj , ũj〉+〈vj , ṽj〉]

and the corresponding norm ‖ · ‖X .
We now define the operator A : D(A) ⊂ X → X, D(A) = {(u1, . . . , uN , v1, . . . , vN )T ,

(v1, u1)
T
∈ D(Λ1), (vN , uN )T

∈ D(Λ2)},
A((u1, . . . , uN , v1, . . . , vN )T ) = {(v2 − (1 + ϕ1)v1 + ϕ1v0, . . . , vN+1 − (1 + ϕN )vN

+ϕNvN−1,−u2 + (1 + ϕ1)u1 − ϕ1u0, . . . ,−uN+1 + (1 + ϕN )uN − ϕNuN−1)
T ,

(u1 − u0,−v1 + v0)
T
∈ Λ1((v1, u1)

T ), (−uN+1 + uN , vN+1 − vN )T
∈ Λ2((vN , uN )T )},

and the operator B : D(B) ⊂ X → X, D(B) = {(u1, . . . , uN , v1, . . . , vN )T ; uj ∈

D(A), vj ∈ D(B), j = 1, N},
B((u1, u2, . . . , uN , v1, v2, . . . , vN )T ) = {(c1γ1, c2γ2, . . . , cNγN , d1δ1, d2δ2, . . . , dNδN )T ,

γj ∈ A(uj), δj ∈ B(vj), j = 1, N}.
Lemma 1. If the assumptions (H2) and (H4) hold, then the operator A is

maximal monotone.
Proof. We decompose the operator A in two operators, namely A1 :

D(A1) = X → X,
A1((u1, . . . , uN , v1, . . . , vN )T ) = (v2 − (1 + ϕ1)v1 + ϕ1v0, . . . , vN+1 − (1 + ϕN )vN

+ϕNvN−1,−u2 + (1 + ϕ1)u1 − ϕ1u0, . . . ,−uN+1 + (1 + ϕN )uN − ϕNuN−1)
T ,

with v0 = vN+1 = u0 = uN+1 = 0, and A2 : D(A2) = D(A) ⊂ X → X,
A2((u1, . . . , uN , v1, . . . , vN )T ) = {(ϕ1v0, 0, . . . , 0, vN+1,−ϕ1u0, 0, . . . , 0,−uN+1)

T ,
(u1−u0, −v1+v0)

T
∈ Λ1((v1, u1)

T ), (−uN+1+uN , vN+1−vN )T
∈ Λ2((vN , uN )T )}.

We evidently have (A1 + A2)(U) = A(U), for all U ∈ D(A). The first
operator A1 is single-valued, everywhere defined and linear (so it is continuous).
We shall prove that it is also monotone. For this aim, we introduce the new
elements xj = αj−1(vj − vj−1), j = 1, N + 1 and yj = αj−1(uj − uj−1), j =
1, N + 1. Then we obtain the relations
vj+1 − (1 + ϕj)vj + ϕjvj−1 = vj+1 − vj −ϕj(vj − vj−1) = 1

αj

xj+1 −ϕj
1

αj−1

xj =
1

αj

(xj+1 − xj)

and
uj+1− (1+ϕj)uj +ϕjuj−1 = uj+1−uj −ϕj(uj −uj−1) = 1

αj

yj+1−ϕj
1

αj−1

yj =
1

αj

(yj+1 − yj).

The operator A with these new elements can be equivalently expressed as

A((u1, . . . , uN , v1, . . . , vN )T ) =
{(

1

α1

(x2 − x1),
1

α2

(x3 − x2), . . . ,
1

αN

(xN+1 − xN ),

−

1

α1

(y2 − y1),−
1

α2

(y3 − y2), . . . ,−
1

αN

(yN+1 − yN )
)T

, (y1,−x1)
T
∈ Λ1((v1, u1)

T ),
(

−

1

αN

yN+1,
1

αN

xN+1

)T

∈ Λ2((vN , uN )T )

}

.

The operator A1 is monotone, because

〈A1(U), U〉X =

N
∑

j=1

αj〈
1

αj

(xj+1 − xj), uj〉 −

N
∑

j=1

αj〈
1

αj

(yj+1 − yj), vj〉

= −

N
∑

j=1

〈xj+1, uj+1 − uj〉 +

N
∑

j=1

〈xj+1, uj+1〉 −

N
∑

j=1

〈xj , uj〉 +

N
∑

j=1

〈yj+1, vj+1 − vj〉

3
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−

N
∑

j=1

〈yj+1, vj+1〉+

N
∑

j=1

〈yj , vj〉 = −

N
∑

j=1

〈αj(vj+1−vj), uj+1−uj〉+

N
∑

j=1

[〈xj+1, uj+1〉−

〈xj , uj〉]

+
N

∑

j=1

〈αj(uj+1 − uj), vj+1 − vj〉 −

N
∑

j=1

[〈yj+1, vj+1〉 − 〈yj , vj〉] = 〈xN+1, uN+1〉 −

〈x1, u1〉

−〈yN+1, vN+1〉 + 〈y1, v1〉 = 0,
for all U = (u1, . . . , uN , v1, . . . , vN )T

∈ X.
Next, the operator A2 is also monotone, because
〈Z −

˜Z,U −
˜U〉X = α1〈ϕ1(v0 − ṽ0), u1 − ũ1〉 + αN 〈vN+1 − ṽN+1, uN − ũN 〉

+α1〈−ϕ1(u0 − ũ0), v1 − ṽ1〉+ αN 〈−uN+1 + ũN+1, vN − ṽN 〉 = 〈v0 − ṽ0, u1 − ũ1〉

+αN 〈vN+1− ṽN+1, uN − ũN 〉−〈u0− ũ0, v1− ṽ1〉+αN 〈−uN+1 + ũN+1, vN − ṽN 〉

= 〈u1 − u0 − ũ1 + ũ0, v1 − ṽ1〉 + 〈−v1 + v0 + ṽ1 − ṽ0, u1 − ũ1〉

+αN 〈−uN+1+uN +ũN+1−ũN , vN −ṽN 〉+αN 〈vN+1−vN −ṽN+1+ṽN , uN −ũN 〉

= 〈

(

u1 − u0

−v1 + v0

)

−

(

ũ1 − ũ0

−ṽ1 + ṽ0

)

,

(

v1

u1

)

−

(

ṽ1

ũ1

)

〉H2

+αN 〈

(

−uN+1 + uN

vN+1 − vN

)

−

(

−ũN+1 + ũN

ṽN+1 − ṽN

)

,

(

vN

uN

)

−

(

ṽN

ũN

)

〉H2 ≥ 0,

for all U = (u1, . . . , uN , v1, . . . , vN )T , ˜U = (ũ1, . . . , ũN , ṽ1, . . . , ṽN )T
∈ D(A2),

Z ∈ A2(U), ˜Z ∈ A2(˜U), (u1 − u0,−v1 + v0)
T
∈ Λ1((v1, u1)

T ), (ũ1 − ũ0,−ṽ1 +
ṽ0)

T
∈ Λ1((ṽ1, ũ1)

T ), (−uN+1 + uN , vN+1 − vN )T
∈ Λ2((vN , uN )T ), (−ũN+1 +

ũN , ṽN+1 − ṽN )T
∈ Λ2((ṽN , ũN )T ).

The operator A2 is maximal monotone. To prove this statement, we shall
use a generalization of Minty’s Theorem to product spaces with various weights
(see Theorem 7 from [8]). We choose C = (ϕ1, 1, . . . , 1, ϕ1, 1, . . . , 1)T

∈ R
2N

and we shall prove that for any element Y0 = (f0
1 , . . . , f0

N , g0
1 , . . . , g0

N )T
∈ X,

the equation
(CI + A2)(U) ∋ Y0 (1)

has a solution U ∈ D(A2).
The equation (1) is equivalent to

{

ϕ1u1 + ϕ1v0 = f0
1 , uj = f0

j , j = 2, N − 1, uN + vN+1 = f0
N ,

ϕ1v1 − ϕ1u0 = g0
1 , vj = g0

j , j = 2, N − 1, vN − uN+1 = g0
N ,

(2)

with (v1, u1)
T
∈ D(Λ1), (vN , uN )T

∈ D(Λ2), (u1−u0,−v1+v0)
T
∈ Λ1((v1, u1)

T ),
(−uN+1 + uN , vN+1 − vN )T

∈ Λ2((vN , uN )T ), in the case N > 2, and only the
first and last relations in the case N = 2.

For the elements u1, v1, uN , vN we obtain from (2), the system














(

v1

u1

)

+

(

−u0

v0

)

=

(

1

ϕ1

g0
1

1

ϕ1

f0
1

)

(

vN

uN

)

+

(

−uN+1

vN+1

)

=

(

g0
N

f0
N

)

,

which is equivalent to

4
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(

v1

u1

)

+

(

−u1

v1

)

+

(

u1 − u0

−v1 + v0

)

=

(

1

ϕ1

g0
1

1

ϕ1

f0
1

)

(

vN

uN

)

+

(

−uN

vN

)

+

(

−uN+1 + uN

vN+1 − vN

)

=

(

g0
N

f0
N

)

.

The above system can be written as















(

v1

u1

)

+ Φ

(

v1

u1

)

+ Λ1

(

v1

u1

)

∋

(

1

ϕ1

g0
1

1

ϕ1

f0
1

)

(

vN

uN

)

+ Φ

(

vN

uN

)

+ Λ2

(

vN

uN

)

∋

(

g0
N

f0
N

)

,

(3)

where the operator Φ : H2
→ H2 is defined by Φ((x, y)T ) = (−y, x)T . Because

Φ is single-valued, everywhere defined, linear and monotone, and Λ1, Λ2 are
maximal monotone, we deduce by [4], Corollary 1.3, Chapter II, that Φ + Λ1 :
D(Λ1) ⊂ H2

→ H2 and Φ+Λ2 : D(Λ2) ⊂ H2
→ H2 are also maximal monotone

operators. Then R(I + Φ + Λ1) = H2 and R(I + Φ + Λ2) = H2, and so the
equations (3)1 and (3)2 have solutions (v1, u1)

T
∈ D(Λ1), and (vN , uN )T

∈

D(Λ2). We conclude that the element U = (u1, . . . , uN , v1, . . . , vN )T
∈ D(A2),

where u1, v1, uN , vN are defined above and uj , vj , j = 2, N − 1 are defined by
system (2), is solution of the equation (1). Therefore the operator A2 is maximal
monotone.

Because A1 is single-valued, everywhere defined, continuous and monotone,
and A2 is maximal monotone, we deduce that the operator A is maximal mono-
tone in X. 2

Lemma 2. If the assumptions (H1)a, (H4) and (H5) hold, then the operator
B is maximal monotone in X.

The proof of Lemma 2 is similar to that of Theorem 2 from [8].
Theorem 1. Assume that the assumptions (H1)a, (H2)-(H5) are verified.

Then the operator A + B is maximal monotone in X.
Proof. If the assumption (H3)a holds, then we can easily deduce that

intD(A) = {(u1, . . . , uN , v1, . . . , vN )T
∈ X, (v1, u1)

T
∈ intD(Λ1), (vN , uN )T

∈

intD(Λ2)} and so intD(A) ∩ D(B) 6= ∅. Therefore using Rockafellar’s theorem
(see [5], Corollaire 2.7) we deduce that A + B is maximal monotone.

If the assumption (H3)b holds, then we have D(A) ∩ (intD(B)) 6= ∅. Using
the same theorem we obtain that A + B is maximal monotone.

If the assumption (H3)c holds, it follows that 0 ∈ int (D(A)−D(B)). Using
Attouch’s theorem (see [3]), we deduce that the operator A + B is maximal
monotone. 2

Theorem 2. Assume that the assumptions (H1)ab, (H2)-(H5) are verified
and F0 = (f0

1 , . . . , f0
N , g0

1 , . . . , g0
N )T

∈ X. Then the problem (S), (BC) has a
unique solution U = (u1, . . . , uN , v1, . . . , vN )T

∈ X, with (v1, u1)
T

∈ D(Λ1),
(vN , uN )T

∈ D(Λ2), uj ∈ D(A), vj ∈ D(B), for all j = 1, N .
Proof. By Theorem 1 the operator A + B is maximal monotone in X.

Besides, it is strongly monotone. Indeed, for all U = (u1, . . . , uN , v1, . . . , vN )T ,
˜U = (ũ1, . . . , ũN , ṽ1, . . . , ṽN )T

∈ D(A)∩D(B), Z ∈ (A+B)(U), ˜Z ∈ (A+B)(˜U)
we have

5
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〈Z −
˜Z,U −

˜U〉X ≥

N
∑

j=1

αjcja0‖uj − ũj‖
2 +

N
∑

j=1

αjdjb0‖vj − ṽj‖
2

≥ M





N
∑

j=1

(αj‖uj − ũj‖
2 + αj‖vj − ṽj‖

2)



 = M‖U −
˜U‖

2
X ,

where M = min {cja0, djb0, j = 1, N} > 0. Therefore the operator A+B is co-
ercive, and so R(A+B) = X. We deduce that for F0 = (f0

1 , . . . , f0
N , g0

1 , . . . , g0
N )T

∈

X, the equation (A + B)(U) ∋ F0, which is equivalent to problem (S), (BC)
has a unique solution U = (u1, . . . , uN , v1, . . . , vN )T

∈ D(A) ∩ D(B). 2

3 An application to nonlinear differential sys-

tems

Let us consider in the space H the nonlinear differential system
(˜S)
{

u′

j(t) + vj+1(t) − (1 + ϕj)vj(t) + ϕjvj−1(t) + cjA(uj(t)) ∋ fj(t)

v′

j(t) − uj+1(t) + (1 + ϕj)uj(t) − ϕjuj−1(t) + djB(vj(t)) ∋ gj(t), j = 1, N, t > 0,

with the boundary conditions
(˜BC)
(

u1(t) − u0(t)
−v1(t) + v0(t)

)

∈ Λ1

(

v1(t)
u1(t)

)

,

(

−uN+1(t) + uN (t)
vN+1(t) − vN (t)

)

∈ Λ2

(

vN (t)
uN (t)

)

, t > 0

and the initial data

( ˜ID) uj(0) = uj0, vj(0) = vj0, j = 1, N.

Using the operators A and B defined in Section 2, the above problem can
be expressed as the following Cauchy problem in the space X

(P )

{

dU

dt
(t) + A(U(t)) + B(U(t)) ∋ F (t)

U(0) = U0,

where U = (u1, . . . , uN , v1, . . . , vN )T , U0 = (u10, . . . , uN0, v10, . . . , vN0)
T , F =

(f1, . . . , fN , g1, . . . , gN )T .
By using Theorem 1 from Section 2, Theorem 2.2 and Corollary 2.1, Chapter

III from [4], and similar arguments as in the proof of Theorem 4 from [12], we

obtain for the strong solutions of problem (P ) ≡ (˜S), (˜BC), ( ˜ID) the following
existence and uniqueness result.

Theorem 3. Assume that the assumptions (H1)a, (H2)-(H5) hold. If
(v10, u10)

T
∈ D(Λ1) ∩ (D(B) × D(A)), uj0 ∈ D(A), vj0 ∈ D(B) for all j =

2, N − 1, (vN , uN )T
∈ D(Λ2) ∩ (D(B) × D(A)), fj , gj ∈ W 1,1(0, T ;H), for all

j = 1, N , (T > 0 fixed), then there exist unique functions uj , vj ∈ W 1,∞(0, T ;H),
j = 1, N , with (v1(t), u1(t))

T
∈ D(Λ1) ∩ (D(B) × D(A)), uj(t) ∈ D(A), vj(t) ∈

6
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D(B), for all j = 2, N − 1, (vN (t), uN (t))T
∈ D(Λ2) ∩ (D(B) × D(A)), for all

t ∈ [0, T ] that verify the system (˜S) and the boundary conditions (˜BC) for all

t ∈ [0, T ] and the initial data ( ˜ID). Besides uj , vj , j = 1, N are everywhere

differentiable from right in the topology of H and d+U
dt

(t) = (F (t) − A(U(t)) −
B(U(t)))0, for t ∈ [0, T ).

Remark. Under the assumptions (H1)a, (H2)-(H5), if U0 ∈ D(A) ∩ D(B)
and F ∈ L1(0, T ;X) (T > 0 fixed), then by Corollary 2.2, Chapter III from [4],
we deduce that the problem (P ) has a unique weak solution U ∈ C([0, T ];X).

Now using Theorem 2 from Section 2 and Theoreme 3.9 from [5], we obtain
in the following theorem the asymptotic behaviour of the solutions of (P ).

Theorem 4. Assume that the assumptions (H1)ab, (H2)-(H5) hold, F ∈

L1
loc(R+;X) verifies the condition lim

t→∞

F (t) = ˜F strongly in X, and ˜U is the

unique solution of the problem (S), (BC) with F0 = 0. Then for any weak

solution U(t), t ≥ 0 of the problem (P )1, we have lim
t→∞

U(t) = ˜U , strongly in X.
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Abstract

The idea of this work is the continuation of the study of the paper [5]
by the author concerning conditions on the existence and the uniqueness
of the solution of the Fredholm integral equations of the second kind on
a finite interval. Noting that, except the Banach’s theorem where the
norm of the integral operator must be less than unity, the existence and
uniqueness of the solution of the Fredholm integral equations of the second
kind remain an open question.
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1 Introduction

As it is known many problems of mathematical physics can be stated in the
form of integral equations. In particular, the domains of ordinary and partial
differential equations can be recast as integral equations. Also many existence
and uniqueness results can then be derived from results from integral equations.

In this work we try to find conditions concerning the existence and the
uniqueness of the solution of the Fredholm integral equation of the second kind
on an interval [a, b]

ϕ(t0) −

∫ b

a

k(t0, t)ϕ(t)dt = f(t0), a, b ∈ R. (1)

We note that, the study of these equations is based on the Fredholm alter-
native where is a fundamental tool for the solvability of certain types of integral
equations. For the applications of these equations to different problems, the
following relations are known to play a basic part

1
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• The homogeneous equation

ϕ(t0) −

∫ b

a

k(t0, t)ϕ(t)dt = 0, (2)

has only a finite number of linearly independent solutions.
• The adjoint homogeneous equations (2) and

ψ(t0) −

∫ b

a

k∗(t, t0)ψ(t)dt = 0, (3)

have the same number of linearly independent solutions.
• The non-homogeneous equations (1) is solvable for any second member f if

and only if the adjoint homogeneous equation (3) or the equation homogeneous
(2) has non solution different from zero.

• The solvability of the non-homogeneous equation (1) is given by the nec-
essary and sufficient conditions

∫ b

a

f(t)ψk(t)dt = 0, (4)

where the functions ψk(t) form a complete system of linearly independent
solutions of the adjoint homogeneous solutions (3) [2].

Lemma 1 Let ϕ(t) be a function satisfies the Holder condition on the in-
terval [a, b],

| ϕ(t) − ϕ(t0) |≤ M | t − t0 |

α, 0 < α ≤ 1, (5)

and equal to zero at the end points,

ϕ(a) = ϕ(b) = 0. (5’)

Then the principal value of Cauchy integral

Sϕ(t0) =

∫ b

a

ϕ(t)

t − t0
dt, (6)

has the following properties
• The existence of the limit defined by the integral with weak singularity

lim
t0→c

Sϕ(t0) = Sϕ(c) =

∫ b

a

ϕ(t)

t − c
dt, (6’)

when the interior point t0 tends to its end points c = a or c = b.
• The integral operator S is bounded in all Holder spaces Cα([a, b]).
• The integral operator S belongs to the Holder spaces Cα([a, b]) for 0 <

α < 1.
• The integral operator S belongs to the Holder spaces C1−ε([a, b]) for α = 1

with ε ≥ 0.

2
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Lemma 2 Let a(t) be a function in Cα([a, b]) and the density function ϕ(t)
satisfies conditions (5) and (5′).Then the commutator

(Sa − aS)ϕ(t0) =

∫ b

a

a(t) − a(t0)

t − t0
ϕ(t)dt (7)

is compact from Cα([a, b]) into Cα([a, b]) [2].

In fact, since the function a(t) ∈ Cα([a, b]), then the kernel
a(t) − a(t0)

t − t0
has a

weak singularity and defines a compact integral operator in all spaces Cα([a, b]).
Corollary The property of the compactness is enjoyed by the more general

operator

Tϕ(t0) =

∫ b

a

k(t0, t) − k(t0, t0)

t − t0
ϕ(t)dt, (8)

if the function k(t0, t) is of Holder class in both variables k(t, t0) ∈ Cα([a, b]×
[a, b]) (0 < α < 1) and the function ϕ(t) is null at edges [3].

2 Main Results

Theorem let k(t0, t) be a function in Cα([a, b] × [a, b]) (0 < α < 1) satisfies
the Holder condition for both variables with the condition k(t0, t0) 6= 0 for all
t0 in the interval [a, b] and the function density ϕ(t) is null at edges, then the
equation (1)

ϕ(t0) −

∫ b

a

k(t0, t)ϕ(t)dt = f(t0), a, b ∈ R,

admits a unique solution in the space Cα([a, b]) for all second member f(x)
in Ca([a, b]).

Proof

It is clear to see that, the compact operator integral

Aϕ(t0) =

∫ b

a

k(t0, t)ϕ(t)dt,

has the following representation

(Ta − aT )ϕ(t0) + k(t0, t0)(Sa − aS)ϕ(t0),

with the function a(t) = t for all t ∈ [a, b].
In other words, the operator A has a commutator representation in the

Banach algebra Cα([a, b]).
Also, it is known that, the unit element Iϕ(t) = ϕ(t) of a Banach algebra

Cα([a, b]) is not a commutator

MN − NM,
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for all elements M and N in Cα([a, b]). Indeed, if

I = MN − NM,

then the spectrum relation gives

sp(MN) = 1 + sp(NM),

which is not consistent with the following result

sp(MN) ∪ {0} = sp(NM) ∪ {0}.

Therefore,

Aϕ(t0) =

∫ b

a

k(t0, t)ϕ(t)dt 6= ϕ(t0), for all ϕ ∈ Cα([a, b]).

We see that the homogeneous equation has only the trivial solution in
Cα([a, b]), so the equation (1)

ϕ(t0) −

∫ b

a

k(t0, t)ϕ(t)dt = f(t0),

has a unique solution in the space Cα([a, b]).
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1 Introduction

Let (X, d) be a complete metric space, f : X → X an operator and ϕ : R+ → R+

monotone increasing function such that

d(f(x), f(y)) ≤ ϕ(d(x, y)),

for all x, y ∈ X. We construct the sequence of successive approximations,
(xn)n∈N, xn+1 = f(xn), x0 ∈ X. We obtain, using the monotonicity of ϕ,
that

d(xn, xn+p) ≤

n+p−1
∑

k=n

ϕ(d(x0, x1)), (1)

for all p ≥ 1, n ≥ 1.
If the series of positive terms

∞
∑

k=1

ϕ(r)

converges, for all r ∈ R+ then the sequences (xn)n∈N is a Cauchy sequence,
hence (xn)n∈N is convergent for all x0 ∈ X.

Definition 1.1 A function ϕ : R+ → R+ is a comparison functions if :

(i) ϕ is monotone increasing;

1
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(ii) The sequence (ϕn(t))n∈N converges to 0 for all t ≥ 0.

Definition 1.2 A mapping f : X → X is a ϕ−contraction if ϕ a comparison
function and

d(f(x), f(y)) ≤ ϕ(d(x, y)), (∀)x, y ∈ X.

We have the following result

Theorem 1.1 [6],[7] Let (X, d) be a complete metric space and f : X → X a
ϕ− contraction. Then f is a Picard operator.

In [1], [2] has been given the following generalization of ratio test

Theorem 1.2 Let
∞
∑

n=1

un be an infinite series of positive terms. If there exists

convergent series of nonnegative terms,
∞
∑

n=1

un and two numbers k, n0 such that

un+1

un + vn

≤ k < 1,

for all n ≥ n0, then the series
∞
∑

n=1

un is convergent.

We have the converse of theorem

Theorem 1.3 [1]A series
∞
∑

n=1

un of decreasing positive terms converges if and

only if there exists a convergent series of nonnegative terms
∞
∑

n=1

vn and two

numbers k, n0 such that

un+1

un + vn

≤ k < 1,

for all n ≥ n0.

Definition 1.3 A function ϕ : R+ → R+ is a c-comparison functions if there

exists a convergent series of nonnegative terms
∞
∑

n=1

vn and two numbers k ∈

(0, 1), n0 such that

ϕn+1(r) ≤ k[ϕn(r) + vn],

for all n ≥ n0, r ≥ 0.

Observation 1.1 (see [1] Theorem 3)If ϕ : R+ → R+ is a c-comparison func-

tions then the series
∞
∑

k=1

ϕk(r) is convergent, for all r ≥ 0 and the approxima-

tions successive sequence, xn+1 = f(xn), converges to the unique fixed point of
f.

2
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The following result is other generalization of ratio test

Theorem 1.4 [3]Let
∞
∑

n=1

Un be a series of positives terms. If there exists a

convergent series
∞
∑

n=1

Vn and a sequence (Wn)n≥1 satisfying

(i) 0 < Wn < 1, for all n ≥ 1;

(ii) Wn+m ≤ Wn · Wm, for all n,m ≥ 1;

(iii) Wn · Un+1 ≤ Wn+1(Un + Vn), for all n ≥ 1,

then the series
∞
∑

n=1

Un is convergent.

More result about the generalization of ratio test we find in [4], [5].

2 Main results

In this section we present an result of fixed point in space with perturbated
metric. Similarly result we find in [8]. First, we present the following test of
convergence for series with positives terms

Proposition 2.1 We consider the mappings f, g : (0,∞) → (0,∞) and (un)n∈N

a sequence with positives terms, such that:

(i) there exists M > 0 with the property f(u)

g(u)
≥ M , for all u ∈ (0,∞);

(ii) there exists K > 0, and N ∈ N with the property f(ui+1)

g(ui)
≤ K, for all

i ≥ N ;

(iii) K
M

< 1.

Then
∑

n≥0

f(un) < ∞,
∑

n≥0

g(un) < ∞

Proof: From the relations (i), (ii) if we take successively i := N, · · · , n we
obtain

Mn−N−1 f(un)

g(uN )
≤

f(uN+1)

g(uN )

f(uN+2)

g(uN+1)
· · ·

f(un)

g(un−1)
≤ Kn−N

f(un) ≤ g(uN )
MN+1

KN

( K

M

)n

From the above relations we obtain that
∑

n≥0

f(un) < ∞. On the other hand,

using the ratio test and the relation

M
g(un+1)

g(un)
≤

f(un+1)

g(un)
≤ K,

for all n ≥ N , we obtain that
∑

n≥0

g(un) < ∞.
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Remark 2.1 For f, g : (0,∞) → (0,∞), f(u) = g(u) = u from the Proposition
2.1 it follow the ratio test.

Next we consider a complete metric space (X, d), ϕ : R+ → R+ monotone
increasing and g ∈ P . P is the class of functions g : R+ → R+ continuous, strict
increasing and surjective.

Remark 2.2 g(0) = 0.

Indeed if we suppose that there exists α > 0 such that g(α) = 0 then we
have g(0) < g(α) = 0 which is a contradiction with the fact that g(R+) ⊆ R+.

We have the following fixed point result

Proposition 2.2 Let f : X → X be an operator such that

g(d(f(x), f(y))) ≤ ϕ(g(d(x, y))), (2)

for all x, y ∈ X. We suppose that there exists G : (0,∞) → (0,∞) such that the
pair (g−1, G) verifying the Proposition 2.1 with un = ϕn(r), r ≥ 0. Then f is a
Picard operator.

Proof: From the properties of the function g, the relation (2) can be write

d(f(x), f(y)) ≤ g−1
◦ ϕ ◦ g(d(x, y)),

for all x, y ∈ X.
We denote by

ϕ1 : R+ → R+,

ϕ1(r) := g−1
◦ ϕ ◦ g(r).

We remark that ϕ1 is monotone increasing and ϕn
1 (r) = g−1

◦ ϕn
◦ g(r).

From the Proposition 2.1 we have that the series
∑

k∈N

g−1(ϕk(r)) is converges for

all r > 0. Then the sequence ϕn
1 (r) is converges to zero, for all r > 0. It follow

that the function is a comparison function. Using the Theorem 1.1 we obtain
the conclusion.
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1 Introduction

The aim of this paper is to define operators with single-valued extension property
and to study the class of quasi-nilpotent equivalent operators with such property
on sequentially complete locally convex space. The class of quasi-nilpotent
equivalent operators on a Banach space was introduced by Colojoară and Foias
[4].

Throughout this paper X denotes a sequentially complete locally convex
Hausdorff space over the complex space C and C(X) denotes the set of all
families of seminorms which generate the topology of the space X. If L(X) is
the algebra of linear continuous operators on X, then for every p, q ∈ P we
define the mixed operator seminorm mpq : L(X) → R ∪ {∞}, where

mpq(T ) = sup
p(x)6=0

q (Tx)

p (x)
, for all T ∈ L(X).

If p = q then we denote p̂ = mpp. From the definition it follows that:
1. mpq(T ) = sup

p(x)=1

q (Tx) = sup
p(x)≤1

q (Tx) , (∀) p ∈ P, (∀) q ∈ Q;

2. q (Tx) ≤ mpq (T ) p (x), (∀)x ∈ X, whenever mpq(T ) < ∞.
3. mpq(T ) = inf {M > 0 |q (Tx) ≤ Mp (x) , (∀)x ∈ X}, whenever mpq(T ) < ∞.

An operator T on a locally convex space X is quotient bounded with respect
to a family of seminorms P ∈ C(X) if for every seminorm p ∈ P there exists
some cp > 0 such that

p (Tx) ≤ cpp (x) , for all x ∈ X.
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The class of quotient bounded operators with respect to P ∈ C(X) is denoted
by QP(X) and let P̂ be the family {p̂ | p ∈ P}. (QP(X), P̂) is a sequentially
complete multiplicatively convex algebra for all P ∈ C(X) (see [8]). An operator
T ∈ QP(X) is a bounded element of the algebra QP(X) if it is a bounded
element in the sense of G.R.Allan [1], i.e. for some r > 0, r−1T generates a
bounded semigroup, and the class of the bounded elements of QP(X) is denoted
by (QP(X))0. If rP(T ) is the P-spectral radius of the operator T , i.e. is the
radius of boundness of the operator T in QP(X) given by the relation

rP(T ) = inf{α > 0 | α−1T generates a bounded semigroup in QP(X)},

then in [1] and [8] was proved that the following relations hold

rP(T ) = sup{ lim sup
n→∞

(p̂ (Tn))
1/n

| p ∈ P}. (1)

rP(T ) < +∞ if and only if T ∈ (QP(X))0; (2)

rP(T ) = inf

{

λ > 0 | lim
n→∞

Tn

λn
= 0

}

. (3)

and if 0 < |λ| < rP(T ), then the set
(

T n

λn

)

n
is unbounded.

If (X,P) is a locally convex space and T ∈ (QP , (X))0 then, for every

|λ| > rP(T ) the Neumann series
∞
∑

n=0

T n

λn+1 converges to R (λ, T )(in QP(X)) and

R (λ, T ) ∈ QP(X) [8]. Moreover, |σ(QP , T )| = rP(T ).
The Waelbroeck resolvent set ρW (QP , T ) of an operator T ∈ (QP(X))0 is the

subset of elements of λ0 ∈ C∞ = C∪{∞}, for which there exists a neighborhood
V ∈ V(λ0)

such that:

1. the operator λI − T is invertible in QP(X) for all λ ∈ V \{∞}

2. the set { ( λI − T )
−1

| λ ∈ V \{∞} } is bounded in QP(X).

The Waelbroeck spectrum of T , denoted by σW (QP , T ), is the complement
of the set ρW (QP , T ) in C∞. The set ρW (QP , T ) is open and it is obvious
that ρW (QP , T ) ⊂ ρ (QP(X)). An operator T ∈ QP(X) is regular if ∞ /∈
σW (QP , T ), i.e. there exists some t > 0 such that:

1. the operator λI − T is invertible in QP(X), for all | λ |> t

2. the set {R (λ, T ) || λ |> t} is bounded in QP(X).

2 Bounded Operators with SVEP

Lemma If (X,P) is a sequentially complete locally convex space and T ∈

(QP(X))0, then
◦

ρ(QP , T ) = ρW (QP , T ).

2
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Proof Assume that there exists λ0 ∈ ρ(QP , T )\ρW (QP , T ) such that λ0 ∈

◦

ρ(QP , T ). Since λ0 /∈ ρW (QP , T ), then for each neighborhood U of λ0 the set

{ ( λI − T )
−1

| λ ∈ U }

is not bounded in QP(X). Let U ∈ ρ(QP , T ) an open set such that λ0 ∈ U .
This implies that there exists λ1 ∈ U and p ∈ P such that for every n ∈ N there
exists xn ∈ X (p(xn) 6= 0) with the property

p (R(λ1, T )xn) > np (xn) ,

Therefore, for yn = R(λ1, T )xn we have

p (yn) > np ((λ1I − T )yn) ,

which implies that λ1 ∈ σa(QP , T ) ⊂ σ(QP , T ) (where σa(QP , T ) is the approx-
imate spectrum of T [6]). This contradicts the supposition we made, so lemma
is proved.

Definition If (X,P) is a sequentially complete locally convex space we say
that the operator T ∈ (QP(X))0 has the single-valued extension property (we
will write SVEP) if for any analytic function f : Df → X, where Df ⊂ C is an
open set, with the property

(λI − T )f(λ) ≡ 0X , for all λ ∈ Df ,

it results that f ≡ 0, for all λ ∈ Df .
Definition Let (X,P) be a sequentially complete locally convex space and

T ∈ (QP(X))0. For every x ∈ X we say that the analytic function fx : Dx → X
is an analytic extension of the function λ → R(λ, T ) if Dx is an open set such
that ρW (QP , T ) ⊂ Dx and

(λI − T )f(λ) ≡ x, (∀)λ ∈ Dx.

Definition If (X,P) is a locally convex space and T ∈ (QP(X))0 has SVEP,
then we denote by ρT (x) the set of all points λ0 ∈ C for which there exists an
analytic extension of the function λ → R(λ, T ), defined in some neighborhood
of λ0. The set σT (x) is the complement of ρT (x).

Remark In the case of bounded operators on a Banach space we have the
condition ρ(T ) ⊂ Dx, but the lemma 2 implies that this conditions in the case
of quotient bounded operators on sequentially complete locally convex space is
naturally replaced by the condition ρW (QP , T ) ⊂ Dx.

Remark If T ∈ (QP(X))0 has SVEP then for each x ∈ X there exists an
unique maximal analytic extension of the application λ → R(λ, T ), which will
be denoted by x̃. Since T ∈ (QP(X))0 has SVEP the set ρT (x) is correctly
defined and is unique.

Remark If T ∈ (QP(X))0 has SVEP and x ∈ X, then

1. ρT (x) is an open set;
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2. ρT (x) is the domain of definition for x̃;

3. ρW (QP , T ) ⊂ ρT (x).

We need the following lemma.
Lemma[9] Let (X,P) be a sequentially complete locally convex space. If

T ∈ (QP(X))0 then

1. the application λ → R(λ, T ) is holomorphic on ρW (QP , T );

2. dn

dλn R(λ, T ) = (−1)nn!R(λ, T )n+1, for every n ∈ N;

3. lim
|λ|→∞

R(λ, T ) = 0 and lim
|λ|→∞

R(1, λ−1T ) = lim
|λ|→∞

λR(1, T ) = I.

Lemma If T ∈ (QP(X))0 has SVEP, then σT (x) = ∅ if and only if x = 0X .
Proof If σT (x) = ∅, then x̃ is an entire function. Since |σ(QP , T )| = rP(T ),

from lema 2 it results that

(λI − T )x̃(λ) = x, for all |λ| > rP(T ), (4)

so by lemma 2 we have

lim
|λ|→∞

x̃(λ) = lim
|λ|→∞

R(λ, T )x = 0.

Therefore, from Liouville’s theorem it results that x̃(λ) ≡ 0. Using the
properties of functional calculus presented in [9] and relations (4) we have

x =
1

2πi

∫

rP(T )+1

R(λ, T )xdλ =
1

2πi

∫

rP(T )+1

x(λ)dλ = 0

It is obvious that if x = 0X , then σT (x) = ∅.

3 Quasi-nilpotent Equivalent Operators

For a pair of operators T, S ∈ (QP(X))0, not necessarily permutable, we con-
sider the following notation

(T − S)[n] =

n
∑

k=0

(−1)n−kCk
nT kSn−k,

where Ck
n = n!

(n−k)!k!
, for all n ≥ 1 and k = 1, n.

Remark [4] If T, S, P ∈ (QP(X))0 then for all n ≥ 1 we have:

1. (T − S)[n+1] = T (T − S)[n]
− (T − S)[n]S.

2.
n
∑

k=0

(−1)n−kCk
n(T − S)[k](S − P )[n−k] = (T − P )[n].

4
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Definition We say that two operators T, S ∈ (QP(X))0 are quasi-nilpotent
equivalent operators if for every p ∈ P we have

lim
n→∞

(

p̂
(

(T − S)[n]

))1/n

= 0 and lim
n→∞

(

p̂
(

(S − T )[n]

))1/n

= 0.

In this case we write T
q
∽ S.

Remark If T, S ∈ (QP(X))0, then (T − S)[n]
∈ QP(X).

Lemma Let (X,P) be a locally convex space and T, S ∈ (QP(X))0, such

that T
q
∽ S. Then the series

∞
∑

n=0

(T − S)[n] and
∞
∑

n=0

(S − T )[n] converges in

QP(X).

Proof If T
q
∽ S, then

lim
n→∞

p̂
(

(T − S)[n]

)1/n

= 0, for all p ∈ P,

so by root test the series
∞
∑

n=0

p̂((T−S)[n]) converges. Moreover, for each ε ∈ (0, 1)

and every p ∈ P there exists some index nε,p ∈ N such that

p̂
(

(T1 − T2)
[n]

)

≤ εn, for all n ≥ nε,p

which implies that

m
∑

k=n

p̂
(

(T1 − T2)
[k]

)

<
m

∑

k=n

εk <
εn

1 − ε
, for all m > n ≥ nε,p,

so

(

n
∑

k=0

(T1 − T2)
[k]

)

n∈N

is a Cauchy sequence. Since the algebra QP(X) is se-

quentially complete it results that the series
∞
∑

n=0

(T1−T2)
[n] converges in QP(X).

Analogously, we can prove that the series
∞
∑

n=0

(S −T )[n] converges in QP(X)

Lemma The relation
q
∽ defined above is a equivalence relation on (QP(X))0.

Proof It is obvious that
q
∽ is simetric and reflexive. Now will prove that

q
∽

is transitive. Let T1, T2, T3 ∈ (QP(X))0 such that T1

q
∽ T2 and T2

q
∽ T3. Then

for every ε > 0 and every p ∈ P there exists nε,p ∈ N such that

p̂
(

(T1 − T2)
[n]

)

≤ εn and p̂
(

(T2 − T3)
[n]

)

≤ εn,

for every n ≥ nε,p. If

Mε,p = max
k=1,nε,p−1

{

p̂
(

(T1 − T2)
[n]

)

εk
,
p̂

(

(T2 − T3)
[n]

)

εk
, 1

}

, for all p ∈ P,

5
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then for every n ∈ N we have

p̂
(

(T1 − T2)
[n]

)

≤ Mε,pε
n and p̂

(

(T2 − T3)
[n]

)

≤ Mε,pε
n, for all p ∈ P .

The previous relation implies that

p̂
(

(T1 − T3)
[n]

)

= p̂

(

n
∑

k=0

(−1)n−kCk
n(T1 − T2)

[k](T2 − T3)
[n−k]

)

≤

≤

n
∑

k=0

(−1)n−kCk
np̂

(

(T1 − T2)
[k]

)

p̂
(

(T2 − T3)
[n−k]

)

≤

≤

n
∑

k=0

(−1)n−kCk
nM2

ε,pε
kεn−k = (2ε)

n
M2

ε,p

for all n ∈ N and every p ∈ P, so

p̂
(

(T1 − T3)
[n]

)1/n

≤ 2ε n

√

M2
ε,p, (∀)n ∈ N, for all p ∈ P.

Therefore,

lim
n→∞

p̂
(

(T1 − T3)
[n]

)1/n

= 0, for all p ∈ P

Analogously, we can prove that

lim
n→∞

p̂
(

(T3 − T1)
[n]

)1/n

= 0, for all p ∈ P,

so T1

q
∽ T3.

To study the properties of quasi-nilpotent equivalent operators with SVEP
we need the following lemma.

Lemma Let (X,P) be a locally convex space and T ∈ (QP(X))0 such that

rP(T ) < 1. Then the operator I − T is invertible and (I − T )−1 =
∞
∑

n=0

Tn.

Theorem Let (X,P) be a locally convex space. If T, S ∈ (QP(X))0 are
quasi-nilpotent equivalent operators, then T has SVEP if and only if S has
SVEP.

Proof Assume that T has SVEP. Let Df ⊂ C be an open set such that
ρW (QP , S) ⊂ Df and f : Df → X be an analytic function on Df which satisfies
the property

(λI − S)f(λ) = 0, for all λ ∈ Df .

Then, for every n ≥ 0 we have

(T − S)[n]f(λ) =

n
∑

k=0

(−1)n−kCk
nT kSn−kf(λ) =

6
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=

n
∑

k=0

(−1)n−kCk
nT kλn−kf(λ) = (T − λI)nf(λ) (5)

Since T
q
∽ S results that for every ε > 0 and every p ∈ P there exists

nε,p ∈ N such that

p̂
(

(T − S)[n]

)

≤ εn and p̂
(

(S − T )[n]

)

≤ εn, for all n ≥ nε,p.

Let µ 6= λ. Then for every ε ∈ (0, |µ − λ|) and for every p ∈ P there exists
nε,p ∈ N such that

p̂

(

(T − S)[n]

(µ − λ)
n+1

)

≤

εn

|µ − λ|n+1
, for all n ≥ nε,p,

so the

(

m
∑

n=0

(T−S)
[n]

(µ−λ)
n+1

)

m

is a Cauchy sequences. Since QP(X) is sequentially

complete it results that the series
∞
∑

n=0

(T−S)
[n]

(µ−λ)
n+1 is absolutely convergent in the

topology of QP(X), for every µ 6= λ. Moreover, if rP(T − λI) < |µ − λ|, then
rP(T−λI

µ−λ
) < 1 and from lemma 3 it results that

∞
∑

n=0

(T − λI)n

(µ − λ)n+1
= ((µ − λ)I − (T − λI))

−1
= R(µ, T ). (6)

From the relations (5) and (6) it results that

(µI − T )

(

∞
∑

n=0

(T − S)[n]

(µ − λ)n+1

)

f(λ) = (µI − T )

(

∞
∑

n=0

(T − λI)n

(µ − λ)n+1

)

f(λ) =

= (µI − T )R(µ, T )f(λ) = f(λ),

for every µ with the property rP(T − λI) < |µ − λ|. Therefore,

gλ(µ) =

∞
∑

n=0

(T − S)[n]

(µ − λ)n+1
f(λ)

is an analytic function on C\{λ} which verifies the relation

(µI − T )gλ(µ) = f(λ) (7)

on the open set

{µ ∈ C |rP(T − λI) < |µ − λ|} ⊂ C\{λ},

so it follows, by analytic extensions, that the function gλ(µ) verifies the relation
(7) for all µ 6= λ. This implies that C\{λ} ⊂ ρT (f(λ)), i.e. σT (f(λ)) ⊂ {λ}.

7
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Let λ0 ∈ Df arbitrary fixed and r > 0 such that D0 = {λ ∈ C | |λ − λ0| ≤

r0} ⊂ Df . Since gλ(µ) is analytic on C\{λ} from relation (7) it results that

(µI − T )
1

2πi

∫

|ξ−λ|=r0

gξ(µ)

ξ − λ0

dξ =
1

2πi

∫

|ξ−λ|=r0

f(µ)

ξ − λ0

dξ = f(λ0) (8)

for all µ ∈ D0, so µ ∈ ρT (f(λ0)), for every µ ∈ D0. Hence λ0 ∈ ρT (f(λ0)) and
since we already proved above that σT (f(λ0)) ⊂ {λ0} it results that σT (f(λ)) =
∅̇. Lemma 2 implies that f(λ) ≡ 0 on D0 and since λ0 ∈ Df is arbitrary chosen,
results that f(λ) ≡ 0 on Df . Therefore, S has SVEP.

Analogously we can prove that if S has SVEP then T has SVEP.
Theorem Let (X,P) be a locally convex space. If T, S ∈ (QP(X))0 are

quasi-nilpotent equivalent operators and T has SVEP, then σT (x) = σS(x), for
every x ∈ X.

Proof First we remark that from previous theorem it results that S has
SVEP. Let x ∈ X arbitrary chosen and let x(λ) be the analytic function on
ρT (x) which verify the condition

(λI − T )x(λ) = x, λ ∈ ρT (x). (9)

Let λ0 ∈ ρT (x) arbitrary fixed. Since ρT (x) is an open set there exists
0 < r1 < r2 such that Di(λ0) ⊂ σW (QP , T ), i ∈ {1, 2}, where

D̄i(λ0) = {µ ∈ C| |µ − λ0| ≤ ri}, i ∈ {1, 2}.

For every p ∈ P denote by M1
p the maximum of x(λ) on D̄2(λ0). Hence, for

λ ∈ D̄2(λ0) we have

p

(

x(n)(λ)

n!

)

= p







1

2πi

∫

|ξ−λ0|=r2

x(ξ)

(ξ − λ)
n+1

dξ






≤

M1
p r2

(r2 − r1)n+1
, (∀)n≥0.

(10)
In the proof of lemma 3 we proved that for every ε > 0 and each p ∈ P there
exists Mε,p > 0 such that

p̂
(

(T − S)[n]

)

≤ Mε,pε
n, for all n≥0. (11)

Therefore, the relations (10) and (11) implies that

p

(

(T − S)[n] x
(n)(λ)

n!

)

≤ p̂
(

(T − S)[n]

)

p

(

x(n)(λ)

n!

)

<
Mε,pM

1
p r2

r2 − r1

(

ε

r2 − r1

)n

,

for all n≥0. Taking ε = r2−r1

2
it results that for each p ∈ P there exists Mε,p > 0

such that

p

(

(T − S)[n] x
(n)(λ)

n!

)

≤

Mp

2n
, (∀)n≥0, (12)

8
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where Mp =
Mε,pM1

p
r2

r2−r1

does not depend on λ ∈ D̄2(λ0). The relation (12) shows
that the series

∞
∑

n=0

p

(

(−1)
n

(T − S)[n] x
(n)(λ)

n!

)

converges for every λ ∈ D̄2(λ0) and every p ∈ P, so since X is sequentially com-

plete it results that the series
∞
∑

n=0

(−1)
n

(T − S)[n] x(n)
(λ)

n!
converges absolutely

and uniformly on D̄2(λ0). But λ0 ∈ ρT (x) is arbitrary fixed, hence this series
converges absolutely and uniformly on every compact K ⊂ ρT (x), which implies
that

x1(λ) =
∞
∑

n=0

(−1)
n

(T − S)[n] x
(n)(λ)

n!
(13)

is analytic on ρT (x). Now we prove that

(λI − S)x1(λ) = x, for all λ ∈ ρT (x).

If we differentiate n ≥ 1 times the equality (9), then we have

(λI − T )x(n)(λ) = −nx(n−1)(λ), λ ∈ ρT (x).

From previous relations and remark 3 it results

(λI − S)x1(λ) =
∞
∑

n=0

(−1)n(λI − S)(S − T )[n] x
(n)(λ)

n!
=

=

∞
∑

n=0

(λI − S) ((λI − S) − (λI − T ))
[n] x(n)(λ)

n!
=

=

∞
∑

n=0

{((λI − S) − (λI − T ))
[n+1]

+

+((λI − S) − (λI − T ))
[n]

(λI − T )}
x(n)(λ)

n!
=

=
∞
∑

n=0

(−1)n+1 (S − T )
[n+1] x(n)(λ)

n!
+

∞
∑

n=0

(−1)n (S − T )
[n]

(λI − T )
x(n)(λ)

n!
=

=

∞
∑

n=0

(−1)n+1 (S − T )
[n+1] x(n)(λ)

n!
+ (λI − T )x(λ)

−

∞
∑

n=1

(−1)n (S − T )
[n] x(n−1)(λ)

(n − 1)!
= (λI − T )x(λ) = x

for all λ ∈ ρT (x). This shows that ρT (x) ⊂ ρS(x), so σS(x) ⊂ σT (x).
Analogously, it can be proved that σT (x) ⊂ σS(x).

9
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Sci.Mem. coll. in 8, 31(1960), no.7.

10

354             Operators with.../ Ovidius University Annals Series: Civil Engineering 11, 2009 
 _________________________________________________________________________________



 
 
 
 
 
 
 
 

SECTION F 
 

COMPUTER SCIENCE 



 



Geospatial Analysis via Web Browser: the OGC

Web Processing Service (WPS)

and its applications within the WRME project

1L. Casagrande, 2A. Pierleoni, 3M. Bellezza,
4S. Casadei

University of Perugia, Department of Civil and Environmental

Engineering, Borgo XX Giugno 74 Perugia, Italy

E-mails: 1luca.casagrande@gmail.com, 2apierleoni@unipg.it,
3bellezza@unipg.it, 4 casadei@unipg.it

Abstract

The Open Geospatial Consortium is an international no-profit organi-
zation, based on voluntary subscription, that defines specific techniques
for geospatial localization services (location based). The OGC is com-
posed of more than 280 members (Governments, Private Industries, Uni-
versities and Institutions) and aims to the development and the imple-
mentation of standards for contents, services and the exchange of geo-
graphical data with these being “open and extendible”. In this work, the
use of the WPS (Web Processing Service) protocol will be described. This
standard makes possible to perform the typical operation of Desktop GIS
application, through a Web interface and via an HTTP protocol. Within
the WRME project that is a prototypal WEB SDSS for water resources
evaluation and management, it has been developed a tool that allows,
through a WEB interface, the search of water withdrawal licenses start-
ing from a defined section of the river network. This procedure requires as
search parameters both numerical inputs (such as the kind of water use,
the maximum allowed withdrawal, etc) and geographical (such as with-
drawals upstream of a certain section of the network). For this specific
kind of search it is necessary to use the potentialities of a GIS software
since it implies the spatial analysis of the river network, together with a
database containing the information of the basin. Therefore the system
is composed of a relational database with geospatial extension for vecto-
rial data; the GIS engine (GRASS GIS) that performs all the geospatial
operations and finally the PyWPS that is a Python implementation of
the WPS protocol. The WEB interface offers various thematisms in order
to provide a better support to the decisional process. The thematisms
are shown by means of a the Web Map Service protocol taking advantage
of the javascript framework OpenLayers. Besides all the potentialities
described so far, it is also possible to exploit and integrate third party

1

             Proceedings of the 5th International Conference “Dynamical Systems and Applications” 
 Ovidius University Annals Series: Civil Engineering                Volume 1, Special Issue 11, June 2009 
 _________________________________________________________________________________

ISSN-1584-5990                                                                                   © 2000 Ovidius University Press



services like Google Maps or others. In this paper, starting from the re-
sults achieved within the WRME project, will be clearly shown the wide
range of capabilities of the WPS protocol for the analysis of territorial
data and how it is easily possible to create “ad hoc” interfaces for any
WEB browser. The project is entirely based on and exploits only Open
Source technology.

Keywords: geospatial localization, WPS, information retrieval.

1 Introduction

Recent developments in the acquisition of data through remote sensing tech-
niques, the introduction of GIS engines, the ability to share raw data and
processed via the Internet and use of increasingly massive simulation models
and optimization have provided access to managers to a high amount of in-
formation to support decision making.However, as shown by a recent analysis
conducted by the U.S. NRC (NRC, 1999), it happens often that the usefulness
of this information is limited by the fact that they are not provided in a manner
appropriate to the many decision-makers. Decision-making at the basin scale
can be interpreted at two opposite approaches: the Top-Down and Bottom-Up.
The Top-Down approach provides that the decision to produce a management
plan to be submitted to interest groups while the Bottom-Up introduces the
input of interest groups in the planning of operations management. It should
also be noted that efficient management at the basin scale requires integration
of information and knowledge, a solid database, simulation models and expert
judgments to solve practical problems and provide a scientific basis for making
decisions. In this context it becomes necessary to provide a DSS (Decision Sup-
port System) that is complete, integrated, intuitive and easy ”approach to all
groups of stakeholders to develop, understand and possibly discard alternative
strategies, but not very productive. The DSS itself must therefore combine a
set of functional components, first among which a DBMS (DataBase Manage-
ment System), a GIS engine, appropriate simulation models and a refund of
the more user friendly that it can make available to different groups interest.
The difficulty in developing a DSS with these characteristics is not to be found
both in the absence of simulation models, but in the possibility of making it
available and usable on a common platform to all stakeholders in the decision-
making. Internet offers a great opportunity for the dissemination and sharing
of information and applications dedicated. Advances in telecommunications
over the Internet, GIS, hydrogeological modeling and their integration in SDSS
(Spatial Decision Support System) provides an opportunity to connect research
and studies of the technical management of water resources to the political dy-
namics managerial decision making. The objective of this work is to develop a
decision-making system that integrates the technologies available in an ”Inter-
net Framework, taking up with the natural evolution of decision making, GIS
engine and simulation models to be Web-Based.

2
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2 The Web Processing Service

The specified Web Processing Service (WPS) provides client access to pre-
programmed calculations and/or computation models that operate on spatially
referenced data. The data required by the service can be delivered across a
network, or made available on a server. In this context image data formats or
data exchange standards such as Geography Markup Language (GML) could be
used. The calculation can be as simple as subtracting one set of spatially refer-
enced numbers from another (e.g. determining the difference in influenza cases
between two different seasons), or as complicated as a global climate change
model. Enabling geospatial processing on the Internet requires the develop-
ment of a wide variety of web services to support atomic geospatial operations
as well as sophisticated modelling capabilities. It is important to standardize the
way these processes are called, in order to reduce the amount of programming
required, and to facilitate the implementation and adoption of new services.
WPS is meant to help OGC members to achieve these goals.
The WPS interface specifies three operations that can be requested by a client
and performed by a WPS server, all mandatory implementation by all servers.
Those operations are:

• GetCapabilities: This operation allows a client to request and retrieve
service metadata (or Capabilities) documents that describe the abilities
of the specific server implementation. The GetCapabilities operation pro-
vides the names and general descriptions of each of the processes offered
by a WPS instance. This operation also supports negotiation of the spec-
ification version being used for client-server interactions.

• DescribeProcess: This operation allows a client to request and retrieve
detailed information about the processes that can be run on the service
instance, including the inputs required, their allowable formats, and the
outputs that can be produced.

• Execute: This operation allows a client to run a specified process imple-
mented by the WPS, using provided input parameter values and returning
the outputs produced. These operations have many similarities to other
OGC Web Services, including the WMS, WFS, and WCS.

3 The WRME Project

The wrme project consists in a set of tools devoted to the visualization and
analysis of hydrometeorological information and that may allow the calcula-
tion of indexes for the quantitative evaluation of the available water resource.
This tool embeds several hydrological models for the evaluation and the man-
agement of water resources via the new calculation, visualization and sharing
technologies, but the underlying philosopy is to always bear in mind that the
management should be an integrated process and that all the stakeholders have

3
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to reach a certain degree of agreement on the data and the policies adopted.
The construction of this system is the first step needed to bring all primary and
secondary stakeholders around a common virtual table that can make available
a single computational system on which they will build management plans and
policies for the exploitation of the water resource at the basin scale. In this way
it is possible to avoid all problems deriving from the fact that each stakeholder
is always willing to present his/her own data, models and results that most of
the time are not even comaparable, so that consensus reaching and/or conflict
resolution might be facilitated.

4 The infrastructure

The system uses a relational database to store all geospatial data that are part
of the project. For raster data, a system of Tile Index to improve access pro-
cedure has been used. Users who have been granted access as administrator,
may act directly on single data by changing both the attributes and the geom-
etry property. The structure foresees the adoption of a GRASS GIS processing
engine and a pyWPS implementation of the WPS Service. In order to show
geographical data inside the web interface the Javascript framework Openlayers
has been used.The next paragraphs will provide a more specific description of
these components:

4.1 GRASS GIS

GRASS (Geographical Resources Analysis Support System) is a raster/vector
GIS combined with integrated image processing and data visualization subsys-
tems. It includes more then 350 modules for managment, processing analysis
and visualization of georeferenced data. Starting as a military project in 1984
it adopted the GNU GPL (General Public License) in 1999.
Unlike most proprietary GIS, GRASS provides complete access to its internal
structure and algorithms. This is very important in a project like WRME,
because there are many operations that are not bundled with standard GIS.
Within the WRME project GRASS has been used for all the elaborations in-
volving both raster and vector data with excellent results.

4.2 pyWPS

The pyWPS project is an implementation of the WPS standard written in
Python. It has been developed to be used with GRASS GIS, even though
the use of other command-line tools like GDAL, R, etc. is still possible. For
each specific process implemented inside pyWPS, there’s a process file written
in Python made of 3 main parts:

1. General information about the process including description, dataset used,
etc.
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2. A list of all the inputs/outputs used to run the process. Those can be
numerical constant, geographic data ( vector or raster), or an XML file.

3. The main core of the process with all the elaborations involving the pro-
cess. To run it succesfully, each output declared in previous part, must
own a value.

Figure 1: Structure of the pyWPS project

pyWPS works as a CGI application, using POST and GET protocol to
handle request. Right now the version 3.0.0 implements the version 1.0.0 of the
WPS standard.

4.3 OpenLayers

OpenLayers is a pure JavaScript library for displaying map data in most mod-
ern web browsers, with no server-side dependencies. OpenLayers implements a
JavaScript API for building rich web-based geographic applications, similar to
the Google Maps and MSN Virtual Earth APIs, with one important difference
OpenLayers is Free Software, developed for and by the Open Source software
community. OpenLayers has been used within the WRME project to visualize
all the geographical data inside the web interface using the WMS OGC standard.
An advantage of this type of solution is that we could overlay data coming from
proprietary source like Google, with specific data related to the Tiber Basin.

5 An application to manage water license

One of the on line applications created with the use of the WPS protocol is the
one that allows the management of the withdrawal licences present within the
river basin concerned. The purpose of this tool is to enable the water resource
managers, to obtain in few simple steps all the information about the state of
the water resource in each section of the river together with the features of
the withdrawals related to the sub-catchment defined. This operation requires
the combined use of a GIS tools (to find all the licences upstream the selected
section) and a database management tool (to perform additional filters on the

5

L. Casagrande et al. / Ovidius University Annals Series: Civil Engineering 11, 2009                        361 
 _________________________________________________________________________________



licences geographically found ).
As the user clicks on a point on the hydrographic network, the GetFeatureInfo
request of the WMS standard will retrieve the information to be displayed inside
a popup created using a spacial object inside the OpenLayers framework. At

Figure 2: GetFeatueInfo output

Figure 3: GetFeatueInfo output visualization

this point the user specifies the types of withdrawals and the attributes to be
filtered, hence all these information are sent to the WPS server. Once the
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process has been succesfully executed,two output are created:

1. A GML (Geographic Markup Language) showing the withdrawals;

2. A CSV with all the alphanumeric informations on the withdrawals;

A summary of the results is displayed in the popup under the river information
described on the previous part. This allows the operator to get all the informa-
tion in just a few passages. In order to improve the browsing experience these
tasks are performed using an AJAX architecture.

6 Conclusions

The use of algorithmic geospatial analysis within the common GIS software,
needs a certain know-how ranging from the characteristics of different data for-
mats, to the concept of reference systems. In this paper it has been clearly
shown the potentialities of the WPS protocol and its easy implementability in
more complex projects. The case study of the WRME project has also proved
its capabilities of dealing with different data format and different input-output
relation.
This structure provides many fundamental advantages to the users of the sys-
tem:

• Both the geographical and alphanumeric data are centralized. This means
that every update process is immediately available to all the users.

• The use of GIS analysis tools doesn’t require specific knowledge other then
the one concerning the parameters to be analized.

• The Web interface can be changed according to the needs of the individ-
ual user and more over it is cross-platform meaning that it can be used
regardlessly the operative system.

• The system is based exclusively on the standards defined by the Open
Geospatial Consortium granting compatibility with the most common in-
struments that deal with geographical data.

• It only uses free and open source software therefore there are no additional
costs for software licences.
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Abstract

Software engineering is dominated by intellectual activities focused on
solving problems with immense complexity and numerous unknowns in
competing perspectives. The next generation of software processes is driv-
ing toward a more production-intensive approach dominated by automa-
tion and economies of scale. In present, it seems likely that the ability to
handle complexity, and deliver systems in a timely manner, will ultimately
become business critical factors; the “Patterns for e-business” initiative of
IBM is a frontal assault on proliferating complexity and integration. For
this reason, I described the patterns because these are valuable tools for
communicating acquired knowledge and experience to improve software
quality and productivity of development information systems.

Keywords: e-business, patterns development process, best practices.

Software engineering is dominated by intellectual activities focused on solv-
ing problems with immense complexity and numerous unknowns in competing
perspectives. In the 1960s and 1970s, each project used a custom process and
custom tools. After that, in 1980s and 1990s, the software industry matured
and transitioned to more of an engineering discipline. The next generation
of software processes is driving toward a more production-intensive approach
dominated by automation and economies of scale.

Two important remarks must be mentioned:

• Software will be the key differentiator for every business in the new econ-
omy.

• Reduce complexity and improve processes at all levels of software engi-
neering.

Today, most software organizations are facing the need to integrate their
own environment and infrastructure for software development. This typically
results in the selection of more or less incompatible tools with different informa-
tion repositories, from different vendors, on different platforms, using different
jargon, and based on different process assumptions.

1

             Proceedings of the 5th International Conference “Dynamical Systems and Applications” 
 Ovidius University Annals Series: Civil Engineering                Volume 1, Special Issue 11, June 2009 
 _________________________________________________________________________________

ISSN-1584-5990                                                                                   © 2000 Ovidius University Press



Based on many observations of specialists, these are the three most discrim-
inating approaches for achieving significant process improvements:

1. Transitioning to an iterative process.

2. Attacking the significant risks first through a component-based, architecture-
first focus.

3. Using key software engineering best practices, from the outset, in require-
ments management, visual modeling, change management, and assessing
quality throughout the life-cycle.

These trends and new requirements proven the importance of using best
practices in the development of successful information systems based Internet.

To improve the development process [1] of information systems over time, it
need to reuse the experience of the IT developers in such a way that the whole
process can be made simpler and faster. A solution for this problem is the
patterns. Patterns encapsulate a designer’s time skill, and knowledge to solve a
software problem.

The specialists defined a pattern as “a solution to a problem in a context”.
Each pattern describes a problem which occurs over and over again in our en-
vironment and then describes the core of the solution to that problem, in such
a way that you can use this solution a million times over, without ever doing
it the same way twice. Patterns begin as an idea or a best practice used in
many projects. Patterns can exist at various level - from business to architec-
ture, design and programming to development and run-time administration -
and assist in the creation of artefacts according to best practices through all
stages of the solution development life cycle. The Patterns development pro-
cess [2] is a live project, ever-evolving and being updated as new products are
released and are used in the building of real applications. IBM has compiled
the collective wisdom and experience gained from more than 20,000 successful
Internet-based engagements and transformed that wisdom into the IBM Pat-
terns for e-business. These patterns provide the best-practice blueprints and
tools to facilitate the application development process and enable companies to
shorten time to market, reduce risk and, in general, see a more significant return
on investment.

No matter the methodology driving an application development

project, the major steps in successful projects are essentially the same.
The entire patterns development process, in fact the IBM Patterns for e-

business layered asset model, is presented in Figure 1, (Source - http://www-
128.ibm.com/developerworks/patterns/)

As a development team puts together requirements [4], the Patterns Web site
helps match those requirements to the appropriate pattern, Business pattern.
As the team refines the requirements and determines which existing systems,
data stores and infrastructure will be integrated into the system, they can use
the Application pattern to develop how application components and data within
a business solution interact. After choosing the Application pattern, the team
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Figure 1: The Patterns for e-business layered asset model

can match Runtime patterns topology based on the existing environment and
business needs. The Runtime pattern establishes the components needed to
support the chosen Application pattern. Developers must now determine which
products to use for the actual development. At this point, the Patterns provide
a wide range of options and lend the developer significant assistance. Developers
can access from the Patterns Web site Runtime Product Mappings that identify
tested, optimal software implementations for each Runtime pattern. Associated
with each Runtime Product Mapping on the Web site are best-practice applica-
tion, design, development and management guidelines that have been gleaned
in the process of developing these patterns. Developers can use them to access
a wealth of information about other, similar development efforts.

I exemplified how the singleton pattern solved a problem appeared in an
information system based Internet (an e-business application), using the tool
Rational Software Architect [3] (Figure 2, Figure 3, Figure 4, Figure 5, Figure 6).
Singleton It is very common to discover classes in applications that should only
have one instance. Singleton is a design pattern that shows how to ensure that
only one single instance of a class exists at any one time. A common example
of utility’s singleton is when need to maintain basic information, such as the
name, the phone number to call if the customers need support.

These five steps necesaires for the integration of Singleton pattern (using the
tool Rational Software Architect) in an e-business application, are presented in
the following figures.

Conclusions

Today, most software organizations are facing the need to integrate their
own environment and infrastructure for software development. This typically
results in the selection of more or less incompatible tools with different informa-
tion repositories, from different vendors, on different platforms, using different
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Figure 2: Step 1

Figure 3: Step 2

jargon, and based on different process assumptions. The most discriminat-
ing approaches for achieving significant process improvements are: an iterative
process and the best practices, from the outset, in requirements management,
visual modeling, change management, and assessing quality throughout the life-
cycle. The Patterns development process is a live project, ever-evolving and
being updated as new products are released and are used in the building of real
applications. IBM has constructed the Patterns and the Patterns Web site to
enable development teams to work through the development process using their
preferred methodology or the methodology suggested by consultants engaged to
assist in the project.
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Figure 4: Step 3

Figure 5: Step 4
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Figure 6: Step 5
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Abstract

The Generalized Vehicle Routing Problem (GVRP) is a generalization
of the Vehicle Routing Problem (VRP) introduced by Ghiani and Improta
in 2000, in which the nodes of a graph are partitioned into a given number
of nodes sets, called clusters, and we are interested in finding the optimal
routes from the given depot to the number of predefined clusters which
include exactly one node from each cluster. The dynamic GVRP is a
variation of the GVRP, in the sense that it is assumed that distances
between nodes (cities) are no longer fixed. In this paper we present an ant
colony based algorithm for solving the dynamic version of the Generalized
Vehicle Routing Problem.

Keywords: optimization problem, metaheuristic algorithms, ant colony
- like algorithms.

1 Introduction

After an initial emphasis on static problems, some of the focus is now shifting
towards dynamic variants of combinatorial optimization problems. The work
done so far deals with static problems where all the data are known in advance,
i.e. before the optimization has started.

Problems associated with determining optimal routes for vehicles from one
or several depots to a set of locations/customers, subject to various constraints,
such as vehicle capacity, route length, time windows, etc., are known as Ve-
hicle Routing Problems (VRP). These problems have a significant economic
importance due to the many practical applications in the field of distribution,
collection, logistics, etc. A wide body of literature exists on the VRP problem
(for an extensive bibliography, see Laporte and Osman [12], Laporte [14], etc).
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The Generalized Vehicle Routing Problem (GVRP) is a generalization of the
Vehicle Routing Problem (VRP) introduced by Ghiani and Improta [6] in 2000,
in which the nodes of a graph are partitioned into a given number of nodes sets,
called clusters, and we are interested in finding the optimal routes from the given
depot to the number of predefined clusters which include exactly one node from
each cluster. They proposed as well a solution procedure by transforming the
GVRP into a Capacitated Arc Routing problem for which an exact algorithm
and several approximate procedures are reported in literature. In 2003, Kara
and Bektas [9] proposed an integer programming formulation for GVRP with a
polynomially increasing number of binary variables and constraints and in 2008
Kara and Pop [10] presented two integer linear programming formulations for
GVRP with O(n2) binary variables and O(n2) constraints.

The dynamic GVRP is a variation of the GVRP, in the sense that it is
assumed that distances between nodes (cities) are no longer fixed. This situation
may appear in real life applications when can appear delays due to maintenance
work, accidents, etc. and therefore the travel time may vary. We mention
that there are also considered some other dynamic variants for combinatorial
optimization problems such as variants resulting from insertion or deletion of
nodes.

The GVRP and its dynamic version may arise in real-life applications such as
loop material flow design, post-box collection, arc routing, computer operations,
manufacturing, logistics, and distribution of goods by sea to a potential number
of harbors, etc.

The aim of this paper is to present an effective metaheuristic algorithm based
on ant colony optimization for a dynamic version of the generalized vehicle
routing problem. Computational results for several benchmarks problems are
going to be reported.

2 Definition and complexity of the GVRP

Let G = (V,A) be a directed graph with V = {0, 1, 2, ...., n} as the set of
vertices and the set of arcs A = {(i, j) | i, j ∈ V, i 6= j}. A nonnegative
cost cij associated with each arc (i, j) ∈ A. The set of vertices (nodes) is
partitioned into k + 1 mutually exclusive nonempty subsets, called clusters,
V0, V1, ..., Vk (i.e. V = V0 ∪ V1 ∪ ... ∪ Vk and Vl ∩ Vp = ∅ for all l, p ∈ {0, 1, , k}
and l 6= p). The cluster V0 has only one vertex 0, which represents the depot, and
remaining n nodes belonging to the remaining k clusters represent geographically
dispersed customers. Each customer has a certain amount of demand and the
total demand of each cluster can be satisfied via any of its nodes. There exist
m identical vehicles, each with a capacity Q.

The generalized vehicle routing problem (GVRP) consists in finding the
minimum total cost tours of starting and ending at the depot, such that each
cluster should be visited by exactly once, the entering and leaving nodes of each
cluster is the same and the sum of all the demands of any tour (route) does not
exceed the capacity of the vehicle Q. An illustrative scheme of the GVRP and
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a feasible tour is shown in the next figure.
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Figure 1: An example of a feasible solution of the GVRP

The GVRP is NP -hard because it includes the generalized traveling sales-
man problem (GTSP) as a special case when m = 1 and Q = ∞.

Several real-world situations can be modeled as a GVRP. The post-box col-
lection problem described in Laporte et al. [11] becomes an asymmetric GVRP if
more than one vehicle is required. Furthermore, the GVRP is able to model the
distribution of goods by sea to a number of customers situated in an archipelago
as in Philippines, New Zealand, Indonesia, Italy, Greece and Croatia. In this
application, a number of potential harbours is selected for every island and a
fleet of ships is required to visit exactly one harbour for every island.

Several applications of the GTSP (Laporte et al. [13]) may be extended
naturally to GVRP. In addition, several other situations can be modeled as a
GVRP, these include:

• the Traveling Salesman Problem (TSP) with profits (Feillet et al. [4]);

• a number of Vehicle Routing Problem (VRP) extensions: the VRP with
selective backhauls, the covering VRP, the periodic VRP, the capacitated
general windy routing problem, etc.;

• the design of tandem configurations for automated guided vehicles (Bal-
dacci et al. [1]).
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3 Ant Colony System for solving GVRP

Ant-systems based techniques are metaheuristics able to solve large NP -hard
problems. The Ant Colony System (ACS) is a system based on agents which
simulate the natural behavior of ants, including mechanisms of cooperation
and adaptation [3]. A metaheuristic based on ant algorithms for the static
Generalized Vehicle Routing Problem (GVRP) is given in [16].

In order to solve the GVRP, Pop et al. [16] used artificial ants to construct
vehicle routes by successively choosing exactly one node from each cluster to
visit until each cluster has been visited. Whenever the choice of another node
from a cluster would lead to an infeasible solution because of vehicles capacity,
the depot is chosen and a new route is started.

For the selection of a not yet visited node from a cluster, two aspects were
taken into consideration:

• how good was the choice of that node. The artificial ant decides which
node is selected based on the pheromone trail τij(t) associated with each
edge e = (i, j) at time t;

• how promising is the choice of that node. This measure is called visibility,
denoted by ηij and is defined as the inverse distance from a node to the
next node, ηij = 1

cij

.

To favor the selection of an edge that has a high pheromone level and high
visibility, a probability function pk

ij was defined as follows:

pk
ij(t) =

[τk
ij(t)]

α[ηk
ij ]

β

∑

o∈Jk

i

[τk
io(t)]

α[ηk
io]

β

where Jk
i is the set of unvisited neighbors of node i by ant k, j ∈ Jk

i , and α and
β are parameters used for tuning the relative importance of trails and visibility.

After an artificial ant has constructed a feasible solution, the pheromone
trails are laid depending on the objective value Lk. For each edge that was used
by ant k, the pheromone trail was updated according to the following rule:

τij(t + 1) = (1 − ρ)τij(t) + ρ
1

Lk

where ρ ∈ (0, 1) is a parameter called evaporation rate.
In order to stop ants visiting the same cluster in the same tour a tabu list was

maintained. This prevents ants visiting clusters they have previously visited.
The ant tabu list is cleared after each completed tour.

There were used as many ants as there are customers n in GVRP and one
ant is placed at each node (customer) at the beginning of an iteration. After
initializing the basic ant system algorithm, the two steps: construction of vehicle
routes and trail update were repeated for a given number of iterations.

In the best ant systems to date, pheromone trails are not only modified lo-
cally by the artificial ants during or just after the construction of a new solution,
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but also globally, considering the best solution generated by all the ants at a
given iteration or even the best solution ever constructed, see C. Pintea, P. Pop
and D. Dumitrescu [15].

4 The Ant Colony Algorithm for Solving the

Dynamic GVRP

The Dynamic GVRP, is a variation of GVRP in the sense that the total length
of the routes may vary due to the fact that it can appear blocked ways due to
maintenance work, accidents, etc. We mention that several others variants for
combinatorial optimization problems have been considered , such as variants
resulting from insertion or deletion of nodes, see [7, 8].

The Dynamic GVRP can be stated as follows: we are looking for the optimal
routes from a given depot to a number of predefined clusters with the condi-
tion that they include exactly one from each distinct and available (unblocked)
cluster and the sum of all the demands of any tour (route) does not exceed the
capacity of the vehicle Q.

The ant-based introduced algorithm for solving the Dynamic GVRP is based
on the Ant Colony System for GVRP [16] and has the characteristics of a dy-
namic problem.

In our Ant-based algorithm for the DGTSP a colony of n ants, corresponding
to the number of customers, incrementally construct solutions. The choice of the
next node is based on two main components: pheromone trails and a heuristic
value called visibility.

Initialization phase. First we randomly find a solution of the problem. Let
DT+ be the best routes found and DL+ the length of the collection of routes.
T+(i) denotes the shortest collection of routes found and DL+(i) its length for
each blocked cluster i. The ants are placed in the depot and all the edges are
initialized with a certain amount of pheromone τ0.

At the beginning there is relatively much exploration, after a while all con-
nections that are not promising will be slowly cut off from the search space be-
cause they do not get any positive reinforcement and the associated pheromones
have evaporated over time.

Dynamism in GVRP: at each algorithm iteration, a cluster, randomly cho-
sen, is missing from the tour.

Practically, are solved a number of Generalized Vehicle Routing Problems
(GVRP) equal to the number of clusters. Each GVRP problem, for the blocked
cluster, build a T k(blocked)(t) collection of routes with the length Lk(blocked)(t).
As we already mentioned, the purpose is to find the shortest collection of routes
T+(blocked) and the length L+(blocked) for each blocked cluster. The solution
of DGVRP is the shortest tour DT+ and his length LT+, found within all these
shortest routes.

In the following, for the randomly chosen cluster, blocked, we solve General-
ized Vehicle Routing Problems using an ant-based algorithm, as in [15].
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In the dynamic case, solutions that are bad before a change in the environ-
ment might be good afterwards. Now, if the ant system has converged to a state
where those solutions are ignored, very promising connections will be lost and
the result will be a suboptimal solution. That is way we use a new local update
rule.

A technique called shaking is used in order to smooth all the pheromone
levels in a certain way. If the amount of pheromones on an edge becomes much
higher than all the other edges, this edge will be always be chosen. That is a
way for the static case to ensure that a good connection will always be followed,
but it prevents ants from taking another connection when the good connection
is blocked. The formula used in shaking is the local update rule:

τij(t + 1) = τ0

(

1 + log
(τij

τ0

))

.

The Ant-based System for DGVRP algorithm can be stated as follows:

Ant colony algorithm for Dynamic GVRP

begin

initialization phase

for t = 1 to Niter do

randomly choose a cluster, blocked
and set the cluster blocked visited

for k = 1 to m do

build a collection of routes T k(blocked)(t) by applying

nc − 1 times

choose the next node j from an unvisited cluster

update pheromone trails by applying the local rule

end for

for k = 1 to n do

compute the length Lk(blocked)(t) of the collection of routes

T k(blocked)(t)
if an improved collection of routes are found update

T+(blocked), L+(blocked)
and the solutions: DT+, DL+.

for every edge (i, j) ∈ T+(blocked) do

update pheromone trails by applying the global rule

end for

print the shortest tour DT+ and its length DL+

end

5 Implementation details and computational re-

sults

In order to evaluate the performance of the new metaheuristic, the ACS-based
algorithm for GVRP was tested on seven benchmark problems drawn from
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TSPLIB library test problems [17]. These problems contain between 51 and
101 customers (nodes), which are partitioned into a given number of clusters,
and in addition the depot.

Originally the set of nodes in these problems are not divided into clusters.
To divide them into node-sets we used the procedure called CLUSTERING
proposed by Fischetti et al. [5]. This procedure sets the number of clusters
m = [n

5
], identifies the m farthest nodes from each other and assigns each

remaining node to its nearest center. Obviously, some real-world problems may
have different cluster structures. However, the solution proposed in this paper
is able to handle any cluster structure.

The ACS-based algorithm for solving the Dynamic GVRP was implemented
in Java.

The initial value of all pheromone trails, τ0 = 0.1. The parameters for the
algorithm are critical as in all other ant systems. Currently there is no mathe-
matical analysis developed to give the optimal parameter in each situation. In
the ant-based algorithm for GVRP, the values of the parameters were chosen as
follows: α = 1, β = 5, ρ = 0.0001 and q0 = 0.9 .

In the next two tables, we present the computational results obtained for
solving the Dynamic GVRP using the ant-based algorithm.

Table 1: Problem average values - ACS-based algorithm for Dynamic GVRP

Problem VR Q Q’ Avg. length Avg. time

11eil51 2 160 320 421.46 1.31
16eil76A 2 140 280 702.61 2.12
16eil76B 3 100 300 686.23 10.74
16eil76C 2 180 360 620.56 7.42
16eil76D 2 220 440 557.88 4.94
21eil101A 2 200 400 717.4 9.12
21eil101B 2 112 224 1015.11 6.52

Table 2: Problem characteristics and Best Solution - ACS-based algorithm
for Dynamic GVRP

Problem Best Best Number Number
length time vehicles Routes

11eil51 391.28 4.88 6 3
16eil76A 663.55 4.10 10 5
16eil76B 620.24 1.83 15 5
16eil76C 541.07 29.15 8 4
16eil76D 487.14 2.66 6 3
21eil101A 692.72 1.31 8 4
21eil101B 960.37 7.46 14 7

The columns in Table 1 and Table 2 are as follows:
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• Problem: The name of the test problem: the digits at the beginning are
the number of clusters and those at the end give the number of nodes.

• VR: The minimal number of vehicles needed for a route in order to cover
even the largest capacity of a cluster (VR=Vehicles/Route)

• Q’: the capacity Q · V R, where Q is the capacity of a vehicle available at
the depot.

• Best length: the minimal length of collection routes

• Best time : the time of the minimal collection routes

• Avg. length: the average length of 20 sets of collection routes

• Avg. time: the average time (in seconds) for 20 sets of collection routes

• Number Routes: the number of routes for the best solution

• Number vehicles: the total number of vehicles within the best solution

The computer used for numeric test: AMD 2600, 1.9Ghz and 1024 MB. An
example of a best solution for 21eil101 is following in table.

Table 3: An example of best solution for 21eil101. Successively are:
node(cluster) and the length of a route.

A solution for 21eil101 - total cost 692.72

14(1) 23(3) 27(5) 29(6) 54(14) - 143.49
35(2) 36(4) 72(11) 8(7) 32(8) 11(16) 20(17) 64(20) - 266.30

15(9) 1(10) 5(12) - 133.02
7(13) 18(18) 47(19) 44(21) - 149.91

The computational values are the result of the average of 20 successively
executions of both algorithm. Termination criteria of the ACS-based algorithm
for Dynamic GVRP is given by the number of iteration, Niter = 25000.
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Abstract

This paper presents a new approach to iris segmentation. Here we
show that the k-means algorithm proves to be extremely useful in find-
ing the most representative iris segment with almost insignificant compu-
tational cost when compared to other classical iris segmentation proce-
dures within Wildes’s and Daugman’s models (fitting circular contours by
solving optimization problems via gradient ascent or by using the Hough
transform or by iterating active contours). A new fuzzy iris segmentation
procedure based on k-Means and Run Length Encoding is proposed and
tested here. It is designed to guarantee that similar segmentation results
will be obtained for similar eye images, despite the fact that the degree of
occlusion may vary from an image to another (and usually this is the case,
even when they are images representing the same eye). The proposed iris
segmentation procedure consists in two steps: pupil finding and limbic
boundary approximation. Both of them are fuzzy approaches based on
k-Means and Run Length Encoding. The result of the procedure is a cir-
cular ring (concentric with the pupillary boundary) which approximates
the iris segment. It is not the best approximation for one specific iris seg-
ment but it is a stable one, meaning that for a class of similar eye images
representing the same eye, similar circular rings are obtained (despite the
variations introduced by occlusions and illumination conditions). When
two similar images of the same eye are compared, each detected circular
ring is pointing to the same physical support, possibly occluded by eyelids,
eyelashes, specular and lighting reflections.

1 Introduction

This article is meant to illustrate how the iris segmentation can be performed
quiqly using only algorithms derived from k-Means and Run Length Encoding.

It is currently accepted the idea that finding the iris boundaries means to
identify a collection of pixels as a solution of an optimization problem [1, 3]:

- filtering the edges until the finding of a (nearly) circular contour minimiz-
ing the integro-differential Daugman operator [2] ;

- filtering the edges to find circles approximating the iris boundaries using
Hough transform [14];

- iterating active contours to find optimal positions matching the iris bound-
aries [4].
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The iris segmentation procedure proposed here uses all of these ideas, but
without explicitly solving an optimization problem. It is an attempt to re-
consider the iris segmentation not as an explicit optimization problem (which
tipically has a high computational complexity) but as an implicit one, which
can be solved by parsing and classifying chromatic values.

One fundamental notion used very often in this paper is the k-means echipo-
tential chromatic map. It was introduced in [8] together with the Fast k-Means
Quantization (FKMQ) algorithm and its properties were further detailed in [9].
Also, it have to be said that the current proposed solution for finding the pupil
has its roots in an attempt to design a real time version for a computer-assisted
diagnosis tool which detects the response to hepatits viral infection in an image
representing a patient serum [11, 12].

The general idea exploited in this paper is that a target signal can be en-
hanced against unwanted noise if a suitable filter can be designed for this pur-
pose. On the other hand, the k-means quantization has proved to be suitable for
enhancing the area morphology in any image in which the correlation between
morphology and chromatic variation is sufficiently strong. Further in this paper
we are going to show that three simple operations - Run Length Encoding /
Quantisation and Fast K-Means Quantization - are enough to achieve fast iris
segmentation for very large classes of iris images.

The second section of this paper is dedicated to pupil finding. The proposed
procedure is meant to enhance the pupil against its surroundings and against
the oclusions that may occur in its area (specular and lighting reflections or
eyelashes). There are two main operations at this step:
- a k-means quantization of the eye image is applied to obtain its k-means

equipotential chromatic map in which the actual pupil is the most circular
solid object contained in the lowest level (this lowest level will be reffered
further as the pupil cluster);

- a fuzzy membership assignment of the pixels within the pupil cluster to
the actual pupil is constructed using Run Length Encoding (RLE) and re-
quantizing run length coefficients in unsigned 8-bit integer domain. The
result is a Run Length Quantization of the pupil cluster. The defuzzification
is achieved by running FKMQ once again to determine a threshold above
which the membership of a pixel to the actual pupil is guaranteed. The re-
sult is a pupil indicator. From each of its pixels a flood-fill operation can be
started to determine the available pupillary boundary which can be further
approximated through a circle or an ellipse.

The finding of the most representative circular ring of the iris is presented
in the third section. The idea is to build three fuzzy membership assignment
functions, each of them mapping all the circles concentric with the pupil to the
actual pupil, to the actual iris segment and to the actual non-iris area. The
defuzzification is achieved by counting the votes that each circle receives from
each of those membership functions.
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Some benchmark details, comments and conclusions are given in the fourth
section in order to illustrate the degree of robustness and the range of applica-
bility of the proposed iris segmentation procedure.

1.1 Computational Routines

This section will discuss the computational routines used in the proposed
iris segmentation procedure:

Run Length Encoding (RLE) is one of the most simple and popular data
compression algorithms [10]: for a given array, any subarray of redundant values
is coded as a pair representing its histogram, as shown in the following example:

if V = [1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1] is the vector to be encoded, the run
length encoding of V is rle(V) = [(1, 4), (0, 2), (1, 8)].

Run Length Quantization for Binary Images is defined here as a procedure
to replace all ones within a binary image with the corresponding run length
coefficients re-quantized in unsigned 8-bit integer domain by some custom quan-
tization function, as illustrated in the following example:

[1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1] ⇒ [(1, 4), (0, 2), (1, 8)] ⇒
[(4, 4), (0, 2), (8, 8)] ⇒ [(128, 4), (0, 2), (255, 8)] ⇒

[128, 128, 128, 128, 0, 0, 255, 255, 255, 255, 255, 255, 255, 255]

The (re-)quantization function used in the above example (and further in
this paper) is:

rqf(V(n)) = min(255,max(1, round(255 ∗ V(n)/max(V(n))))) ,

where V is the vector to be quantized and n is the index of its non zero com-
ponents.

If instead being a vector, V is a matrix (a binary image), it make sense to
talk about Vertical, or Horizontal (or other custom Directional) Run Length
Encoding and quantization. In these cases Directional Run Length Quantiza-
tion procedure will assign for each white (non zero) pixel a quantization value
according to the length of the longest continuous segment of ones containing
that pixel and lying on a vertical, or horizontal line, or on the other custom
direction, as needed. In this way the (Directional) Run Length Quantization
procedure encodes a morphological property of the input image into a new sig-
nal (re-quantized image) by giving the same chromatic meaning to all of those
white pixels sharing the same (Directional) Run Length Encoding.

Fast k-Means Image Quantization (FKMQ) is a variant of k-means algo-
rithm designed for fast chromatic clustering in unsigned 8-bit integer domain.
It transforms the input image in an equipotential chromatic map [9] with k lev-
els by replacing each chromatic value with its closest centroid.

A suboptimal (incomplete) variant of FKMQ [7] can be easily derived by
imposing termination in a small number of iterations while resetting the first
centroid to the minimum available value (or to zero ) after each iteration. In
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this way, the input image is forced to return a handler to that area covered
by lower chromatic values. This is particularly useful in detecting the pupil in
those eye images in which the pupil is the darker zone.

2 Finding the pupil

Let us consider an eye image like that in the Fig.1.a (0006-L-0008.j2c file
from Iris Database c©University of Bath). Its k-means equipotential chromatic
map is revealed (Fig.1.b) by applying the FKMQ algoritm. The pupil cluster
(PC) is then defined as the lowest level (cluster) on this map (Fig.1.c). It can
be seen in the figure that the pupil cluster PC contains a good indication for
the actual pupil perturbed by specular lights and eyelashes.

Figure 1: The original eye image (a), its 8-means quantization (b), and the pupil
cluster PC (c).

Figure 2: Vertical Run Length quantization of the pupil cluster (a); Horizontal
Run Length quantization of the pupil cluster (b); The pupil indicator PI (c).

The first problem to be solved at this stage is finding at least one pixel in
PC which belongs for sure to the actual pupil (finding a suitable pupil indicator).

By computing the Haar wavelet decomposition pyramid for the pupil cluster
it can be seen that finding a suitable pupil indicator means to erode the pupil
cluster up to such a scale above which the details come only from the actual
pupil. In such a stage, the subsampled frame of the wavelet pyramid is a suit-
able pupil indicator itself.

Definig an adaptive erosion procedure is the key for finding a suitable pupil
indicator: for each pixel within the pupil cluster, the structuring element of
the erosion is adaptively determined by the morphological context in the neigh-
bourhood of that pixel, meaning that the vertical and horizontal Run Length
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Encoding is used to requantize (in unsigned 8-bit integer domain) the run length
coefficients corresponding to that pixel (i.e. the degree of membership of that
pixel to a shorter or a longer continuous segment lying in the pupil cluster).
In short, requantized directional run length coefficients encode the degree of
membership of each pixel to the actual pupil. The argument is fact that be-
ing (or containing) the most circular solid object within the pupil cluster, the
actual pupil is the most resilient set to erosion [?] to be found in the pupil cluster.

Let us consider the matrices RLV (Fig.2.a) and RLH (Fig.2.b) as being the
vertical and horizontal Run Length quantizations of the pupil cluster PC, re-
spectively. The following computational procedure results in finding a pupil
indicator for a given pupil cluster:

Function [k,PI] = getpi(RLH, RLV);

k=16; PI = 0*RLH;

While PI is the null matrix do:

Compute the k-means quantizations of RLV and RLH:

RLHQ = fkmq(RLH, k);

RLVQ = fkmq(RLV, k);

Select the logical index of the highest cluster

within RLHQ and RLVQ, respectively:

LIH = ( RLHQ == max(RLHQ(:)) );

LIV = ( RLVQ == max(RLVQ(:)) );

Compute the binary matrix PI as logical conjunction of LIH and LIV:

PI = LIH & LIV;

k = k -1;

EndWhile;

END.

Figure 3: Available pupil segment (a); Ellipse approximating the pupil (b).
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Each pixel within the pupil indicator can now be used as a starting point
for a flood-fill operation. The most acurate pupil segment available in the pupil
cluster is identified (Fig.3.a) this way. Further, the specular lights are filled us-
ing Run Length Encoding once again. The result is then fitted into a rectangle
and approximated by an ellipse (Fig.3.b).

Summarizing all the operations described above, the proposed Fast Pupil
Finder algorithm can be stated as follows:

Fast Pupil Finder Algorithm (N. Popescu-Bodorin):

INPUT: the eye image IM;

1.Extract the pupil cluster

PC = fkmq(IM,16);

PC = (PC == min(PC));

2.Compute horizontal and vertical Run Length quantizations of PC:

RLV(:,j) = vrleq(PC);

RLH(j,:) = hrleq(PC);

3.Compute the pupil indicator PI:

[k, PI] = getpi(RLH, RLV);

PI = find(PI == 1);

PI = PI(1);

4.Extract available pupil segment through a flood-fill operation:

P = imfill(PC, PI);

5.Fill the specular lights:

P = rlefillsl(P);

6.Approximate the pupil by an ellipse;

OUTPUT: The ellipse approximating the pupil;

END.

3 Fast Fuzzy Iris Segmentation

It can be seen in [5] that the most frequent causes of false rejection are
the occlusions and the segmentation errors. This is the reason why an accurate
segmentation is a must in order to achieve a certain degree of performance in
recognition.

The first step in our approach guarantees an acurate pupil localization and
enables us to unwrap the eye image (Fig.4.a - 0009-L-0007.j2c file from Iris
Database c©University of Bath) in polar coordinates (Fig.4.b) and also to prac-
tice the localization of the limbic boundary in the rectangular unwrapped eye
image (Fig.4.c), obtaining an iris segment as in Fig.4.e.
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Figure 4: Iris segmentation stages

Fuzzy Iris Segmentation Procedure (N. Popescu-Bodorin):

INPUT: the eye image IM;

1.Apply the Fast Pupil Finder procedure to find pupil radius and pupil

center;

2.Unwrap the eye image in polar coordinates (UI - Fig.4.b);

3.Strech the unwrapped eye image UI to a rectangle (RUI - Fig.4.c);

4.Compute three column vectors: A, B, C, where A and B contain

the means of the lines within UI and RUI, respectively. C is the mean

of the lines within the [A B] matrix;

5.Compute P, Q, R as being 3-means quantizations of A, B, C (Fig.5);

6.For each line of the unwrapped eye image count the votes given by P,Q

and R. All the lines receiving at least two positive votes is assumed

to belong to the actual iris segment.

7.Find limbic boundary and extract the iris segment (Fig.5, Fig.4.d, Fig.4.e);

OUTPUT: pupil center, pupil radius, index of the line representing limbic

boundary and the final iris segment

END.
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Figure 5: Iris segmentation procedure: Line assignment (step 5)

4 Implementation Details

The proposed Fast Fuzzy Iris Segmentation algorithm is currently im-
plemented [7] using Matlab and calibrated for University of Bath Iris Image
Database (the free version [13]).

The accuracy of the iris segmentation algorithm is very good for entire test
database (1000 images / 50 unique eyes). For illustration, a demo program is
available for download [7].

When a single detector is used for finding the limbic boundary, some wrong
segmentation results are observed. For this reason the demo program uses two
limbic bondary detectors (complementary to each other), both of them being
variants of the above Fast Fuzzy Iris Segmentation procedure. This enables us
to obtain the following iris segmentation error rates:
- pupil finder failures: 1/1000;
- limbic boundary detectection failures: 5/999;
- total number of iris segmentation failures: 6/1000.

Also, what is really relevant in our approach, is the fact that the average
time spent finding the limbic boundary is just two times greater than the time
spent finding pupillary boundary [7]. The speed of the computation is achieved
by formulating pupil finding and limbic boundary finding as one-dimensional
optimization problems and also by using fast computational procedures: Fast
k-Means variants [7, 9] and Run Length Encoding. K-Means and Run Length
Quantizations are used to encode the meaningfull information, avoiding any un-
necessary traversal of the input image.
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Figure 6: Fast Fuzzy Iris Segmentation Demo Program

Circle finding is usually achieved by solving an optimization problem with
three parameters (two center coordinates and radius) varying within a rectangu-
lar parallelepiped in R

3. Here, the computation of the pupil indicator depends
on a single parameter (a threshold for the requantized horizontal and vertical
run length coefficients computed for the pupil cluster, threshold above which the
membership of a pixel to the actual pupil is guaranteed). On the other hand,
the limbic boundary is determined searching for a line number identifying the
first iris line (see the first iris circle in Fig.6, or the first line of the unwrapped
iris in the same figure, or the limbic boundary in Fig.4.d).

The range of applicability of the of the proposed algorithm is limited to that
class of images which satisfy two working hypotheses:

- the correlation between the area morphology and chromatic variation is
sufficiently strong, or else, the initial k-means quantization of the eye
image will fail to return an accurate pupil cluster;

- the pupil is (or contains) the biggest, most circular and darker object, or
else, other object will prove a higher resiliency to erosion than the actual
pupil and a false pupil indicator will be computed in consequence.

In short, the efficiency of the proposed algorithm proves that iris segmenta-
tion can be treated as being a one-dimensional optimization problem if there is
enough accurate morphological information stored as chromatic variation.
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5 Validating Proposed Iris Segmentation Proce-

dure through Recognition Results

A big issue is the fact that numerical segmentation results (numerical values
identifying pupil centers and iris radii) for Bath University Iris Database are
not publicly available at this time. That is why the accuracy of the proposed
iris segmentation procedure is proven here using the iris recognition results pre-
sented in figure 7.

Using 4258 different iris images, Daugman [3] shown that the distribution
of Hamming distances between different irises matches a binomial distribution
with p = 0.5 and N = 249 degrees-of-freedom, or a normal distribution around
the mean p = 0.499 with standard deviation σ = 0.0317. N and σ (N =
p∗(1−p)/σ2) express the the amount of difference between iris codes of different
irises as a result of correlated Bernoulli trials with 249 tosses of a fair coin. He
also show that if all 2048 bits in an iris code were independent then the standard
deviation would be σ = 0.011.

0.42 0.5038 0.5508 0.58 0.6678 0.9 1
−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

Hamming Similarity Scores (1−Hamming Distance)

O
bs

er
ve

d 
pr

ob
ab

ili
ty

 fo
r 

ea
ch

 s
im

ila
rit

y 
sc

or
e

inter−class (impostor) scores
intra−class (genuine) scores
inter−class non−zero probability indicator
intra−class non−zero probability indicator

Figure 7: Narrowing the distribution of inter-class matching scores by using
Fast Fuzzy Iris Segmentation procedure

In our approach, we use 1000 different images [13] and it can be seen in
figure 7 that the distribution of Hamming simmilarity scores between different
irises matches a normal distribution around the mean p = 0.5038 with standard
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deviation σ = 0.0166 proving more reliable iris texture encoding in terms of
statistical independence between the iris codes of different irises.
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Figure 8: Comparing the distributions of inter-class matching scores

The curve of inter-class Hamming similarity scores in figure 7 matches a
binomial distribution with p = 0.5038 and N = 907 degrees-of-freedom, which
is much sharper than the distribution of Hamming distances in Daugman’s ap-
proach. Consequently, in our approach (based on Fast Fuzzy Iris Segmentation
and Gabor Analytic Iris Texture Binary Encoder) a steeper descent of the False
Reject Rate is guaranteed (figure 8).

The similitude between theoretical and experimental data is illustrated in
figure 7. For a value of 0.58 for the recognition threshold, experimentally ob-
served false accept and false reject rates are FAR = 0.0 and FRR = 0.0397.
Theoretical odds of false accept and false reject are FAR = 2.1631E − 006 and
FRR = 0.0497. All of these results prove the efficiency of the proposed Fast
Fuzzy Iris Segmentation procedure.
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